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The “many-body quantum frontier”

Challenge: Controlled study of macroscopic coherent quantum superposition states

Macroscopic worldMicroscopic world
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The “many-body quantum frontier”

Challenge: Controlled study of macroscopic coherent quantum superposition states
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Gigantic Hilbert spaceN particles
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dim(H) ∼ exp(N)

Physics we know 

(needs very few states)

๏ Applications: Engineering material properties, enhanced sensing, computing … ?

๏ Many-body system:

๏ Fundamental question: Does quantum physics hold on the large scale?

If instead we could create much larger superpositions controllably:

Disorder

Noise

Interaction range

Reasons:



Optical tweezers/Rydberg

Polar molecules

Magnetic atoms

Munich, Harvard, Innsbruck, … 

many more

Paris, Harvard, …  many more,

 Strasbourg

Boulder, Innsbruck, Ulm, …

many more

5 μm

640 nm

The “many-body quantum frontier” - cold atom experiments

… or any quantum computing platform

Innsbruck, Paris, Stuttgart …  

many more

Optical lattices
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H

๏ Experimental platforms available with cold atom physics:

Large Hilbert space access (long coherence times)



Non-equilibrium quantum many-body physics: The problem

<latexit sha1_base64="Ic+RP8JjHKXMTRaZ2OWYL7p0B1c=">AAACBXicbVC7SgNBFJ2NrxhfUUubwSBYhV0JmjJgYxnBPCAbw+zkbjJkZnadmQ2EJbW/YKu9ndj6HbZ+iZNkC5N44MLhnHs5lxPEnGnjut9ObmNza3snv1vY2z84PCoenzR1lCgKDRrxSLUDooEzCQ3DDId2rICIgEMrGN3O/NYYlGaRfDCTGLqCDCQLGSXGSo/+MCAK+/CUsDH2esWSW3bnwOvEy0gJZaj3ij9+P6KJAGkoJ1p3PDc23ZQowyiHacFPNMSEjsgAOpZKIkB30/nXU3xhlT4OI2VHGjxX/16kRGg9EYHdFMQM9ao3E//zOokJq92UyTgxIOkiKEw4NhGeVYD7TAE1fGIJoYrZXzEdEkWosUUtpQRiWrCleKsVrJPmVdm7LlfuK6VaNasnj87QObpEHrpBNXSH6qiBKFLoBb2iN+fZeXc+nM/Fas7Jbk7REpyvXyUnmJs=</latexit>

~ ≡ 1

<latexit sha1_base64="YsGgXSVRcYucCPGiwSopbLewA9A="></latexit>

|ψ(t)i
<latexit sha1_base64="8kcJKu+d7PLBNwBLEUe2gwnpcWE="></latexit>

|ψ0i

<latexit sha1_base64="O/KcaSgnxibXhr2Ufg0WsOeAGzE="></latexit>

t = 0
<latexit sha1_base64="xBAE1I70VWTtEHeH48y7DPx2a0I="></latexit>

t > 0

<latexit sha1_base64="rY3rZCBViFTQUsyMg7ePvcna8+Y=">AAACMHicbZDLSgMxFIYz9VbrrerSTbAIbiwzIupGKLrpsoJthU4pmUymDU0yQ3JGKOM8ii/hK7jVva5Elz6F6WVh1QOBn/8/h3PyBYngBlz3zSksLC4trxRXS2vrG5tb5e2dlolTTVmTxiLWtwExTHDFmsBBsNtEMyIDwdrB8Gqct++YNjxWNzBKWFeSvuIRpwSs1Suf+ZEmNAvzLIT83k8M9zVRfcHwBT7KfC0xz7E/IIDr+GfcK1fcqjsp/Fd4M1FBs2r0yp9+GNNUMgVUEGM6nptANyMaOBUsL/mpYQmhQ9JnHSsVkcx0s8kHc3xgnRBHsbZPAZ64PycyIo0ZycB2SgID8zsbm/9lnRSi827GVZICU3S6KEoFhhiPaeGQa0ZBjKwgVHN7K6YDYomBZTq3JZB5yULxfiP4K1rHVe+0enJ9UqldzvAU0R7aR4fIQ2eohuqogZqIogf0hJ7Ri/PovDrvzse0teDMZnbRXDlf36tUqj0=</latexit>

d

dt
|ψi = −iĤ|ψi
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ρ̂ = −i[Ĥ, ρ̂] +

X

i

L
[i]ρ̂

… far out-of equilibrium

No decoherence Master-equation noise modeling

(time-evolution & steady states)



Numerics: A fundamentally interesting problem

When do numerical simulations become impossible?

So we need a quantum computer to simulate this?

 

 

1 M=300

|ψi 2 H

dim (H) = 2M
∼ 1082 gigabyte

Atoms in universe (estimated): ∼ 10
80

…



We don’t always need a quantum computer to simulate this!

…

1 M=300

|ψi 2 H

Atoms in universe (estimated): ∼ 10
80

Numerical simulations: A practical tool to understand quantum complexity better!

When do numerical simulations become impossible?

 

 

Lecture 5 - Why is this a fundamentally interesting problem?

dim (H) = 2M
∼ 1082 gigabyte

Physics



Numerical simulations of the many-body problem

Quantum many-body nonequilibrium dynamics
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No decoherence Master-equation noise modeling

(time-evolution & steady states)

… on classical hardware!

Motivation:

๏ Model experiments & benchmark the status of quantum platforms (quantum advantage?)

๏ Find new emergent macroscopic phenomena

๏ Fundamentally understand quantum many-body from a classical complexity perspective



A tour through some numerical methods for simulating large quantum many-body 

non-equilibrium dynamics, with examples. Learning physics by simulating it.

Goal:

- Complete: Many techniques are not discussed (e.g. Monte-Carlo, Fermions, Phase space methods, …)

- Computer science class: No proofs of complexity etc.

- Numerical tutorial: There will be code snippets … incentive to do it yourself

๏ Some text recommendations:

๏ Language recommendation (used for examples): Julia, https://julialang.org/ (open source, easy, fast linear algebra)

๏ What these lectures are not:

- Numerical recipes - The Art of Scientific Computing (a classic), on-line: https://numerical.recipes

- General references to openly available publications in class

Numerical approaches to quantum many-

body non-equilibrium

Lecture 1: Foundations (QM on a computer),  Runge-Kutta, Applications to ultra-cold bosonic systems

Lecture 2: Spin-model physics, Krylov space approaches, Open system methods

Lecture 3: Large systems: Matrix Product States (DMRG), Applications to spin-models and Bose-Hubbard

https://julialang.org/
https://numerical.recipes
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Lecture 1 - Plan for today
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k4

<latexit sha1_base64="w+JhqispOb9TFO6i4mQad7VY+3U="></latexit>

k1 = f(tn,yn)

k2 = f

✓

tn +
h

2
,yn +

h

2
k1

◆

k3 = f

✓

tn +
h

2
,yn +

h

2
k2

◆

k4 = f (tn + h,yn + hk3)

yn+1 ≈ yn +
h

6
(k1 + 2k2 + 2k3 + k4)

๏ Part 1.1: Some fundamentals about numbers in digital memory and the linear algebra of quantum mechanics

๏ Part 1.2: The many-body problem of the day: Ultra-cold bosons in mean-field approximation (Gross-Pitaevskii, GP)

๏ Part 1.3: Runge-Kutta (RK) time-evolution 

methods: A swiss army knife

๏ Part 1.4: Applying Runge-Kutta to GP time-evolution



๏ Integers (signed, example with 4 bits)

Lecture 1 - Integers on a computer

๏ Representable range of numbers (n bits):

๏ Computers are digital, they work with bit representations of numbers

0 0 0 1 0 0 1 0 0 0 1 1 0 1 0 0 0 1 0 1 0 1 1 0 0 1 1 10 0 0 0

Latin: digitus = finger

Bit vector:
<latexit sha1_base64="RVj0a2B6kpZ1NGcfncnnfnpSZDE=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRLR6rLgxmVF+4A2lMlk0g6dTMLMjVBC8Qvc6he4E7d+ix/gfzhts7CtBy4czrmXe+/xE8E1Os63VVhb39jcKm6Xdnb39g/Kh0ctHaeKsiaNRaw6PtFMcMmayFGwTqIYiXzB2v7oduq3n5jSPJaPOE6YF5GB5CGnBI30EPSdfrniVJ0Z7FXi5qQCORr98k8viGkaMYlUEK27rpOglxGFnAo2KfVSzRJCR2TAuoZKEjHtZbNTJ/aZUQI7jJUpifZM/TuRkUjrceSbzojgUC97U/E/r5tieONlXCYpMknni8JU2Bjb07/tgCtGUYwNIVRxc6tNh0QRiiadhS2+IiOGE5OLu5zCKmldVN1a9er+slKv5QkV4QRO4RxcuIY63EEDmkBhAC/wCm/Ws/VufVif89aClc8cwwKsr1+Ab5Xh</latexit>

d0
<latexit sha1_base64="faeoqi6G7yGpT/aJIjXqblE9tqI=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRLR6rLgxmVF+4A2lMlk0g6dTMLMjVBC8Qvc6he4E7d+ix/gfzhts7CtBy4czrmXe+/xE8E1Os63VVhb39jcKm6Xdnb39g/Kh0ctHaeKsiaNRaw6PtFMcMmayFGwTqIYiXzB2v7oduq3n5jSPJaPOE6YF5GB5CGnBI30EPR5v1xxqs4M9ipxc1KBHI1++acXxDSNmEQqiNZd10nQy4hCTgWblHqpZgmhIzJgXUMliZj2stmpE/vMKIEdxsqURHum/p3ISKT1OPJNZ0RwqJe9qfif100xvPEyLpMUmaTzRWEqbIzt6d92wBWjKMaGEKq4udWmQ6IIRZPOwhZfkRHDicnFXU5hlbQuqm6tenV/WanX8oSKcAKncA4uXEMd7qABTaAwgBd4hTfr2Xq3PqzPeWvBymeOYQHW1y/bDpYa</latexit>

di

<latexit sha1_base64="BegPDba7z/3I91c3voLcZgUjU+g=">AAAB/XicbVDLSsNAFJ3UV62vqks3wSK4KolodVlw47KifUAbymRy0w6dTMLMjVBC8Qvc6he4E7d+ix/gfzhts7CtBy4czrmXe+/xE8E1Os63VVhb39jcKm6Xdnb39g/Kh0ctHaeKQZPFIlYdn2oQXEITOQroJApo5Ato+6Pbqd9+AqV5LB9xnIAX0YHkIWcUjfQQ9N1+ueJUnRnsVeLmpEJyNPrln14QszQCiUxQrbuuk6CXUYWcCZiUeqmGhLIRHUDXUEkj0F42O3VinxklsMNYmZJoz9S/ExmNtB5HvumMKA71sjcV//O6KYY3XsZlkiJINl8UpsLG2J7+bQdcAUMxNoQyxc2tNhtSRRmadBa2+IqOACcmF3c5hVXSuqi6terV/WWlXssTKpITckrOiUuuSZ3ckQZpEkYG5IW8kjfr2Xq3PqzPeWvBymeOyQKsr1+CBpXi</latexit>

d1

<latexit sha1_base64="or0L/XOgAEavldimWC1ZZeX4sTg=">AAAB/XicbVDLSsNAFL3xWeur6tJNsAiuSlK0uiy4cVnRPqANZTK5aYdOJmFmIpRQ/AK3+gXuxK3f4gf4H07bLGzrgQuHc+7l3nv8hDOlHefbWlvf2NzaLuwUd/f2Dw5LR8ctFaeSYpPGPJYdnyjkTGBTM82xk0gkkc+x7Y9up377CaVisXjU4wS9iAwECxkl2kgPQb/aL5WdijODvUrcnJQhR6Nf+ukFMU0jFJpyolTXdRLtZURqRjlOir1UYULoiAywa6ggESovm506sc+NEthhLE0Jbc/UvxMZiZQaR77pjIgeqmVvKv7ndVMd3ngZE0mqUdD5ojDlto7t6d92wCRSzceGECqZudWmQyIJ1SadhS2+JCPUE5OLu5zCKmlVK26tcnV/Wa7X8oQKcApncAEuXEMd7qABTaAwgBd4hTfr2Xq3PqzPeeualc+cwAKsr1+DnZXj</latexit>

d2Sign bit

1 0 0 1 1 0 1 0 1 0 1 1 1 1 0 0 1 1 0 1 1 1 1 0 1 1 1 11 0 0 0

<latexit sha1_base64="Zsm/+SLtK9iHUKqk40GLZRZWsP0=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoMgCGFXNHoRAl48RjAPSJYwO5lNxszMLjOzQlhy8Qu86hd4E6/+iR/gfzhJ9mASCxqKqm66u4KYM21c99vJrayurW/kNwtb2zu7e8X9g4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB24jefqNIskg9mFFNf4L5kISPYWKkh0A06c7vFklt2p0DLxMtICTLUusWfTi8iiaDSEI61bntubPwUK8MIp+NCJ9E0xmSI+7RtqcSCaj+dXjtGJ1bpoTBStqRBU/XvRIqF1iMR2E6BzUAvehPxP6+dmPDaT5mME0MlmS0KE45MhCavox5TlBg+sgQTxeytiAywwsTYgOa2BAoPqRnbXLzFFJZJ47zsVcqX9xelaiVLKA9HcAyn4MEVVOEOalAHAo/wAq/w5jw7786H8zlrzTnZzCHMwfn6BXRvllE=</latexit>

m = +0
<latexit sha1_base64="1BKj4A7sCWF4Ndl+wv6+sGuVNw0=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoMgCGFXNHoRAl48RjAPSJYwO5lNxszMLjOzQlhy8Qu86hd4E6/+iR/gfzhJ9mASCxqKqm66u4KYM21c99vJrayurW/kNwtb2zu7e8X9g4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB24jefqNIskg9mFFNf4L5kISPYWKkh0A0687rFklt2p0DLxMtICTLUusWfTi8iiaDSEI61bntubPwUK8MIp+NCJ9E0xmSI+7RtqcSCaj+dXjtGJ1bpoTBStqRBU/XvRIqF1iMR2E6BzUAvehPxP6+dmPDaT5mME0MlmS0KE45MhCavox5TlBg+sgQTxeytiAywwsTYgOa2BAoPqRnbXLzFFJZJ47zsVcqX9xelaiVLKA9HcAyn4MEVVOEOalAHAo/wAq/w5jw7786H8zlrzTnZzCHMwfn6BXYGllI=</latexit>

m = +1
<latexit sha1_base64="pO4YMO2fhbh7zkKqDUNt3vtXL8A=">AAACAHicbVDLSgNBEJyNrxhfUY9eBoMgCGFXNHoRAl48RjAPSJYwO5lNxszMLjO9Qlhy8Qu86hd4E6/+iR/gfzhJ9mASCxqKqm66u4JYcAOu++3kVlbX1jfym4Wt7Z3dveL+QcNEiaasTiMR6VZADBNcsTpwEKwVa0ZkIFgzGN5O/OYT04ZH6gFGMfMl6SseckrASg2Jb/DZebdYcsvuFHiZeBkpoQy1bvGn04toIpkCKogxbc+NwU+JBk4FGxc6iWExoUPSZ21LFZHM+On02jE+sUoPh5G2pQBP1b8TKZHGjGRgOyWBgVn0JuJ/XjuB8NpPuYoTYIrOFoWJwBDhyeu4xzWjIEaWEKq5vRXTAdGEgg1obkugyZDB2ObiLaawTBrnZa9Svry/KFUrWUJ5dISO0Sny0BWqojtUQ3VE0SN6Qa/ozXl23p0P53PWmnOymUM0B+frF3edllM=</latexit>

m = +2
<latexit sha1_base64="uoflxY7fit6TraUKL+w1LCVmCnw=">AAACAHicbVDLSgNBEJyNrxhfUY9eBoMgCGHXR/QiBLx4jGAekCxhdtKbjJmZXWZmhbDk4hd41S/wJl79Ez/A/3CS7MFECxqKqm66u4KYM21c98vJLS2vrK7l1wsbm1vbO8XdvYaOEkWhTiMeqVZANHAmoW6Y4dCKFRARcGgGw5uJ33wEpVkk780oBl+QvmQho8RYqSHwNT456xZLbtmdAv8lXkZKKEOtW/zu9CKaCJCGcqJ123Nj46dEGUY5jAudRENM6JD0oW2pJAK0n06vHeMjq/RwGClb0uCp+nsiJULrkQhspyBmoBe9ifif105MeOWnTMaJAUlni8KEYxPhyeu4xxRQw0eWEKqYvRXTAVGEGhvQ3JZAkSGYsc3FW0zhL2mclr1K+eLuvFStZAnl0QE6RMfIQ5eoim5RDdURRQ/oGb2gV+fJeXPenY9Za87JZvbRHJzPH3k0llQ=</latexit>

m = +3
<latexit sha1_base64="CyXuoH3iMci5bZ08ArITaI2E49c=">AAACAHicbVDLSgNBEOz1GeMr6tHLYBAEIexKjF6EgBePEcwDkiXMTmaTMTOzy8ysEJZc/AKv+gXexKt/4gf4H06SPZjEgoaiqpvuriDmTBvX/XZWVtfWNzZzW/ntnd29/cLBYUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg78ZtPVGkWyQcziqkvcF+ykBFsrNQQ6Aadl7uFoltyp0DLxMtIETLUuoWfTi8iiaDSEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcSCaj+dXjtGp1bpoTBStqRBU/XvRIqF1iMR2E6BzUAvehPxP6+dmPDaT5mME0MlmS0KE45MhCavox5TlBg+sgQTxeytiAywwsTYgOa2BAoPqRnbXLzFFJZJ46LkVUqX9+VitZIllINjOIEz8OAKqnAHNagDgUd4gVd4c56dd+fD+Zy1rjjZzBHMwfn6BXrLllU=</latexit>

m = +4
<latexit sha1_base64="TyxhJV2RO8JcarLvKKLywoxN0gU=">AAACAHicbVDLSgNBEOz1GeMr6tHLYBAEIeyKiV6EgBePEcwDkiXMTmaTMTOzy8ysEJZc/AKv+gXexKt/4gf4H06SPZjEgoaiqpvuriDmTBvX/XZWVtfWNzZzW/ntnd29/cLBYUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg78ZtPVGkWyQcziqkvcF+ykBFsrNQQ6Aadl7uFoltyp0DLxMtIETLUuoWfTi8iiaDSEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcSCaj+dXjtGp1bpoTBStqRBU/XvRIqF1iMR2E6BzUAvehPxP6+dmPDaT5mME0MlmS0KE45MhCavox5TlBg+sgQTxeytiAywwsTYgOa2BAoPqRnbXLzFFJZJ46LkVUrl+8titZIllINjOIEz8OAKqnAHNagDgUd4gVd4c56dd+fD+Zy1rjjZzBHMwfn6BXxillY=</latexit>

m = +5
<latexit sha1_base64="xTaNwx1MpMsBPqH4I6JwhVX/3Do=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoMgCGFXNHoRAl48RjAPSJYwO5lNxszMLjOzQlhy8Qu86hd4E6/+iR/gfzhJ9mASCxqKqm66u4KYM21c99vJrayurW/kNwtb2zu7e8X9g4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB24jefqNIskg9mFFNf4L5kISPYWKkh0A06q3SLJbfsToGWiZeREmSodYs/nV5EEkGlIRxr3fbc2PgpVoYRTseFTqJpjMkQ92nbUokF1X46vXaMTqzSQ2GkbEmDpurfiRQLrUcisJ0Cm4Fe9Cbif147MeG1nzIZJ4ZKMlsUJhyZCE1eRz2mKDF8ZAkmitlbERlghYmxAc1tCRQeUjO2uXiLKSyTxnnZq5Qv7y9K1UqWUB6O4BhOwYMrqMId1KAOBB7hBV7hzXl23p0P53PWmnOymUOYg/P1C335llc=</latexit>

m = +6
<latexit sha1_base64="ItSgv/OkaTy6ZrchEQupcPblDes=">AAACAHicbVDLSgNBEOz1GeMr6tHLYBAEIeyKJl6EgBePEcwDkiXMTmaTMTOzy8ysEJZc/AKv+gXexKt/4gf4H06SPZjEgoaiqpvuriDmTBvX/XZWVtfWNzZzW/ntnd29/cLBYUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg78ZtPVGkWyQcziqkvcF+ykBFsrNQQ6AadV7qFoltyp0DLxMtIETLUuoWfTi8iiaDSEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcSCaj+dXjtGp1bpoTBStqRBU/XvRIqF1iMR2E6BzUAvehPxP6+dmPDaT5mME0MlmS0KE45MhCavox5TlBg+sgQTxeytiAywwsTYgOa2BAoPqRnbXLzFFJZJ46LklUtX95fFajlLKAfHcAJn4EEFqnAHNagDgUd4gVd4c56dd+fD+Zy1rjjZzBHMwfn6BX+Qllg=</latexit>

m = +7

<latexit sha1_base64="5R4qlVw5L76rXS1jBrKYoeTXtq0=">AAAB/3icbVDLSgNBEJz1GeMr6tHLYBC8GHZFoxch4MVjBDcJJEuYncwmQ2Zml5leISw5+AVe9Qu8iVc/xQ/wP5wkezCJBQ1FVTfdXWEiuAHX/XZWVtfWNzYLW8Xtnd29/dLBYcPEqabMp7GIdSskhgmumA8cBGslmhEZCtYMh3cTv/nEtOGxeoRRwgJJ+opHnBKwki/x7bnbLZXdijsFXiZeTsooR71b+un0YppKpoAKYkzbcxMIMqKBU8HGxU5qWELokPRZ21JFJDNBNj12jE+t0sNRrG0pwFP170RGpDEjGdpOSWBgFr2J+J/XTiG6CTKukhSYorNFUSowxHjyOe5xzSiIkSWEam5vxXRANKFg85nbEmoyZDC2uXiLKSyTxkXFq1auHi7LtWqeUAEdoxN0hjx0jWroHtWRjyji6AW9ojfn2Xl3PpzPWeuKk88coTk4X78etpYp</latexit>

m = −0
<latexit sha1_base64="8Tj3Pr05E1Y55TVt4x2Y0tKYWWc=">AAAB/3icbVDLSgNBEJz1GeMr6tHLYBC8GHZFoxch4MVjBDcJJEuYnfQmQ2Zml5lZISw5+AVe9Qu8iVc/xQ/wP5wkezCJBQ1FVTfdXWHCmTau++2srK6tb2wWtorbO7t7+6WDw4aOU0XBpzGPVSskGjiT4BtmOLQSBUSEHJrh8G7iN59AaRbLRzNKIBCkL1nEKDFW8gW+Pfe6pbJbcafAy8TLSRnlqHdLP51eTFMB0lBOtG57bmKCjCjDKIdxsZNqSAgdkj60LZVEgA6y6bFjfGqVHo5iZUsaPFX/TmREaD0Soe0UxAz0ojcR//PaqYlugozJJDUg6WxRlHJsYjz5HPeYAmr4yBJCFbO3YjogilBj85nbEioyBDO2uXiLKSyTxkXFq1auHi7LtWqeUAEdoxN0hjx0jWroHtWRjyhi6AW9ojfn2Xl3PpzPWeuKk88coTk4X78gTZYq</latexit>

m = −1
<latexit sha1_base64="UGVFwJtc8OS24ztiYv3JOy6cZ2M=">AAAB/3icbVDLTgJBEJzFF+IL9ehlIjHxItklil5MSLx4xMQFEtiQ2WGACTOzm5leE7Lh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7gpjwQ247reTW1vf2NzKbxd2dvf2D4qHRw0TJZoyn0Yi0q2QGCa4Yj5wEKwVa0ZkKFgzHN1N/eYT04ZH6hHGMQskGSje55SAlXyJby8q3WLJLbsz4FXiZaSEMtS7xZ9OL6KJZAqoIMa0PTeGICUaOBVsUugkhsWEjsiAtS1VRDITpLNjJ/jMKj3cj7QtBXim/p1IiTRmLEPbKQkMzbI3Ff/z2gn0b4KUqzgBpuh8UT8RGCI8/Rz3uGYUxNgSQjW3t2I6JJpQsPksbAk1GTGY2Fy85RRWSaNS9qrlq4fLUq2aJZRHJ+gUnSMPXaMaukd15COKOHpBr+jNeXbenQ/nc96ac7KZY7QA5+sXIeSWKw==</latexit>

m = −2
<latexit sha1_base64="rekZxpwlazg1ep/H6fuN53OsndU=">AAAB/3icbVDLTgJBEOzFF+IL9ehlIjHxItn1gV5MSLx4xMQFEtiQ2WEWJszMbmZmTQjh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7goTzrRx3W8nt7K6tr6R3yxsbe/s7hX3D+o6ThWhPol5rJoh1pQzSX3DDKfNRFEsQk4b4eBu4jeeqNIslo9mmNBA4J5kESPYWMkX6PbsolMsuWV3CrRMvIyUIEOtU/xpd2OSCioN4VjrlucmJhhhZRjhdFxop5ommAxwj7YslVhQHYymx47RiVW6KIqVLWnQVP07McJC66EIbafApq8XvYn4n9dKTXQTjJhMUkMlmS2KUo5MjCafoy5TlBg+tAQTxeytiPSxwsTYfOa2hAoPqBnbXLzFFJZJ/bzsVcpXD5elaiVLKA9HcAyn4ME1VOEeauADAQYv8ApvzrPz7nw4n7PWnJPNHMIcnK9fI3uWLA==</latexit>

m = −3
<latexit sha1_base64="D/pXYuoYeyLa5zbtExMiqBltMXw=">AAAB/3icbVDLTgJBEJzFF+IL9ehlIjHxItk1iF5MSLx4xMQFEtiQ2aGBCTOzm5lZE7Lh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7gpjzrRx3W8nt7a+sbmV3y7s7O7tHxQPjxo6ShQFn0Y8Uq2QaOBMgm+Y4dCKFRARcmiGo7up33wCpVkkH804hkCQgWR9Romxki/w7UWlWyy5ZXcGvEq8jJRQhnq3+NPpRTQRIA3lROu258YmSIkyjHKYFDqJhpjQERlA21JJBOggnR07wWdW6eF+pGxJg2fq34mUCK3HIrSdgpihXvam4n9eOzH9myBlMk4MSDpf1E84NhGefo57TAE1fGwJoYrZWzEdEkWosfksbAkVGYGZ2Fy85RRWSeOy7FXLVw+VUq2aJZRHJ+gUnSMPXaMaukd15COKGHpBr+jNeXbenQ/nc96ac7KZY7QA5+sXJRKWLQ==</latexit>

m = −4
<latexit sha1_base64="mita/uNyNBgU62lWMKo80juvraM=">AAAB/3icbVDLTgJBEJzFF+IL9ehlIjHxItk1gl5MSLx4xMQFEtiQ2aGBCTOzm5lZE7Lh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7gpjzrRx3W8nt7a+sbmV3y7s7O7tHxQPjxo6ShQFn0Y8Uq2QaOBMgm+Y4dCKFRARcmiGo7up33wCpVkkH804hkCQgWR9Romxki/w7UWlWyy5ZXcGvEq8jJRQhnq3+NPpRTQRIA3lROu258YmSIkyjHKYFDqJhpjQERlA21JJBOggnR07wWdW6eF+pGxJg2fq34mUCK3HIrSdgpihXvam4n9eOzH9myBlMk4MSDpf1E84NhGefo57TAE1fGwJoYrZWzEdEkWosfksbAkVGYGZ2Fy85RRWSeOy7FXLlYerUq2aJZRHJ+gUnSMPXaMaukd15COKGHpBr+jNeXbenQ/nc96ac7KZY7QA5+sXJqmWLg==</latexit>

m = −5
<latexit sha1_base64="BJq7EPe8YDm2VNe+WYbvN1W9ilI=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBC8GHZFoxch4MVjBDcJJEuYncwmQ2Zml5lZISw5+AVe9Qu8iVc/xQ/wP5wkezCJBQ1FVTfdXWHCmTau++2srK6tb2wWtorbO7t7+6WDw4aOU0WoT2Ieq1aINeVMUt8ww2krURSLkNNmOLyb+M0nqjSL5aMZJTQQuC9ZxAg2VvIFuj2vdktlt+JOgZaJl5My5Kh3Sz+dXkxSQaUhHGvd9tzEBBlWhhFOx8VOqmmCyRD3adtSiQXVQTY9doxOrdJDUaxsSYOm6t+JDAutRyK0nQKbgV70JuJ/Xjs10U2QMZmkhkoyWxSlHJkYTT5HPaYoMXxkCSaK2VsRGWCFibH5zG0JFR5SM7a5eIspLJPGRcWrVq4eLsu1ap5QAY7hBM7Ag2uowT3UwQcCDF7gFd6cZ+fd+XA+Z60rTj5zBHNwvn4BKECWLw==</latexit>

m = −6
<latexit sha1_base64="km6PhNTtglrvRg4dCePeU9AU16I=">AAAB/3icbVDLTgJBEJzFF+IL9ehlIjHxItk1Cl5MSLx4xMQFEtiQ2WGACTOzm5leE7Lh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7gpjwQ247reTW1vf2NzKbxd2dvf2D4qHRw0TJZoyn0Yi0q2QGCa4Yj5wEKwVa0ZkKFgzHN1N/eYT04ZH6hHGMQskGSje55SAlXyJby+q3WLJLbsz4FXiZaSEMtS7xZ9OL6KJZAqoIMa0PTeGICUaOBVsUugkhsWEjsiAtS1VRDITpLNjJ/jMKj3cj7QtBXim/p1IiTRmLEPbKQkMzbI3Ff/z2gn0b4KUqzgBpuh8UT8RGCI8/Rz3uGYUxNgSQjW3t2I6JJpQsPksbAk1GTGY2Fy85RRWSeOy7FXK1w9XpVolSyiPTtApOkceqqIaukd15COKOHpBr+jNeXbenQ/nc96ac7KZY7QA5+sXKdeWMA==</latexit>

m = −7

๏ To not store the double zeros, usual convention is:

1 0 0 1 1 0 1 0 1 0 1 1 1 1 0 0 1 1 0 1 1 1 1 0 1 1 1 11 0 0 0

<latexit sha1_base64="8Tj3Pr05E1Y55TVt4x2Y0tKYWWc=">AAAB/3icbVDLSgNBEJz1GeMr6tHLYBC8GHZFoxch4MVjBDcJJEuYnfQmQ2Zml5lZISw5+AVe9Qu8iVc/xQ/wP5wkezCJBQ1FVTfdXWHCmTau++2srK6tb2wWtorbO7t7+6WDw4aOU0XBpzGPVSskGjiT4BtmOLQSBUSEHJrh8G7iN59AaRbLRzNKIBCkL1nEKDFW8gW+Pfe6pbJbcafAy8TLSRnlqHdLP51eTFMB0lBOtG57bmKCjCjDKIdxsZNqSAgdkj60LZVEgA6y6bFjfGqVHo5iZUsaPFX/TmREaD0Soe0UxAz0ojcR//PaqYlugozJJDUg6WxRlHJsYjz5HPeYAmr4yBJCFbO3YjogilBj85nbEioyBDO2uXiLKSyTxkXFq1auHi7LtWqeUAEdoxN0hjx0jWroHtWRjyhi6AW9ojfn2Xl3PpzPWeuKk88coTk4X78gTZYq</latexit>

m = −1
<latexit sha1_base64="UGVFwJtc8OS24ztiYv3JOy6cZ2M=">AAAB/3icbVDLTgJBEJzFF+IL9ehlIjHxItklil5MSLx4xMQFEtiQ2WGACTOzm5leE7Lh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7gpjwQ247reTW1vf2NzKbxd2dvf2D4qHRw0TJZoyn0Yi0q2QGCa4Yj5wEKwVa0ZkKFgzHN1N/eYT04ZH6hHGMQskGSje55SAlXyJby8q3WLJLbsz4FXiZaSEMtS7xZ9OL6KJZAqoIMa0PTeGICUaOBVsUugkhsWEjsiAtS1VRDITpLNjJ/jMKj3cj7QtBXim/p1IiTRmLEPbKQkMzbI3Ff/z2gn0b4KUqzgBpuh8UT8RGCI8/Rz3uGYUxNgSQjW3t2I6JJpQsPksbAk1GTGY2Fy85RRWSaNS9qrlq4fLUq2aJZRHJ+gUnSMPXaMaukd15COKOHpBr+jNeXbenQ/nc96ac7KZY7QA5+sXIeSWKw==</latexit>

m = −2
<latexit sha1_base64="rekZxpwlazg1ep/H6fuN53OsndU=">AAAB/3icbVDLTgJBEOzFF+IL9ehlIjHxItn1gV5MSLx4xMQFEtiQ2WEWJszMbmZmTQjh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7goTzrRx3W8nt7K6tr6R3yxsbe/s7hX3D+o6ThWhPol5rJoh1pQzSX3DDKfNRFEsQk4b4eBu4jeeqNIslo9mmNBA4J5kESPYWMkX6PbsolMsuWV3CrRMvIyUIEOtU/xpd2OSCioN4VjrlucmJhhhZRjhdFxop5ommAxwj7YslVhQHYymx47RiVW6KIqVLWnQVP07McJC66EIbafApq8XvYn4n9dKTXQTjJhMUkMlmS2KUo5MjCafoy5TlBg+tAQTxeytiPSxwsTYfOa2hAoPqBnbXLzFFJZJ/bzsVcpXD5elaiVLKA9HcAyn4ME1VOEeauADAQYv8ApvzrPz7nw4n7PWnJPNHMIcnK9fI3uWLA==</latexit>

m = −3
<latexit sha1_base64="D/pXYuoYeyLa5zbtExMiqBltMXw=">AAAB/3icbVDLTgJBEJzFF+IL9ehlIjHxItk1iF5MSLx4xMQFEtiQ2aGBCTOzm5lZE7Lh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7gpjzrRx3W8nt7a+sbmV3y7s7O7tHxQPjxo6ShQFn0Y8Uq2QaOBMgm+Y4dCKFRARcmiGo7up33wCpVkkH804hkCQgWR9Romxki/w7UWlWyy5ZXcGvEq8jJRQhnq3+NPpRTQRIA3lROu258YmSIkyjHKYFDqJhpjQERlA21JJBOggnR07wWdW6eF+pGxJg2fq34mUCK3HIrSdgpihXvam4n9eOzH9myBlMk4MSDpf1E84NhGefo57TAE1fGwJoYrZWzEdEkWosfksbAkVGYGZ2Fy85RRWSeOy7FXLVw+VUq2aJZRHJ+gUnSMPXaMaukd15COKGHpBr+jNeXbenQ/nc96ac7KZY7QA5+sXJRKWLQ==</latexit>

m = −4
<latexit sha1_base64="mita/uNyNBgU62lWMKo80juvraM=">AAAB/3icbVDLTgJBEJzFF+IL9ehlIjHxItk1gl5MSLx4xMQFEtiQ2aGBCTOzm5lZE7Lh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7gpjzrRx3W8nt7a+sbmV3y7s7O7tHxQPjxo6ShQFn0Y8Uq2QaOBMgm+Y4dCKFRARcmiGo7up33wCpVkkH804hkCQgWR9Romxki/w7UWlWyy5ZXcGvEq8jJRQhnq3+NPpRTQRIA3lROu258YmSIkyjHKYFDqJhpjQERlA21JJBOggnR07wWdW6eF+pGxJg2fq34mUCK3HIrSdgpihXvam4n9eOzH9myBlMk4MSDpf1E84NhGefo57TAE1fGwJoYrZWzEdEkWosfksbAkVGYGZ2Fy85RRWSeOy7FXLlYerUq2aJZRHJ+gUnSMPXaMaukd15COKGHpBr+jNeXbenQ/nc96ac7KZY7QA5+sXJqmWLg==</latexit>

m = −5
<latexit sha1_base64="BJq7EPe8YDm2VNe+WYbvN1W9ilI=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBC8GHZFoxch4MVjBDcJJEuYncwmQ2Zml5lZISw5+AVe9Qu8iVc/xQ/wP5wkezCJBQ1FVTfdXWHCmTau++2srK6tb2wWtorbO7t7+6WDw4aOU0WoT2Ieq1aINeVMUt8ww2krURSLkNNmOLyb+M0nqjSL5aMZJTQQuC9ZxAg2VvIFuj2vdktlt+JOgZaJl5My5Kh3Sz+dXkxSQaUhHGvd9tzEBBlWhhFOx8VOqmmCyRD3adtSiQXVQTY9doxOrdJDUaxsSYOm6t+JDAutRyK0nQKbgV70JuJ/Xjs10U2QMZmkhkoyWxSlHJkYTT5HPaYoMXxkCSaK2VsRGWCFibH5zG0JFR5SM7a5eIspLJPGRcWrVq4eLsu1ap5QAY7hBM7Ag2uowT3UwQcCDF7gFd6cZ+fd+XA+Z60rTj5zBHNwvn4BKECWLw==</latexit>

m = −6
<latexit sha1_base64="km6PhNTtglrvRg4dCePeU9AU16I=">AAAB/3icbVDLTgJBEJzFF+IL9ehlIjHxItk1Cl5MSLx4xMQFEtiQ2WGACTOzm5leE7Lh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7gpjwQ247reTW1vf2NzKbxd2dvf2D4qHRw0TJZoyn0Yi0q2QGCa4Yj5wEKwVa0ZkKFgzHN1N/eYT04ZH6hHGMQskGSje55SAlXyJby+q3WLJLbsz4FXiZaSEMtS7xZ9OL6KJZAqoIMa0PTeGICUaOBVsUugkhsWEjsiAtS1VRDITpLNjJ/jMKj3cj7QtBXim/p1IiTRmLEPbKQkMzbI3Ff/z2gn0b4KUqzgBpuh8UT8RGCI8/Rz3uGYUxNgSQjW3t2I6JJpQsPksbAk1GTGY2Fy85RRWSeOy7FXK1w9XpVolSyiPTtApOkceqqIaukd15COKOHpBr+jNeXbenQ/nc96ac7KZY7QA5+sXKdeWMA==</latexit>

m = −7
<latexit sha1_base64="bSGUEYLkPFERTdp7wYOlKMkpTm8=">AAACAHicbVDLSgNBEOz1GeMr6tHLYBC8GHZFYy5CwIvHCOYByRJmJ7PJmJnZZWZWCEsufoFX/QJv4tU/8QP8DyfJHkxiQUNR1U13VxBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+M0nqjSL5IMZxdQXuC9ZyAg2VmoIdIPOK91C0S25U6Bl4mWkCBlq3cJPpxeRRFBpCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VGJBtZ9Orx2jU6v0UBgpW9Kgqfp3IsVC65EIbKfAZqAXvYn4n9dOTFjxUybjxFBJZovChCMTocnrqMcUJYaPLMFEMXsrIgOsMDE2oLktgcJDasY2F28xhWXSuCh55dLV/WWxWs4SysExnMAZeHANVbiDGtSBwCO8wCu8Oc/Ou/PhfM5aV5xs5gjm4Hz9AoRXlls=</latexit>

m = −8

๏ Pro-Tip: When really pushing code performance it can sometimes help to use bitwise operations

Example: Figuring out qubit basis-state numbers

<latexit sha1_base64="+pgHnggS995RDU/Wk3KG5OxQVFw="></latexit>

m = d22
2
+ d12

1
+ d02

0
=

2X

i=0

di2
i

<latexit sha1_base64="rwh7uVSjMg/U1lBefE7wzDURpwE=">AAACHnicbVDLTgIxFO34RHyNunTTQEwgATJDFF2SuHGJiTwSQNIpBRo6nUl7x4RM2PsZfoFb/QJ3xq1+gP9hecQIeJKbnJxzH+3xQsE1OM6Xtba+sbm1ndhJ7u7tHxzaR8c1HUSKsioNRKAaHtFMcMmqwEGwRqgY8T3B6t7weuLXH5jSPJB3MApZ2yd9yXucEjBSx05l8sX7OCPzbnaczeFWNwCdw5lfzVTHTjsFZwq8Stw5SaM5Kh3726yhkc8kUEG0brpOCO2YKOBUsHGyFWkWEjokfdY0VBKf6XY8/csYnxmli3uBMiUBT9W/EzHxtR75nun0CQz0sjcR//OaEfSu2jGXYQRM0tmhXiQwBHgSDO5yxSiIkSGEKm7eiumAKELBxLdwxVNkyGBscnGXU1gltWLBLRUubs/T5dI8oQQ6RSmUQS66RGV0gyqoiih6RM/oBb1aT9ab9W59zFrXrPnMCVqA9fkDGjyfeg==</latexit>

(−2(n−1)), . . . , (2(n−1)
− 1)

<latexit sha1_base64="wQTB0nQEvw5zvY63CYT01zpoJ40=">AAACGHicbVC7TsMwFHXKq5RXgBEGiwqJAaoEQelYiYWxSPQhtaFyXKe1aieRfYNURV34DL6AFb6ADbGy8QH8B26bgRaOZOn4nHt07ePHgmtwnC8rt7S8srqWXy9sbG5t79i7ew0dJYqyOo1EpFo+0UzwkNWBg2CtWDEifcGa/vB64jcfmNI8Cu9gFDNPkn7IA04JGKlrH3Y0l/jMde5TtzI+xZ1eBBpn165ddErOFPgvcTNSRBlqXfvb5GkiWQhUEK3brhODlxIFnAo2LnQSzWJCh6TP2oaGRDLtpdNfjPGxUXo4iJQ5IeCp+juREqn1SPpmUhIY6EVvIv7ntRMIKl7KwzgBFtLZoiARGCI8qQT3uGIUxMgQQhU3b8V0QBShYIqb2+IrMmQw6cVdbOEvaZyX3HLp8vaiWC1nDeXRATpCJ8hFV6iKblAN1RFFj+gZvaBX68l6s96tj9lozsoy+2gO1ucPY7+ezQ==</latexit>

∼ −10
18
, . . . 10

18
(n=64)



Lecture 1 - Floating point numbers on a computer

๏ Floating point numbers:                                                   … using 64 bits (“double precision”)

๏ Important: Relative precision

Standard: IEEE-754

0 1 0 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Sign bit (S) Exponent (E) Fraction (F)

11 bits 52 bits
Fractions should always be normalized, 

therefore we can gain a bit and store only
<latexit sha1_base64="U0SW2/w/8AfqB3uMrqyLKaR7QPM=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwFRLR6rIgiMuK9gFtKJPppB06mYSZG6GE4he41S9wJ279Fj/A/3DaZmGrBy4czrmXe+8JEsE1uu6XVVhZXVvfKG6WtrZ3dvfK+wdNHaeKsgaNRazaAdFMcMkayFGwdqIYiQLBWsHoeuq3HpnSPJYPOE6YH5GB5CGnBI107zk3vXLFddwZ7L/Ey0kFctR75e9uP6ZpxCRSQbTueG6CfkYUcirYpNRNNUsIHZEB6xgqScS0n81OndgnRunbYaxMSbRn6u+JjERaj6PAdEYEh3rZm4r/eZ0Uwys/4zJJkUk6XxSmwsbYnv5t97liFMXYEEIVN7fadEgUoWjSWdgSKDJiODG5eMsp/CXNM8erOhd355VaNU+oCEdwDKfgwSXU4Bbq0AAKA3iGF3i1nqw36936mLcWrHzmEBZgff4AA9aVkw==</latexit>

1.F

๏ Then, in binary represented numbers are

fraction:

exponent convention:

<latexit sha1_base64="QtK7Rbj0l3Fr7Y/+83hR3miLtVI="></latexit>

E = E − 1023 =

 

11
X

i=1

Ei 2
i

!

− 1023

<latexit sha1_base64="e0rol+x81voBLmxB6i3wEXB6g1g=">AAACJHicbVDLSgMxFM3UV62vUZdugkWoC8tM0epGKIjgsqJ9QF9k0kwbmnmQ3BHK0F/wM/wCt/oF7sSFG3f+h5m2gm09EDiccy/n5jih4Aos69NILS2vrK6l1zMbm1vbO+buXlUFkaSsQgMRyLpDFBPcZxXgIFg9lIx4jmA1Z3CV+LUHJhUP/HsYhqzlkZ7PXU4JaKlj5iS+xLkT+7h9h5vAPaaw+0sK7aZHoE+JiK9HHTNr5a0x8CKxpySLpih3zO9mN6CRx3yggijVsK0QWjGRwKlgo0wzUiwkdEB6rKGpT3RkKx7/aISPtNLFbiD18wGP1b8bMfGUGnqOnkxOVPNeIv7nNSJwL1ox98MImE8nQW4kMAQ4qQd3uWQUxFATQiXXt2LaJ5JQ0CXOpDiSDBgkvdjzLSySaiFvF/Nnt6fZUnHaUBodoEOUQzY6RyV0g8qogih6RM/oBb0aT8ab8W58TEZTxnRnH83A+PoBvbyjxQ==</latexit>

r = (−1)S × f × 2E

๏ Example:
<latexit sha1_base64="k9GOPK/xw2i6VnZslJNzdu9qvAI=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAhCMSStbd0IBUFcVrAPaGOZTCft0MmDmYlQQj7Cz/AL3OoXuBNduvA/nLRZ2NYDMxzOuZd773FCRoU0zS9tZXVtfWMzt5Xf3tnd29cPDlsiiDgmTRywgHccJAijPmlKKhnphJwgz2Gk7YyvU7/9SLiggX8vJyGxPTT0qUsxkkrq68Weh+QIIxbfJPAKlh5MWFR/fF5KMlJOdcso1yp9vWAa5hRwmVgZKYAMjb7+0xsEOPKILzFDQnQtM5R2jLikmJEk34sECREeoyHpKuojjwg7nh6VwFOlDKAbcPV8Cafq344YeUJMPEdVpieIRS8V//O6kXQv7Zj6YSSJj2eD3IhBGcA0ITignGDJJoogzKnaFeIR4ghLlePcFIejMZGJysVaTGGZtEqGVTUqdxeFejVLKAeOwQk4AxaogTq4BQ3QBBg8gRfwCt60Z+1d+9A+Z6UrWtZzBOagff8CJ2+igA==</latexit>

F = 2
0
+ 2

−2
+ 2

−3
= 1.375

<latexit sha1_base64="AZvxrdTVgOlfyHWznOPMjSI+UCE=">AAACKXicbVDLSsNAFJ34rPUVdelmsAgVaUmKVjdCQQSXFewD2lgm00k7dDIJMxOhhHyFn+EXuNUvcKduxf9w0mZhWw8MnHvOvdy5xw0ZlcqyPo2l5ZXVtfXcRn5za3tn19zbb8ogEpg0cMAC0XaRJIxy0lBUMdIOBUG+y0jLHV2nfuuRCEkDfq/GIXF8NODUoxgpLfXMUtdHaogRi28SeAUrD7FtJfBUEwuWYDGrS9A+Sd2eWbDK1gRwkdgZKYAM9Z750+0HOPIJV5ghKTu2FSonRkJRzEiS70aShAiP0IB0NOXIJ9KJJ2cl8FgrfegFQj+u4ET9OxEjX8qx7+rO9Ag576Xif14nUt6lE1MeRopwPF3kRQyqAKYZwT4VBCs21gRhQfVfIR4igbDSSc5scQUaEZXoXOz5FBZJs1K2q+Xzu7NCrZollAOH4AgUgQ0uQA3cgjpoAAyewAt4BW/Gs/FufBhf09YlI5s5ADMwvn8BycWiuw==</latexit>

E = 210 + 20 − (210 − 1) = 2

<latexit sha1_base64="d9ZStCNNqbwfRJIFyY1Wh21m2s0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BQTxGNA9IljA7mSRDZmeXmV4hLMEv8Kpf4E28+i1+gP/hJNmDiRY0FFXddHcFsRQGXffLya2srq1v5DcLW9s7u3vF/YOGiRLNeJ1FMtKtgBouheJ1FCh5K9achoHkzWB0PfWbj1wbEakHHMfcD+lAib5gFK10f9N1u8WSW3ZnIH+Jl5ESZKh1i9+dXsSSkCtkkhrT9twY/ZRqFEzySaGTGB5TNqID3rZU0ZAbP52dOiEnVumRfqRtKSQz9fdESkNjxmFgO0OKQ7PsTcX/vHaC/Ss/FSpOkCs2X9RPJMGITP8mPaE5Qzm2hDIt7K2EDammDG06C1sCTUccJzYXbzmFv6RxVvYq5Yu781K1kiWUhyM4hlPw4BKqcAs1qAODATzDC7w6T86b8+58zFtzTjZzCAtwPn8AUIGVww==</latexit>

F0

<latexit sha1_base64="wbadRJgN/GoqFeAZi2IWjegf6iU=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BQTxGNA9IljA7mSRDZmeXmV4hLMEv8Kpf4E28+i1+gP/hJNmDiRY0FFXddHcFsRQGXffLya2srq1v5DcLW9s7u3vF/YOGiRLNeJ1FMtKtgBouheJ1FCh5K9achoHkzWB0PfWbj1wbEakHHMfcD+lAib5gFK10f9P1usWSW3ZnIH+Jl5ESZKh1i9+dXsSSkCtkkhrT9twY/ZRqFEzySaGTGB5TNqID3rZU0ZAbP52dOiEnVumRfqRtKSQz9fdESkNjxmFgO0OKQ7PsTcX/vHaC/Ss/FSpOkCs2X9RPJMGITP8mPaE5Qzm2hDIt7K2EDammDG06C1sCTUccJzYXbzmFv6RxVvYq5Yu781K1kiWUhyM4hlPw4BKqcAs1qAODATzDC7w6T86b8+58zFtzTjZzCAtwPn8AUhiVxA==</latexit>

F1

<latexit sha1_base64="+K+KKVjGRi3YUWo6l6cf8ak5POs=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoPgKewGjR4DgniMaB6QLGF20psMmX0w0yuEJfgFXvULvIlXv8UP8D+cJHswiQUNRVU33V1eLIVG2/62cmvrG5tb+e3Czu7e/kHx8Kipo0RxaPBIRqrtMQ1ShNBAgRLasQIWeBJa3uhm6reeQGkRhY84jsEN2CAUvuAMjfRw26v0iiW7bM9AV4mTkRLJUO8Vf7r9iCcBhMgl07rj2DG6KVMouIRJoZtoiBkfsQF0DA1ZANpNZ6dO6JlR+tSPlKkQ6Uz9O5GyQOtx4JnOgOFQL3tT8T+vk6B/7aYijBOEkM8X+YmkGNHp37QvFHCUY0MYV8LcSvmQKcbRpLOwxVNsBDgxuTjLKaySZqXsVMuX9xelWjVLKE9OyCk5Jw65IjVyR+qkQTgZkBfySt6sZ+vd+rA+5605K5s5Jguwvn4BU6+VxQ==</latexit>

F2

<latexit sha1_base64="SuxD87Tu2zqybGhSqPWYrSbCxaU=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BETxGNA9IljA7mSRDZmeXmV4hLMEv8Kpf4E28+i1+gP/hJNmDiRY0FFXddHcFsRQGXffLya2srq1v5DcLW9s7u3vF/YOGiRLNeJ1FMtKtgBouheJ1FCh5K9achoHkzWB0PfWbj1wbEakHHMfcD+lAib5gFK10f9N1u8WSW3ZnIH+Jl5ESZKh1i9+dXsSSkCtkkhrT9twY/ZRqFEzySaGTGB5TNqID3rZU0ZAbP52dOiEnVumRfqRtKSQz9fdESkNjxmFgO0OKQ7PsTcX/vHaC/Ss/FSpOkCs2X9RPJMGITP8mPaE5Qzm2hDIt7K2EDammDG06C1sCTUccJzYXbzmFv6RxVvYq5Yu781K1kiWUhyM4hlPw4BKqcAs1qAODATzDC7w6T86b8+58zFtzTjZzCAtwPn8ATuiVwg==</latexit>

E0

<latexit sha1_base64="BMRseQMAG5IT24n9EQE6i4xjEr0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BETxGNA9IljA7mSRDZmeXmV4hLMEv8Kpf4E28+i1+gP/hJNmDiRY0FFXddHcFsRQGXffLya2srq1v5DcLW9s7u3vF/YOGiRLNeJ1FMtKtgBouheJ1FCh5K9achoHkzWB0PfWbj1wbEakHHMfcD+lAib5gFK10f9P1usWSW3ZnIH+Jl5ESZKh1i9+dXsSSkCtkkhrT9twY/ZRqFEzySaGTGB5TNqID3rZU0ZAbP52dOiEnVumRfqRtKSQz9fdESkNjxmFgO0OKQ7PsTcX/vHaC/Ss/FSpOkCs2X9RPJMGITP8mPaE5Qzm2hDIt7K2EDammDG06C1sCTUccJzYXbzmFv6RxVvYq5Yu781K1kiWUhyM4hlPw4BKqcAs1qAODATzDC7w6T86b8+58zFtzTjZzCAtwPn8AUH+Vww==</latexit>

E1

<latexit sha1_base64="tinAVKaJrC44KDfkoWA/3qfA2BQ=">AAACMHicbZC7TsMwFIYdrqXcAowsFhUSC1FS2sJYiYWxSPQitaFyXKe16iSW7SCqqC/CY/AErPAEMCEGFp4CJ81AW45k6dP/n6Nz/HucUals+8NYWV1b39gsbBW3d3b39s2Dw5aMYoFJE0csEh0PScJoSJqKKkY6XBAUeIy0vfF16rcfiJA0Cu/UhBM3QMOQ+hQjpaW+WXEsG/YQ5yJ6hBnzAJbvk/PqxXRJd2xtOLVp3yzZlp0VXAYnhxLIq9E3v3uDCMcBCRVmSMquY3PlJkgoihmZFnuxJBzhMRqSrsYQBUS6Sfa7KTzVygD6kdAvVDBT/04kKJByEni6M0BqJBe9VPzP68bKv3ITGvJYkRDPFvkxgyqCaVRwQAXBik00ICyovhXiERIIKx3o3BZPoDFRaS7OYgrL0CpbTs2q3lZK9VqeUAEcgxNwBhxwCergBjRAE2DwBF7AK3gzno1349P4mrWuGPnMEZgr4+cXsuKmfA==</latexit>

1.0 ≈ 1.0± 2
−53

≈ 1.0± 10
−16

๏ This means in practice: Keep units normalized and consider everything below 1e-16 zero 
<latexit sha1_base64="DqpzyCl5U4QZlIezxlOld3Pbzag=">AAACCHicbVBLTgJBFOzBH+IPdemmIzFxRWaMoksSNy4xkU8CI3nTvIEOPR+7e0jIhAt4Ard6AnfGrbfwAN7DBmYhYCUvqVS9l3opLxZcadv+tnJr6xubW/ntws7u3v5B8fCooaJEMqyzSESy5YFCwUOsa64FtmKJEHgCm97wduo3RygVj8IHPY7RDaAfcp8z0EZ67Aw8kLSDTwkfUadbLNllewa6SpyMlEiGWrf40+lFLAkw1EyAUm3HjrWbgtScCZwUOonCGNgQ+tg2NIQAlZvOvp7QM6P0qB9JM6GmM/XvRQqBUuPAM5sB6IFa9qbif1470f6Nm/IwTjSGbB7kJ4LqiE4roD0ukWkxNgSY5OZXygYggWlT1EKKJ2GIemJ6cZZbWCWNi7JTKV/dX5aqlayhPDkhp+ScOOSaVMkdqZE6YUSSF/JK3qxn6936sD7nqzkruzkmC7C+fgGP8ppM</latexit>

~ ≡ 1 definitely!

In practice, pick a time unit by normalizing an energy, e.g.:
<latexit sha1_base64="1PNn1n+S36MhSxXJo14EQae+ayY="></latexit>

Ĥ = −J

X

i

(b̂ib̂
†
i+1

+ b̂
†
i
b̂i+1)

<latexit sha1_base64="LOCHkBQvvOTfOBChsBe+Gn1eers=">AAACAXicbVA9SwNBEJ3zM8avqKXNYhCswp1otAzYiFUE84HJEfY2e8mS3b1zdy8QjlT+BVvt7cTWX2LrL3GTXGESHww83pthZl4Qc6aN6347K6tr6xubua389s7u3n7h4LCuo0QRWiMRj1QzwJpyJmnNMMNpM1YUi4DTRjC4mfiNIVWaRfLBjGLqC9yTLGQEGys93qE2fUrYEHmdQtEtuVOgZeJlpAgZqp3CT7sbkURQaQjHWrc8NzZ+ipVhhNNxvp1oGmMywD3aslRiQbWfTi8eo1OrdFEYKVvSoKn6dyLFQuuRCGynwKavF72J+J/XSkx47adMxomhkswWhQlHJkKT91GXKUoMH1mCiWL2VkT6WGFibEhzWwIxzttQvMUIlkn9vOSVS5f3F8VKOYsnB8dwAmfgwRVU4BaqUAMCEl7gFd6cZ+fd+XA+Z60rTjZzBHNwvn4B1V+Www==</latexit>

J ≡ 1

(above)

<latexit sha1_base64="GyGf3nV779epqg6RMzZyDtiDxvI=">AAACLXicbVDLSsNAFJ34rPVVdelmsAiuSiK+lgU3LivYBzS1TKY3OnQyCTM3Ygn5Dj/DL3CrX+BCEHfibzhpu9DqgYHDOfdy7pwgkcKg6745c/MLi0vLpZXy6tr6xmZla7tl4lRzaPJYxroTMANSKGiiQAmdRAOLAgntYHhe+O070EbE6gpHCfQidqNEKDhDK/Urnp9E1Kv5CPeYhZrxQs6pjyICQz33OptYcJ/EChTmeb9SdWvuGPQv8aakSqZo9Cuf/iDmaWS3uWTGdD03wV7GNAouIS/7qYGE8SG7ga6litnkXjb+Wk73rTKgYaztU0jH6s+NjEXGjKLATkYMb82sV4j/ed0Uw7NeJlSSIig+CQpTSTGmRU90IDRwlCNLGNfC3kr5LSsKsm3+Sgk0GwIWvXizLfwlrcOad1I7vjyq1k+mDZXILtkjB8Qjp6ROLkiDNAknD+SJPJMX59F5dd6dj8nonDPd2SG/4Hx9A1SgqhE=</latexit>

±1.fraction× 10
exponent

<latexit sha1_base64="DaOBYg/aKGU9Z6iGyprobLV6I70=">AAACJXicbVDLSgMxFM3UV62vqks3wSK0iMNMta0boeDGZQX7gHZaMmnahmYeJHeEMvQb/Ay/wK1+gTsRXLnyP0wfgq0eCJyccy8nOW4ouALL+jASK6tr6xvJzdTW9s7uXnr/oKaCSFJWpYEIZMMlignusypwEKwRSkY8V7C6O7ye+PV7JhUP/DsYhczxSN/nPU4JaKmTzkl8hbNndq5t4RZwjylsm+elws8l387rgdOCWeikM5ZpTYH/EntOMmiOSif91eoGNPKYD1QQpZq2FYITEwmcCjZOtSLFQkKHpM+amvpE5znx9EtjfKKVLu4FUh8f8FT9vRETT6mR5+pJj8BALXsT8T+vGUHv0om5H0bAfDoL6kUCQ4An/eAul4yCGGlCqOT6rZgOiCQUdIsLKa4kQwZj3Yu93MJfUsubdtEs3F5kysV5Q0l0hI5RFtmohMroBlVQFVH0gJ7QM3oxHo1X4814n40mjPnOIVqA8fkNx4ShQw==</latexit>

r = (−1)0 × 1.375× 22 = +5.5

<latexit sha1_base64="ucbvDeLhX/eY/btX4BRm9NEp7D4="></latexit>

f = 1 + F0 2
−1

+ F1 2
−2

+ F2 2
−3

+ · · · = 1 +

51X

i=0

Fi 2
−i−1



Lecture 1 - Linear algebra of quantum mechanics

๏ The state-vector can be anything:

๏ Let’s define a state-vector as a general concept (not limited to linear quantum mechanics)

State = Vector Operators = Matrix

Hamiltonian, Observables, Time-

evolution operator

<latexit sha1_base64="0Ligr7fWulmNxXz2pE6Ls+i0RHM=">AAACAHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BLx4jmAckS5iddJIxs7PLTK8Qllz8Aq/6Bd7Eq3/iB/gfTpI9mMSChqKqm+6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6nfrNJ9BGROoBxzH4IRso0RecoZUandiIrugWS27ZnYGuEi8jJZKh1i3+dHoRT0JQyCUzpu25Mfop0yi4hEmhkxiIGR+xAbQtVSwE46ezayf0zCo92o+0LYV0pv6dSFlozDgMbGfIcGiWvan4n9dOsH/jp0LFCYLi80X9RFKM6PR12hMaOMqxJYxrYW+lfMg042gDWtgSaDYCnNhcvOUUVknjouxVylf3l6VqJUsoT07IKTknHrkmVXJHaqROOHkkL+SVvDnPzrvz4XzOW3NONnNMFuB8/QJSPZd8</latexit>

ψi

<latexit sha1_base64="y/PQNX4FxDXl9NLZWkvlNj5qZuA=">AAACBHicbVDLSgMxFM3UV62vqks3wSK4KjOi1WVBFy4r2Ae2Q8mkt21oJjMkd4QydOsXuNUvcCdu/Q8/wP8wbWdhqwcCh3Pu5dycIJbCoOt+ObmV1bX1jfxmYWt7Z3evuH/QMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6nvrNR9BGROoexzH4IRso0RecoZUebmgHRQiGet1iyS27M9C/xMtIiWSodYvfnV7EkxAUcsmMaXtujH7KNAouYVLoJAZixkdsAG1LFbMxfjq7eEJPrNKj/Ujbp5DO1N8bKQuNGYeBnQwZDs2yNxX/89oJ9q/8VKg4QVB8HtRPJMWITr9Pe0IDRzm2hHEt7K2UD5lmHG1JCymBZiPAie3FW27hL2mclb1K+eLuvFStZA3lyRE5JqfEI5ekSm5JjdQJJ4o8kxfy6jw5b8678zEfzTnZziFZgPP5AyTwmGc=</latexit>

D × 1
<latexit sha1_base64="31sSj57ODn1QJXqJ8JsWr5tDvzs=">AAACBHicbVDLTgIxFO3gC/GFunTTSExckRmj6JJEFi4xkUeECemUCzR0OpP2jgkhbP0Ct/oF7oxb/8MP8D8sMAsBT9Lk5Jx7c25PEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTv3GE2gjIvWAoxj8kPWV6AnO0EqPFdpGEYKhlU6+4BbdGegq8VJSICmqnfxPuxvxJASFXDJjWp4boz9mGgWXMMm1EwMx40PWh5alitkYfzy7eELPrNKlvUjbp5DO1L8bYxYaMwoDOxkyHJhlbyr+57US7N34Y6HiBEHxeVAvkRQjOv0+7QoNHOXIEsa1sLdSPmCacbQlLaQEmg0BJ7YXb7mFVVK/KHql4tX9ZaFcShvKkhNySs6JR65JmdyRKqkRThR5Ia/kzXl23p0P53M+mnHSnWOyAOfrF0MlmHo=</latexit>

D ×D

<latexit sha1_base64="P3+NPJ1jgFjYTdzzM5jby1zMkvA=">AAACAXicbVDLSsNAFL3xWeur6tLNYBFcSElEq8uCG5cV7APaUCbTm3bsZBJmJkIJXfkFbvUL3Ilbv8QP8D9M2ixs64ELh3Pu5d57vEhwbWz721pZXVvf2CxsFbd3dvf2SweHTR3GimGDhSJUbY9qFFxiw3AjsB0ppIEnsOWNbjO/9YRK81A+mHGEbkAHkvucUZNKrWEv4eePk16pbFfsKcgycXJShhz1Xumn2w9ZHKA0TFCtO44dGTehynAmcFLsxhojykZ0gJ2UShqgdpPpuRNymip94ocqLWnIVP07kdBA63HgpZ0BNUO96GXif14nNv6Nm3AZxQYlmy3yY0FMSLLfSZ8rZEaMU0KZ4umthA2posykCc1t8RQdoclycRZTWCbNi4pTrVzdX5Zr1TyhAhzDCZyBA9dQgzuoQwMYjOAFXuHNerberQ/rc9a6YuUzRzAH6+sX9V6X1A==</latexit>

hi,j

In general: Complex elements

<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))

<latexit sha1_base64="FpftDbYvHgDs5xJT8qM7skVDotE=">AAACB3icbVDLSsNAFJ3UV62vqks3g0Wom5KIVpcFNy4r2Ae0oUymk3boZBJnboQQ+gF+gVv9Anfi1s/wA/wPJ20WtvXAhcM593IPx4sE12Db31ZhbX1jc6u4XdrZ3ds/KB8etXUYK8paNBSh6npEM8ElawEHwbqRYiTwBOt4k9vM7zwxpXkoHyCJmBuQkeQ+pwSM5PYDAmPPT5NpFc4H5Ypds2fAq8TJSQXlaA7KP/1hSOOASaCCaN1z7AjclCjgVLBpqR9rFhE6ISPWM1SSgGk3nYWe4jOjDLEfKjMS8Ez9e5GSQOsk8MxmFlIve5n4n9eLwb9xUy6jGJik80d+LDCEOGsAD7liFERiCKGKm6yYjokiFExPC188RSYMpqYXZ7mFVdK+qDn12tX9ZaVRzxsqohN0iqrIQdeoge5QE7UQRY/oBb2iN+vZerc+rM/5asHKb47RAqyvX4ikmlY=</latexit>

y(t)

Schrödinger equation

<latexit sha1_base64="FSY8dir+vXLwWM9JvID9UCOx1yk=">AAACMHicbZDNSgMxFIUz/tb6N+rSTbAIbiwzoq0boeCmywrWCp1SMplMG0wyQ3JHKOM8ii/hK7jVva5Elz6Fae3CqhcCh3Pu5d58YSq4Ac97debmFxaXlksr5dW19Y1Nd2v7yiSZpqxNE5Ho65AYJrhibeAg2HWqGZGhYJ3w5nycd26ZNjxRlzBKWU+SgeIxpwSs1XfrQawJzaMij6C4C1LDA03UQDB8hg/zQEvMCxwMCeAm/hn33YpX9SaF/wp/KipoWq2++xFECc0kU0AFMabreyn0cqKBU8GKcpAZlhJ6Qwasa6UikplePvlggfetE+E40fYpwBP350ROpDEjGdpOSWBofmdj87+sm0F82su5SjNgin4vijOBIcFjWjjimlEQIysI1dzeiumQWGJgmc5sCWVRtlD83wj+iqujql+rnlwcVxq1KZ4S2kV76AD5qI4aqIlaqI0oukeP6Ak9Ow/Oi/PmvH+3zjnTmR00U87nF6gKqjI=</latexit>

d

dt
|ψi = −iĤ|ψi

<latexit sha1_base64="wOjtTRdBEZg9mTkk5+JqhuAy04g=">AAACI3icbVDLSsNAFJ34rPUVdeHCzWARXJVEtLoRCm5cVrAPaEKZTCft0JlJmJkIIeRrxJ1+iTtx48LPcO+kzcK2Hhg495x7uXdOEDOqtON8WSura+sbm5Wt6vbO7t6+fXDYUVEiMWnjiEWyFyBFGBWkralmpBdLgnjASDeY3BV+94lIRSPxqNOY+ByNBA0pRtpIA/vY40iPgzBLc3gLvQnRmRcrmg/smlN3poDLxC1JDZRoDewfbxjhhBOhMUNK9V0n1n6GpKaYkbzqJYrECE/QiPQNFYgT5WfTD+TwzChDGEbSPKHhVP07kSGuVMoD01mcqxa9QvzP6yc6vPEzKuJEE4Fni8KEQR3BIg04pJJgzVJDEJbU3ArxGEmEtclsbkvA8/laIhNWkZO7mMoy6VzU3Ub96uGy1myUiVXACTgF58AF16AJ7kELtAEGOXgGr+DNerHerQ/rc9a6YpUzR2AO1vcvO3CliQ==</latexit>

y = |ψi
<latexit sha1_base64="GbApKR8yBsLt7b5qDssEo+yIgrc=">AAACI3icbZDLSsNAFIYn9VbrrerSzWARW5CSiFY3QsFNlxWsLTShTKaTdujkwsyJUEIfwcfwCdzqE7gTNy5c+h5O2ixs6w8DP/85h3PmcyPBFZjml5FbWV1b38hvFra2d3b3ivsHDyqMJWUtGopQdlyimOABawEHwTqRZMR3BWu7o9u03n5kUvEwuIdxxByfDALucUpAR73iqVeGM2z7BIaul4wnZahU8A22hwRwA9sjBokdKT7pFUtm1ZwKLxsrMyWUqdkr/tj9kMY+C4AKolTXMiNwEiKBU8EmBTtWLCJ0RAasq21AfKacZPqhCT7RSR97odQvADxN/04kxFdq7Lu6M71cLdbS8L9aNwbv2kl4EMXAAjpb5MUCQ4hTOrjPJaMgxtoQKrm+FdMhkYSCZji3xZVEw0m5WIsUls3DedWqVS/vLkr1WkYoj47QMSojC12hOmqgJmohip7QC3pFb8az8W58GJ+z1pyRzRyiORnfv+AIo+A=</latexit>

f(t,y(t)) = Ĥ |ψi (linear)

Ordinary differential equation

Linearized density matrix Two classical particles

<latexit sha1_base64="4HlXt6k84PSdIuNwibPKyRurU/A=">AAACH3icbVDLSsNAFJ34rPVVdelmsAgupCRFqxuh4MZlhb6gjWEynbRDJ5MwM5GGkA/wM/wCt/oF7sRtP8D/cNJmYVsvzHA451zuvccNGZXKNKfG2vrG5tZ2Yae4u7d/cFg6Om7LIBKYtHDAAtF1kSSMctJSVDHSDQVBvstIxx3fZ3rnmQhJA95UcUhsHw059ShGSlNOqdz3kRq5XhKn8A72Jo51CcPsmzjVDFXtp6Z2mRVzVnAVWDkog7waTumnPwhw5BOuMENS9iwzVHaChKKYkbTYjyQJER6jIelpyJFPpJ3MjknhuWYG0AuEflzBGfu3I0G+lLHvame2ulzWMvI/rRcp79ZOKA8jRTieD/IiBlUAs2TggAqCFYs1QFhQvSvEIyQQVjq/hSmuQGOiUp2LtZzCKmhXK1atcv14Va7X8oQK4BScgQtggRtQBw+gAVoAgxfwBt7Bh/FqfBpfxvfcumbkPSdgoYzpL5HboXs=</latexit>

y = [x1, p1, x2, p2]
T

<latexit sha1_base64="Nvzx6Bg9jlzscmN/QYWaIdsolmw="></latexit>

y = [ρ1,1, ρ1,2, ρ2,1, ρ2,2]
T

<latexit sha1_base64="MRPfNOa9epHBRJiqUzLc2X4GaEM="></latexit>

D × (2× 64)Bits = D × 16Bytes

<latexit sha1_base64="swPteWmSXAYf0rz+mhguS2p4Uo4=">AAAB/3icbVDLTgIxFO3gC/GFunTTSExckRmj6JLEjUtMHCCBCemUCzR0OpP2jgmZsPAL3OoXuDNu/RQ/wP+wwCwEPUmTk3Puyb09YSKFQdf9cgpr6xubW8Xt0s7u3v5B+fCoaeJUc/B5LGPdDpkBKRT4KFBCO9HAolBCKxzfzvzWI2gjYvWAkwSCiA2VGAjO0Ep+tx+j6ZUrbtWdg/4lXk4qJEejV/62OZ5GoJBLZkzHcxMMMqZRcAnTUjc1kDA+ZkPoWKpYBCbI5sdO6ZlV+nQQa/sU0rn6O5GxyJhJFNrJiOHIrHoz8T+vk+LgJsiESlIExReLBqmkGNPZz2lfaOAoJ5YwroW9lfIR04yj7WdpS6jZGHBqe/FWW/hLmhdVr1a9ur+s1Gt5Q0VyQk7JOfHINamTO9IgPuFEkGfyQl6dJ+fNeXc+FqMFJ88ckyU4nz+b8ZcY</latexit>

. . .



๏ Fundamental limit, how far can we go

<latexit sha1_base64="MRPfNOa9epHBRJiqUzLc2X4GaEM="></latexit>

D × (2× 64)Bits = D × 16Bytes

Lecture 1 - Linear algebra of quantum mechanics

๏ Ultimately this will mean a memory limitation

Double precision

Single precision
<latexit sha1_base64="Bgnhy7ffcsO01rUgVdrUQzeTj+Q=">AAACFnicbVDJSgNBFOyJW4xb1JteGoPgQcKMaMwxqAePEcwCmRB6Oi9Jk56F7jdiGAJ+hl/gVb/Am3j16gf4H3aWg0ksaCiq3qNelxdJodG2v63U0vLK6lp6PbOxubW9k93dq+owVhwqPJShqntMgxQBVFCghHqkgPmehJrXvx75tQdQWoTBPQ4iaPqsG4iO4AyN1Moe0BsXhQ+a0iJ1T12ER0yuBgh62Mrm7Lw9Bl0kzpTkyBTlVvbHbYc89iFALpnWDceOsJkwhYJLGGbcWEPEeJ91oWFowExsMxn/YUiPjdKmnVCZFyAdq383EuZrPfA9M+kz7Ol5byT+5zVi7BSbiQiiGCHgk6BOLCmGdFQIbQsFHOXAEMaVMLdS3mOKcTS1zaR4ivUBR7048y0skupZ3inkL+7Oc6XCtKE0OSRH5IQ45JKUyC0pkwrh5Im8kFfyZj1b79aH9TkZTVnTnX0yA+vrF7rSnyc=</latexit>

D × 8Bytes

๏ System of qubits …

1 M

<latexit sha1_base64="pTZEq69sAhRKKjffq0A3vjshFbE=">AAACAXicbVDLSsNAFJ3UV62vqks3g0VwVZKi1Y1Q0IUboYJ9QBvLZDpph0wmYeZGKKErv8CtfoE7ceuX+AH+h9M2C9t64MLhnHu59x4vFlyDbX9buZXVtfWN/GZha3tnd6+4f9DUUaIoa9BIRKrtEc0El6wBHARrx4qR0BOs5QXXE7/1xJTmkXyAUczckAwk9zklYKTWDb7Clce7XrFkl+0p8DJxMlJCGeq94k+3H9EkZBKoIFp3HDsGNyUKOBVsXOgmmsWEBmTAOoZKEjLtptNzx/jEKH3sR8qUBDxV/06kJNR6FHqmMyQw1IveRPzP6yTgX7opl3ECTNLZIj8RGCI8+R33uWIUxMgQQhU3t2I6JIpQMAnNbfEUCRiMTS7OYgrLpFkpO9Xy+f1ZqVbNEsqjI3SMTpGDLlAN3aI6aiCKAvSCXtGb9Wy9Wx/W56w1Z2Uzh2gO1tcvJ4mWtA==</latexit>

D = 2
M

<latexit sha1_base64="MVah99nfYJMAZKHJXHmw2OwrBCc=">AAACIHicbVBLTgJBFOzBH+IPdemmI5q4MGTGKOqO6EKXmAiSMEh6mgd06Pmk+42BTLiAx/AEbvUE7oxL3XsPm89CwUo6qVS9l3pdXiSFRtv+tFJz8wuLS+nlzMrq2vpGdnOrosNYcSjzUIaq6jENUgRQRoESqpEC5nsS7rzu5dC/ewClRRjcYj+Cus/agWgJztBIjeyeU6AuCh80dez7c+qyKFJhjzoF99BF6GFydTFoZHN23h6BzhJnQnJkglIj++02Qx77ECCXTOuaY0dYT5hCwSUMMm6sIWK8y9pQMzRgJr+ejH4zoPtGadJWqMwLkI7U3xsJ87Xu+56Z9Bl29LQ3FP/zajG2zuqJCKIYIeDjoFYsKYZ0WA1tCgUcZd8QxpUwt1LeYYpxNAX+SfEU6wIOe3GmW5gllaO8U8if3BznioVJQ2myQ3bJAXHIKSmSa1IiZcLJI3kmL+TVerLerHfrYzyasiY72+QPrK8f7smiTQ==</latexit>

16× 10
9
≈ 16GB

๏ Remark: Of course the Hamiltonian would be twice the size, so we have to be smart about that (see lecture 2)

๏ Remark: Later we will see that we can easily simulate larger systems, using “state compression” (see lecture 3)

<latexit sha1_base64="rwBoD5ura2HBq/TCwvXUbkEfRPI=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjM+qsuCGzdCBfuAzlAyaaYNzWRCckcspXu/wK1+gTtx62/4Af6HaTsL23rgwuGcezmXEyrBDbjut5NbWV1b38hvFra2d3b3ivsHDZOkmrI6TUSiWyExTHDJ6sBBsJbSjMShYM1wcDPxm49MG57IBxgqFsSkJ3nEKQEr+XfYJ0rp5Amfu51iyS27U+Bl4mWkhDLUOsUfv5vQNGYSqCDGtD1XQTAiGjgVbFzwU8MUoQPSY21LJYmZCUbTn8f4xCpdHCXajgQ8Vf9ejEhszDAO7WZMoG8WvYn4n9dOIboORlyqFJiks6AoFRgSPCkAd7lmFMTQEkI1t79i2ieaULA1zaWEmgwYjG0v3mILy6RxVvYq5cv7i1K1kjWUR0foGJ0iD12hKrpFNVRHFCn0gl7Rm/PsvDsfzudsNedkN4doDs7XL5NmmS4=</latexit>

M ≈ 30

doable on 

current hardware



Lecture 1 - Exact Diagonalization

๏ Exact simulations of quantum mechanics often loosely described as: Exact diagonalization (ED)

๏ Summary: Diagonalization

Hamiltonian is Hermitian: real eigenvalues, unitary transformation

Unitary matrix

<latexit sha1_base64="GmqRFrmcntH5JoObPnmKaYuympU=">AAACEHicbVBLSgNBEO2Jvxh/42fnpjEIrsKMaHQjBNxkGcF8IImhptOTNOn50F0jxJBLeAK3egJ34tYbeADvYSeZhUl8UPDqvSqqeF4shUbH+bYyK6tr6xvZzdzW9s7unr1/UNNRohivskhGquGB5lKEvIoCJW/EikPgSV73BrcTv/7IlRZReI/DmLcD6IXCFwzQSB37qNUHpOWHVhd69IbOuo6ddwrOFHSZuCnJkxSVjv3T6kYsCXiITILWTdeJsT0ChYJJPs61Es1jYAPo8aahIQRct0fT78f01Chd6kfKVIh0qv7dGEGg9TDwzGQA2NeL3kT8z2sm6F+3RyKME+Qhmx3yE0kxopMoaFcozlAODQGmhPmVsj4oYGgCm7viKRhwHJtc3MUUlkntvOAWC5d3F/lSMU0oS47JCTkjLrkiJVImFVIljDyRF/JK3qxn6936sD5noxkr3Tkkc7C+fgFYBJwu</latexit>

Ĥ
†
= Ĥ

<latexit sha1_base64="jddwmx3edgOtY9Eqqrco5bQS9eM=">AAACA3icbVDLTgIxFO3gC/GFunTTSExckRmj6JJEFi4xkYeBCemUDjS0nUl7x4RMWPoFbvUL3Bm3fogf4H9YYBYCnqTJyTn35tyeIBbcgOt+O7m19Y3Nrfx2YWd3b/+geHjUNFGiKWvQSES6HRDDBFesARwEa8eaERkI1gpGt1O/9cS04ZF6gHHMfEkGioecErDSY60LXDKDa71iyS27M+BV4mWkhDLUe8Wfbj+iiWQKqCDGdDw3Bj8lGjgVbFLoJobFhI7IgHUsVcTG+Ons4Ak+s0ofh5G2TwGeqX83UiKNGcvATkoCQ7PsTcX/vE4C4Y2fchUnwBSdB4WJwBDh6e9xn2tGQYwtIVRzeyumQ6IJBdvRQkqgyYjBxPbiLbewSpoXZa9Svrq/LFUrWUN5dIJO0Tny0DWqojtURw1EkUQv6BW9Oc/Ou/PhfM5Hc062c4wW4Hz9AunrmFA=</latexit>

D ×D matrix

<latexit sha1_base64="4zMx94/WgclM14R7Fdgq5N0UY48=">AAACLnicbZC7SgNBFIZnvcZ4i1paOBgEq7ArGm2EgI1lBHOBbAxnZifJkNkLM2eFsKT0aWws9FUEC7H1ESzdTVKYxB8GPv5zDufMzyIlDdr2h7W0vLK6tp7byG9ube/sFvb26yaMNRc1HqpQNxkYoWQgaihRiWakBfhMiQYb3GT1xqPQRobBPQ4j0fahF8iu5ICp1SkcuX1AWn9wPejRCdNr6vqAfcYSZ9QpFO2SPRZdBGcKRTJVtVP4cb2Qx74IkCswpuXYEbYT0Ci5EqO8GxsRAR9AT7RSDMAXpp2MPzKiJ6nj0W6o0xcgHbt/JxLwjRn6LO3MLjTztcz8r9aKsXvVTmQQxSgCPlnUjRXFkGapUE9qwVENUwCuZXor5X3QwDHNbmYL0zAQOJr1WKi8LCpnPphFqJ+VnHLp4u68WClPQ8uRQ3JMTolDLkmF3JIqqRFOnsgzeSVv1ov1bn1aX5PWJWs6c0BmZH3/AqOIqLc=</latexit>

V̂
†
V̂ = 1

<latexit sha1_base64="c20OdoyJt0v7o7mu//SHrkfz7ZE=">AAACKnicbVDLSgNBEJyNr/iOesxlMAheDLui0YsQ8OIxgnlANobe2UkyZPbBTK8Qlj34NV486K94C179CI9ukhVMYkFDTVU3PV1OKIVG0xwbuZXVtfWN/ObW9s7u3n7h4LChg0gxXmeBDFTLAc2l8HkdBUreChUHz5G86QxvJ37ziSstAv8BRyHveND3RU8wwFTqFor2AJA2HmPbhX5Cb+jv+8xKuoWSWTanoMvEykiJZKh1C9+2G7DI4z4yCVq3LTPETgwKBZM82bIjzUNgQ+jzdkp98LjuxNMjEnqSKi7tBSotH+lU/TsRg6f1yHPSTg9woBe9ifif146wd92JhR9GyH02W9SLJMWAThKhrlCcoRylBJgS6V8pG4AChmluc1scBUOOybzmBNKdRGUtBrNMGudlq1K+vL8oVStZaHlSJMfklFjkilTJHamROmHkmbyQN/JuvBofxtj4nLXmjGzmiMzB+PoBlkmnKA==</latexit>

V̂
†
= V̂

−1

<latexit sha1_base64="0eRg/V+1PC64LyxGgs52JuDwtmc=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRLR6kYouHHZgn1AG8pketMOnUzCzEQoIV/gVr/Anbj1Y/wA/8Npm4VtPXDhcM693HuPH3OmtON8W4WNza3tneJuaW//4PCofHzSVlEiKbZoxCPZ9YlCzgS2NNMcu7FEEvocO/7kYeZ3nlEqFoknPY3RC8lIsIBRoo3UvB+UK07VmcNeJ25OKpCjMSj/9IcRTUIUmnKiVM91Yu2lRGpGOWalfqIwJnRCRtgzVJAQlZfOD83sC6MM7SCSpoS25+rfiZSESk1D33SGRI/VqjcT//N6iQ7uvJSJONEo6GJRkHBbR/bsa3vIJFLNp4YQKpm51aZjIgnVJpulLb4kE9SZycVdTWGdtK+qbq1607yu1Gt5QkU4g3O4BBduoQ6P0IAWUEB4gVd4szLr3fqwPhetBSufOYUlWF+/E++VFw==</latexit>

=

Diagonal matrix

<latexit sha1_base64="prQcNh+544n1PxsyLkJ7N1qgH2w="></latexit>X

k

hi,kvk,j =

X

k

vi,kek,j = Ejvi,j

<latexit sha1_base64="fGbLxvuzCvsYB6OmUnOa8VjlXP0=">AAACGXicbVDLSgNBEJz1GeNr1aMIg0GIIGFXNHoMePEYwTwgG8LspJOMmX040xsIS05+hl/gVb/Am3j15Af4H+4mOZjEgoaaqm56utxQCo2W9W0sLa+srq1nNrKbW9s7u+beflUHkeJQ4YEMVN1lGqTwoYICJdRDBcxzJdTc/k3q1wagtAj8exyG0PRY1xcdwRkmUss8yjs9hrR62orF2cOIOvAYiQEdTJ4tM2cVrDHoIrGnJEemKLfMH6cd8MgDH7lkWjdsK8RmzBQKLmGUdSINIeN91oVGQn3mgW7G4zNG9CRR2rQTqKR8pGP170TMPK2Hnpt0egx7et5Lxf+8RoSd62Ys/DBC8PlkUSeSFAOaZkLbQgFHOUwI40okf6W8xxTjmCQ3s8VVrA+Y5mLPp7BIqucFu1i4vLvIlYrThDLkkByTPLHJFSmRW1ImFcLJE3khr+TNeDbejQ/jc9K6ZExnDsgMjK9fHx2gaw==</latexit>

(V̂ )i,j ≡ vi,j

<latexit sha1_base64="0JhOqzUJeauaRfzrDjurMbXa7Qc=">AAACGXicbVDJSgNBEO2JW4zbqEcRGoMQQcKMaPQY8JJjBLNAJoSeTiVp07PYXRMIQ05+hl/gVb/Am3j15Af4H06Wg0l8UPD6vSqq67mhFBot69tIrayurW+kNzNb2zu7e+b+QVUHkeJQ4YEMVN1lGqTwoYICJdRDBcxzJdTc/u3Yrw1AaRH49zgMoemxri86gjNMpJZ5nHN6DGnprBWL84cRdeAxEgPamz5bZtbKWxPQZWLPSJbMUG6ZP0474JEHPnLJtG7YVojNmCkUXMIo40QaQsb7rAuNhPrMA92MJ2eM6GmitGknUEn5SCfq34mYeVoPPTfp9Bj29KI3Fv/zGhF2bpqx8MMIwefTRZ1IUgzoOBPaFgo4ymFCGFci+SvlPaYYxyS5uS2uYn3AcS72YgrLpHqRtwv5q7vLbLEwSyhNjsgJyRGbXJMiKZEyqRBOnsgLeSVvxrPxbnwYn9PWlDGbOSRzML5+AfECoE8=</latexit>

(Ĥ)i,j ≡ hi,j

<latexit sha1_base64="fGbLxvuzCvsYB6OmUnOa8VjlXP0=">AAACGXicbVDLSgNBEJz1GeNr1aMIg0GIIGFXNHoMePEYwTwgG8LspJOMmX040xsIS05+hl/gVb/Am3j15Af4H+4mOZjEgoaaqm56utxQCo2W9W0sLa+srq1nNrKbW9s7u+beflUHkeJQ4YEMVN1lGqTwoYICJdRDBcxzJdTc/k3q1wagtAj8exyG0PRY1xcdwRkmUss8yjs9hrR62orF2cOIOvAYiQEdTJ4tM2cVrDHoIrGnJEemKLfMH6cd8MgDH7lkWjdsK8RmzBQKLmGUdSINIeN91oVGQn3mgW7G4zNG9CRR2rQTqKR8pGP170TMPK2Hnpt0egx7et5Lxf+8RoSd62Ys/DBC8PlkUSeSFAOaZkLbQgFHOUwI40okf6W8xxTjmCQ3s8VVrA+Y5mLPp7BIqucFu1i4vLvIlYrThDLkkByTPLHJFSmRW1ImFcLJE3khr+TNeDbejQ/jc9K6ZExnDsgMjK9fHx2gaw==</latexit>

(V̂ )i,j ≡ vi,j

๏ The j-th column of the matrix v is the eigenvector corresponding to the j-th eigenvalue:

<latexit sha1_base64="1P3Gm9lHB/5zI1ZZOL56noeYbMs=">AAACGHicbVDLSgNBEJyNrxhfUY96GAxCBAm7otFjQASPEcwDsiHMTjrJmNmHM72BsOTiZ/gFXvULvIlXb36A/+FukoNJLGioqeqmp8sJpNBomt9Gaml5ZXUtvZ7Z2Nza3snu7lW1HyoOFe5LX9UdpkEKDyooUEI9UMBcR0LN6V8nfm0ASgvfu8dhAE2XdT3REZxhLLWyh3m7x5DenLQicfowsuExFAMKk1crmzML5hh0kVhTkiNTlFvZH7vt89AFD7lkWjcsM8BmxBQKLmGUsUMNAeN91oVGTD3mgm5G4ytG9DhW2rTjq7g8pGP170TEXK2HrhN3ugx7et5LxP+8Roidq2YkvCBE8PhkUSeUFH2aRELbQgFHOYwJ40rEf6W8xxTjGAc3s8VRrA+Y5GLNp7BIqmcFq1i4uDvPlYrThNLkgByRPLHIJSmRW1ImFcLJE3khr+TNeDbejQ/jc9KaMqYz+2QGxtcviJOgHw==</latexit>

(Ê)i,j ≡ ei,j

<latexit sha1_base64="0iXnEuqnXON5hMVGyM/Je5yh00o=">AAACG3icbVDJSgNBEO1xjXEb9ejBxiB4kDAjbseACB4VzAKZMPR0KkknPYvdNUIYcvQz/AKv+gXexKsHP8D/sBPnoNEHBY/3qqiqFyRSaHScD2tmdm5+YbGwVFxeWV1btzc2azpOFYcqj2WsGgHTIEUEVRQooZEoYGEgoR4Mzsd+/Q6UFnF0g8MEWiHrRqIjOEMj+fYO+Jk46I+oB7epuKNeGySyXLvw+75dcsrOBPQvcXNSIjmufPvTa8c8DSFCLpnWTddJsJUxhYJLGBW9VEPC+IB1oWloxELQrWzyyIjuGaVNO7EyFSGdqD8nMhZqPQwD0xky7Olpbyz+5zVT7Jy1MhElKULEvxd1UkkxpuNUaFso4CiHhjCuhLmV8h5TjKPJ7teWQLEB4Mjk4k6n8JfUDsvuSfn4+qhUOckTKpBtskv2iUtOSYVckitSJZzck0fyRJ6tB+vFerXevltnrHxmi/yC9f4FXWKhog==</latexit>

ei,j ≡ δi,jEj

<latexit sha1_base64="m7vFFw9PtNQurLhvx6pqNILVXhs="></latexit>

V̂
†
ĤV̂ = Ê ⇔ ĤV̂ = V̂ Ê ⇔ Ĥ = V̂ ÊV̂

†

<latexit sha1_base64="98zLZoExWxdjmLLPA6cXbb+zeGs=">AAACIXicbZDLSsNAFIYn9VbrLerSzWApuCqJaHUjFETosoK9QBPCZDppp51cmDkRSugT+Bg+gVt9AnfiTlz7Hk4vC9v6w8DPf87hnPn8RHAFlvVl5NbWNza38tuFnd29/QPz8Kip4lRS1qCxiGXbJ4oJHrEGcBCsnUhGQl+wlj+8ndRbj0wqHkcPMEqYG5JexANOCejIM0tOnwCuYWfIIHOSPvcGY3yD77zB38Qzi1bZmgqvGntuimiuumf+ON2YpiGLgAqiVMe2EnAzIoFTwcYFJ1UsIXRIeqyjbURCptxs+p0xLumki4NY6hcBnqZ/JzISKjUKfd0ZEuir5dok/K/WSSG4djMeJSmwiM4WBanAEOMJG9zlklEQI20IlVzfimmfSEJBE1zY4kui8Uy42MsUVk3zvGxXypf3F8VqZU4oj07QKTpDNrpCVVRDddRAFD2hF/SK3oxn4934MD5nrTljPnOMFmR8/wILxaQb</latexit>

Ĥ |φji = Ej |φji

<latexit sha1_base64="ami4EiimU1x+bNqEbtodbhu1C+A=">AAACGXicbVDLSgNBEJz1GeNr1aMIg0HwIGFXNHoMePEYwTwgWZfZSSeZZPbhzGwgLHvyM/wCr/oF3sSrJz/A/3A2ycEkFjQUVd10d3kRZ1JZ1rextLyyurae28hvbm3v7Jp7+zUZxoJClYY8FA2PSOAsgKpiikMjEkB8j0PdG9xkfn0IQrIwuFejCByfdAPWYZQoLbnmUSvqMTdh6UPS7DspbsFjzIZ4qKWzfuqaBatojYEXiT0lBTRFxTV/Wu2Qxj4EinIiZdO2IuUkRChGOaT5ViwhInRAutDUNCA+SCcZv5HiE620cScUugKFx+rfiYT4Uo58T3f6RPXkvJeJ/3nNWHWunYQFUawgoJNFnZhjFeIsE9xmAqjiI00IFUzfimmPCEKVTm5miyfIAFSWiz2fwiKpnRftUvHy7qJQLk0TyqFDdIxOkY2uUBndogqqIoqe0At6RW/Gs/FufBifk9YlYzpzgGZgfP0CARGhig==</latexit>

φ
[j]
i ≡ vi,j

<latexit sha1_base64="vtBvaQ4uvnmds7NuTaJ0OFvPpec=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARXGhJRKsboSCCywr2Ak0Mk+mknWZyYWYilJCn8DF8Arf6BO7UrfgeTtoKtvWHgZ/vnMM587sxo0IaxodWWFhcWl4prpbW1jc2t/TtnaaIEo5JA0cs4m0XCcJoSBqSSkbaMScocBlpuf5VXm89EC5oFN7JYUzsAPVC6lGMpEKOfmyJJHB82HdSeuRnVtyn92lnYGeKXcJrZwBz5PxCvWxUjJHgvDEnpgwmqjv6t9WNcBKQUGKGhOiYRiztFHFJMSNZyUoEiRH2UY90lA1RQISdjr6VwQNFutCLuHqhhCP6dyJFgRDDwFWdAZJ9MVvL4X+1TiK9CzulYZxIEuLxIi9hUEYwzwh2KSdYsqEyCHOqboW4jzjCUiU5tcXlyCcyz8WcTWHeNE8qZrVydntarlUnCRXBHtgHh8AE56AGbkAdNAAGj+AZvIBX7Ul70961z3FrQZvM7IIpaV8/qi+nhA==</latexit>X

k

hi,kφ
[j]
k = Ejφ

[j]
i

<latexit sha1_base64="ami4EiimU1x+bNqEbtodbhu1C+A=">AAACGXicbVDLSgNBEJz1GeNr1aMIg0HwIGFXNHoMePEYwTwgWZfZSSeZZPbhzGwgLHvyM/wCr/oF3sSrJz/A/3A2ycEkFjQUVd10d3kRZ1JZ1rextLyyurae28hvbm3v7Jp7+zUZxoJClYY8FA2PSOAsgKpiikMjEkB8j0PdG9xkfn0IQrIwuFejCByfdAPWYZQoLbnmUSvqMTdh6UPS7DspbsFjzIZ4qKWzfuqaBatojYEXiT0lBTRFxTV/Wu2Qxj4EinIiZdO2IuUkRChGOaT5ViwhInRAutDUNCA+SCcZv5HiE620cScUugKFx+rfiYT4Uo58T3f6RPXkvJeJ/3nNWHWunYQFUawgoJNFnZhjFeIsE9xmAqjiI00IFUzfimmPCEKVTm5miyfIAFSWiz2fwiKpnRftUvHy7qJQLk0TyqFDdIxOkY2uUBndogqqIoqe0At6RW/Gs/FufBifk9YlYzpzgGZgfP0CARGhig==</latexit>

φ
[j]
i ≡ vi,j

๏ The columns of V are the “eigenkets”
<latexit sha1_base64="QG3RGEeR2DIYuY4vpL6Ib6wUuYA=">AAACG3icbZDLSgMxFIYz9VbrrerShcEiVJAyI1pdFty4rGAv0BmGTHraps1cTDKFMszSx/AJ3OoTuBO3LnwA38P0srCtPwR+/nMO5+TzIs6kMs1vI7Oyura+kd3MbW3v7O7l9w/qMowFhRoNeSiaHpHAWQA1xRSHZiSA+B6Hhje4HdcbQxCShcGDGkXg+KQbsA6jROnIzR8X7QGoxI56zO2nZy7DNjzGbIiHbsLO+6mbL5glcyK8bKyZKaCZqm7+x26HNPYhUJQTKVuWGSknIUIxyiHN2bGEiNAB6UJL24D4IJ1k8pEUn+qkjTuh0C9QeJL+nUiIL+XI93SnT1RPLtbG4X+1Vqw6N07CgihWENDpok7MsQrxmApuMwFU8ZE2hAqmb8W0RwShSrOb2+IJooGNuViLFJZN/aJklUtX95eFSnlGKIuO0AkqIgtdowq6Q1VUQxQ9oRf0it6MZ+Pd+DA+p60ZYzZziOZkfP0CwAeh4A==</latexit>

(|φji)i ⌘ vi,j

๏ … the rows are the “eigenbras” (complex conjugated eigenvectors), which follows from
<latexit sha1_base64="lQ+xmRnDR5ktlmA+9VyT4hPq+JM=">AAACI3icbZDJSgNBEIZ74hbjFvXopTGInsKMaPQiBETIMYJZIBNDTaeTNOlZ6K4RwpBH8DF8Aq/6BN7EiwePvoed5ZDFgoaP/6+iqn8vkkKjbX9bqZXVtfWN9GZma3tndy+7f1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8/q3I7/2xJUWYfCAg4g3fegGoiMYoJFa2VO3B0irj24bunTMJXozgTs647WyOTtvj4sugzOFHJlWuZX9ddshi30eIJOgdcOxI2wmoFAwyYcZN9Y8AtaHLm8YDMDnupmMPzSkJ0Zp006ozAuQjtXZiQR8rQe+Zzp9wJ5e9Ebif14jxs51MxFBFCMP2GRRJ5YUQzpKh7aF4gzlwAAwJcytlPVAAUOT4dwWT0Gf49Dk4iymsAzV87xTyF/eX+SKhWlCaXJEjskZccgVKZISKZMKYeSZvJI38m69WB/Wp/U1aU1Z05lDMlfWzx/AoqMt</latexit>

V̂
†
Ĥ = ÊV̂

†



Lecture 1 - Exact Diagonalization

๏ A diagonalization gives us a full spectral decomposition:
<latexit sha1_base64="VE+Hycyl8MnKrtG+nA5Fv2IR6ko=">AAACKHicbZDLSsNAFIYnXmu9RV26GSyCCymJaHUjFETosoK9QBPCZDpph0wuzJwIJfQlfAyfwK0+gTvpVvA9nF4E2/rDgZ//nMOZ+fxUcAWWNTJWVtfWNzYLW8Xtnd29ffPgsKmSTFLWoIlIZNsnigkeswZwEKydSkYiX7CWH96N+60nJhVP4kcYpMyNSC/mAacEdOSZ506fAK7hW+yoLPJCfK/LCRnkTtrnXjh0fEl+vWeWrLI1EV429syU0Ex1z/x2ugnNIhYDFUSpjm2l4OZEAqeCDYtOplhKaEh6rKNtTCKm3HzyqyE+1UkXB4nUFQOepH83chIpNYh8PRkR6KvF3jj8r9fJILhxcx6nGbCYTg8FmcCQ4DEi3OWSURADbQiVXL8V0z6RhIIGOXdFs9GoxlzsRQrLpnlRtivlq4fLUrUyI1RAx+gEnSEbXaMqqqE6aiCKntErekPvxovxYXwao+noijHbOUJzMr5+AHs7pvA=</latexit>

Ĥ =

X

k

Ek |φki hφk|

๏ With this we can solve Schrödinger equation time-evolution

<latexit sha1_base64="BFniBK+NsgXxVPv1w8KiYCrILrU=">AAACInicbVDJSgNBEO1x34169NIYFAUJM6LRoyCCxwgmCpkw1HQqpk3PYneNEIb8gZ/hF3jVL/AmngSv/oed5eD2oODxXhVV9cJUSUOu++6MjU9MTk3PzM7NLywuLRdWVmsmybTAqkhUoq9CMKhkjFWSpPAq1QhRqPAy7Jz0/cs71EYm8QV1U2xEcB3LlhRAVgoKW9t+G4if7gS53L3p+XibyTvuN1ERDCV+GtzwoFB0S+4A/C/xRqTIRqgEhU+/mYgswpiEAmPqnptSIwdNUijszfmZwRREB66xbmkMEZpGPvinxzet0uStRNuKiQ/U7xM5RMZ0o9B2RkBt89vri/959YxaR41cxmlGGIvholamOCW8Hw5vSo2CVNcSEFraW7logwZBNsIfW0INHaSezcX7ncJfUtsreeXSwfl+8bg8SmiGrbMNts08dsiO2RmrsCoT7J49sif27Dw4L86r8zZsHXNGM2vsB5yPL7XVo9I=</latexit>

(Ê)i,j ≡ δi,jEj

<latexit sha1_base64="FSY8dir+vXLwWM9JvID9UCOx1yk=">AAACMHicbZDNSgMxFIUz/tb6N+rSTbAIbiwzoq0boeCmywrWCp1SMplMG0wyQ3JHKOM8ii/hK7jVva5Elz6Fae3CqhcCh3Pu5d58YSq4Ac97debmFxaXlksr5dW19Y1Nd2v7yiSZpqxNE5Ho65AYJrhibeAg2HWqGZGhYJ3w5nycd26ZNjxRlzBKWU+SgeIxpwSs1XfrQawJzaMij6C4C1LDA03UQDB8hg/zQEvMCxwMCeAm/hn33YpX9SaF/wp/KipoWq2++xFECc0kU0AFMabreyn0cqKBU8GKcpAZlhJ6Qwasa6UikplePvlggfetE+E40fYpwBP350ROpDEjGdpOSWBofmdj87+sm0F82su5SjNgin4vijOBIcFjWjjimlEQIysI1dzeiumQWGJgmc5sCWVRtlD83wj+iqujql+rnlwcVxq1KZ4S2kV76AD5qI4aqIlaqI0oukeP6Ak9Ow/Oi/PmvH+3zjnTmR00U87nF6gKqjI=</latexit>

d

dt
|ψi = −iĤ|ψi

<latexit sha1_base64="ZQyF3ww+dqQ2jGUgu67E2uZ0GEo="></latexit>

|ψ(t)i = e−itĤ |ψ(t = 0)i

Time-evolution operator

(matrix exponential)

๏ Diagonalization allows to compute the matrix exponential, and to compute exact evolution (no time-stepping needed)

<latexit sha1_base64="nFdi6JBPwCqI9F8XSFPHFHnHS5k="></latexit>

e−iĤt =
X

n=0

(−itĤ)n

n!
=

X

k

e−itEk |Eki hEk|

<latexit sha1_base64="g/jBng27p/L/Of2JEmsB33HOYgo="></latexit>

|ψ(t)i =
X

k

e−itEk |Eki hEk|ψ(t = 0)i

๏ Exact simulations of quantum mechanics often loosely described as: Exact diagonalization (ED)

๏ Summary: Diagonalization

Hamiltonian is Hermitian: real eigenvalues, unitary transformation

Unitary matrix

<latexit sha1_base64="GmqRFrmcntH5JoObPnmKaYuympU=">AAACEHicbVBLSgNBEO2Jvxh/42fnpjEIrsKMaHQjBNxkGcF8IImhptOTNOn50F0jxJBLeAK3egJ34tYbeADvYSeZhUl8UPDqvSqqeF4shUbH+bYyK6tr6xvZzdzW9s7unr1/UNNRohivskhGquGB5lKEvIoCJW/EikPgSV73BrcTv/7IlRZReI/DmLcD6IXCFwzQSB37qNUHpOWHVhd69IbOuo6ddwrOFHSZuCnJkxSVjv3T6kYsCXiITILWTdeJsT0ChYJJPs61Es1jYAPo8aahIQRct0fT78f01Chd6kfKVIh0qv7dGEGg9TDwzGQA2NeL3kT8z2sm6F+3RyKME+Qhmx3yE0kxopMoaFcozlAODQGmhPmVsj4oYGgCm7viKRhwHJtc3MUUlkntvOAWC5d3F/lSMU0oS47JCTkjLrkiJVImFVIljDyRF/JK3qxn6936sD5noxkr3Tkkc7C+fgFYBJwu</latexit>

Ĥ
†
= Ĥ

<latexit sha1_base64="jddwmx3edgOtY9Eqqrco5bQS9eM=">AAACA3icbVDLTgIxFO3gC/GFunTTSExckRmj6JJEFi4xkYeBCemUDjS0nUl7x4RMWPoFbvUL3Bm3fogf4H9YYBYCnqTJyTn35tyeIBbcgOt+O7m19Y3Nrfx2YWd3b/+geHjUNFGiKWvQSES6HRDDBFesARwEa8eaERkI1gpGt1O/9cS04ZF6gHHMfEkGioecErDSY60LXDKDa71iyS27M+BV4mWkhDLUe8Wfbj+iiWQKqCDGdDw3Bj8lGjgVbFLoJobFhI7IgHUsVcTG+Ons4Ak+s0ofh5G2TwGeqX83UiKNGcvATkoCQ7PsTcX/vE4C4Y2fchUnwBSdB4WJwBDh6e9xn2tGQYwtIVRzeyumQ6IJBdvRQkqgyYjBxPbiLbewSpoXZa9Svrq/LFUrWUN5dIJO0Tny0DWqojtURw1EkUQv6BW9Oc/Ou/PhfM5Hc062c4wW4Hz9AunrmFA=</latexit>

D ×D matrix

<latexit sha1_base64="4zMx94/WgclM14R7Fdgq5N0UY48=">AAACLnicbZC7SgNBFIZnvcZ4i1paOBgEq7ArGm2EgI1lBHOBbAxnZifJkNkLM2eFsKT0aWws9FUEC7H1ESzdTVKYxB8GPv5zDufMzyIlDdr2h7W0vLK6tp7byG9ube/sFvb26yaMNRc1HqpQNxkYoWQgaihRiWakBfhMiQYb3GT1xqPQRobBPQ4j0fahF8iu5ICp1SkcuX1AWn9wPejRCdNr6vqAfcYSZ9QpFO2SPRZdBGcKRTJVtVP4cb2Qx74IkCswpuXYEbYT0Ci5EqO8GxsRAR9AT7RSDMAXpp2MPzKiJ6nj0W6o0xcgHbt/JxLwjRn6LO3MLjTztcz8r9aKsXvVTmQQxSgCPlnUjRXFkGapUE9qwVENUwCuZXor5X3QwDHNbmYL0zAQOJr1WKi8LCpnPphFqJ+VnHLp4u68WClPQ8uRQ3JMTolDLkmF3JIqqRFOnsgzeSVv1ov1bn1aX5PWJWs6c0BmZH3/AqOIqLc=</latexit>

V̂
†
V̂ = 1

<latexit sha1_base64="c20OdoyJt0v7o7mu//SHrkfz7ZE=">AAACKnicbVDLSgNBEJyNr/iOesxlMAheDLui0YsQ8OIxgnlANobe2UkyZPbBTK8Qlj34NV486K94C179CI9ukhVMYkFDTVU3PV1OKIVG0xwbuZXVtfWN/ObW9s7u3n7h4LChg0gxXmeBDFTLAc2l8HkdBUreChUHz5G86QxvJ37ziSstAv8BRyHveND3RU8wwFTqFor2AJA2HmPbhX5Cb+jv+8xKuoWSWTanoMvEykiJZKh1C9+2G7DI4z4yCVq3LTPETgwKBZM82bIjzUNgQ+jzdkp98LjuxNMjEnqSKi7tBSotH+lU/TsRg6f1yHPSTg9woBe9ifif146wd92JhR9GyH02W9SLJMWAThKhrlCcoRylBJgS6V8pG4AChmluc1scBUOOybzmBNKdRGUtBrNMGudlq1K+vL8oVStZaHlSJMfklFjkilTJHamROmHkmbyQN/JuvBofxtj4nLXmjGzmiMzB+PoBlkmnKA==</latexit>

V̂
†
= V̂

−1
<latexit sha1_base64="m7vFFw9PtNQurLhvx6pqNILVXhs="></latexit>

V̂
†
ĤV̂ = Ê ⇔ ĤV̂ = V̂ Ê ⇔ Ĥ = V̂ ÊV̂

†



Lecture 1 - Exact Diagonalization 

๏ Create random Hamiltonian

๏ Compute V and E

<latexit sha1_base64="m7vFFw9PtNQurLhvx6pqNILVXhs="></latexit>

V̂
†
ĤV̂ = Ê ⇔ ĤV̂ = V̂ Ê ⇔ Ĥ = V̂ ÊV̂

†

๏ Check equations:

E comes out as vector

Precision of diagonalization algorithm (not quite double, but enough)

๏ Time evolution with matrix exponential

๏ Also possible, build matrix exponential directly with built-in routines:

Warning: Make sure exp is not element-wise exponential!

<latexit sha1_base64="g/jBng27p/L/Of2JEmsB33HOYgo="></latexit>

|ψ(t)i =
X

k

e−itEk |Eki hEk|ψ(t = 0)i



Lecture 1 - Plan for today

010000000001011000000000000000000000000000000000000000000 0 0 0 0 0 0 0 0

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d

dt
ψ(x, t) = −i

✓

p̂2

2m
+ V (x) + g|ψ(x, t)|2

◆

ψ(x, t)

<latexit sha1_base64="Tse1OSF2IZpocSaJfc6bpOYDcE0=">AAAB83icbVDLSsNAFL2pr1pfVZdugkWom5KIVpcFNy4r2Ae0oUymk3boZBJnboQS+h0u3Ki49WNc+jdO2iy09cDA4Zx7uWeOHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YlmgkvWQo6CdWPFSOgL1vEnt5nfeWJK80g+4DRmXkhGkgecEjSS1w8Jjv0gnc6qeD4oV5yaM4e9StycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1K/USzmNAJGbGeoZKETHvpPPTMPjPK0A4iZZ5Ee67+3khJqPU09M1kFlIve5n4n9dLMLjxUi7jBJmki0NBImyM7KwBe8gVoyimhhCquMlq0zFRhKLpyXTgLv94lbQvam69dnV/WWnU8zaKcAKnUAUXrqEBd9CEFlB4hGd4hTcrsV6sd+tjMVqw8p1j+APr8wceD5Hu</latexit>

y(t)

<latexit sha1_base64="tbI5ZOCwuQ8INvVOSaf5golOwZE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjrZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVq4bV+VaNY+jAKdwBhfgwQ3U4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A382M9g==</latexit>

t
<latexit sha1_base64="M97AT9mAc5Ahq7g9bXCN0GzrAMo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9WrVq/vLSr2Wx1GEEziFc/DgGupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2Gwjdc=</latexit>

tn

<latexit sha1_base64="XyAY32EoEQpONGwOZGXTsS48L7s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiWj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtbGfqQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw1s/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq16tev1wVanX8jiKcAKncA4e3EAd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wf/049T</latexit>

tn+1

<latexit sha1_base64="A4jEVcmO/KgG351Z6UNgE/3tMXM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSbdR95r164erWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxetkbI=</latexit>

k2
<latexit sha1_base64="tUY3yzRhek6xsZjKpAoC0on+MBI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi1WXBjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy0emDgcM693DMnSATXxnW/nNLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBIcRHQsecgZNVby/YiaSRBm0/nQG1Zrbt1dgPwlXkFqUKA1rH76o5ilEUrDBNW677mJGWRUGc4Ezit+qjGhbErH2LdU0gj1IFtknpMzq4xIGCv7pCEL9edGRiOtZ1FgJ/OMetXLxf+8fmrCm0HGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uW/pHNR9xr1q/vLWrNR1FGGEziFc/DgGppwBy1oA4MEnuAFXp3UeXbenPflaMkpdo7hF5yPbxYpkbE=</latexit>

k1

<latexit sha1_base64="Qn4TDIFafCi7ZAmEhCpKKWr1oG0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4qC4LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3OV+94kqzWL5aKYJDQQeSRYxgo2VfF9gMw6jbDIbXA6qNbfuzoFWiVeQGhRoDapf/jAmqaDSEI617ntuYoIMK8MIp7OKn2qaYDLBI9q3VGJBdZDNM8/QmVWGKIqVfdKgufp7I8NC66kI7WSeUS97ufif109NdBtkTCapoZIsDkUpRyZGeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6jfv1wVWs2ijrKcAKncA4e3EAT7qEFbSCQwDO8wpuTOi/Ou/OxGC05xc4x/IHz+QMZMZGz</latexit>

k3

<latexit sha1_base64="YVHC38EaCNY54DAsRAIzG1kjBFE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSfeq7jXr1w+NWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxq1kbQ=</latexit>

k4

<latexit sha1_base64="w+JhqispOb9TFO6i4mQad7VY+3U="></latexit>

k1 = f(tn,yn)

k2 = f

✓

tn +
h

2
,yn +

h

2
k1

◆

k3 = f

✓

tn +
h

2
,yn +

h

2
k2

◆

k4 = f (tn + h,yn + hk3)

yn+1 ≈ yn +
h

6
(k1 + 2k2 + 2k3 + k4)

๏ Part 1.1: Some fundamentals about numbers in digital memory and the linear algebra of quantum mechanics

๏ Part 1.2: The many-body problem of the day: Ultra-cold bosons in mean-field approximation (Gross-Pitaevskii, GP)

๏ Part 1.3: Runge-Kutta (RK) time-evolution 

methods: A swiss army knife

๏ Part 1.4: Applying Runge-Kutta to GP time-evolution



Lecture 1 - Bose-Einstein condensation physics

๏ Bosons: 

๏ Starting point:  A dilute gas of N ultra-cold bosons trapped in some potential, contact-type scattering interactions

Written in second quantization with field operators
<latexit sha1_base64="B581YbDT1U83L8HkqSA5CgPhY1k=">AAACHXicbVDLSgNBEJz1GeMr6tHLYBA8hV3R6DHgxWME84DsEmYns8mQmdllplcMSz7Dq/kab+JV/BjBSbIH8yhoKKq66e4KE8ENuO6Ps7G5tb2zW9gr7h8cHh2XTk6bJk41ZQ0ai1i3Q2KY4Io1gINg7UQzIkPBWuHwYeq3Xpg2PFbPMEpYIElf8YhTAlbq+AMC2E8M7752S2W34s6AV4mXkzLKUe+Wfv1eTFPJFFBBjOl4bgJBRjRwKti46KeGJYQOSZ91LFVEMhNks5PH+NIqPRzF2pYCPFP/T2REGjOSoe2UBAZm2ZuKa71QkyGDdVYnheg+yLhKUmCKzm+IUoEhxtNocI9rRkGMLCFUc/sGpgOiCQUb4OISOS7avLzldFZJ87riVSu3TzflWjVProDO0QW6Qh66QzX0iOqogSiK0Rt6RxNn4nw4n87XvHXDyWfO0AKc7z+JVKK4</latexit>

ψ̂x

<latexit sha1_base64="YPimmXyIGd3s2fCylh2E6N1/vcw=">AAACPHicbVDLSgMxFM34rPVVdekmWARXZUa0uhEKblxWsK3QqeVOmrahycyQ3BHLML/g17i1/+Henbh1J5g+FrZ6IHByzr0k5wSxFAZd981ZWl5ZXVvPbeQ3t7Z3dgt7+3UTJZrxGotkpO8DMFyKkNdQoOT3seagAskbweB67DceuTYiCu9wGPOWgl4ouoIBWqldOPH7gNSPjWg/Pfgd6FF/wDH1taKPwDJ6Nb0/Ze1C0S25E9C/xJuRIpmh2i58+52IJYqHyCQY0/TcGFspaBRM8izvJ4bHwAbQ401LQ1DctNJJooweW6VDu5G2J0Q6UX9vpKCMGarATirAvln0xuK/XqDB5vnPaibYvWylIowT5CGb/qGbSIoRHTdHO0JzhnJoCTAtbAzK+qCBoe13/hGV5W1f3mI7f0n9tOSVS+e3Z8VKedZcjhySI3JCPHJBKuSGVEmNMPJMXsgrGTkj5935cD6no0vObOeAzMH5+gFp867L</latexit>

ψ̂†
x
|vaci = |xi … creates particle at position x

<latexit sha1_base64="yOdHi5i941Byo1lgCylnjGvkXSE="></latexit>

[ψ̂x, ψ̂
†
x
0 ] = δ(x− x0)

<latexit sha1_base64="ws61iZ1r6M7UWZ19JOUeK7H2b8k="></latexit>

[ψ̂x, ψ̂x
0 ] = [ψ̂†

x
, ψ̂

†
x
0 ] = 0

๏ … writing the field operators in the basis of the non-interacting 

problem

<latexit sha1_base64="lluDPEBjYn0R1i4H5rXCkET4L4A=">AAACPHicbVDLSgMxFM34tr6qLt0Ei1A3ZUZ8bQTBjcsK9gGdMtxJUxuaZIbkjlhKf8GvcWv/w707cetOMH0stPbAhZNz7iX3njiVwqLvv3kLi0vLK6tr67mNza3tnfzuXtUmmWG8whKZmHoMlkuheQUFSl5PDQcVS16Luzcjv/bIjRWJvsdeypsKHrRoCwbopChfDDuANEytiJ7oFQ1tpiLt3h0R6eLTMR3b4KQoX/BL/hj0PwmmpECmKEf577CVsExxjUyCtY3AT7HZB4OCST7IhZnlKbAuPPCGoxoUt83++KIBPXJKi7YT40ojHau/J/qgrO2p2HUqwI6d9UbiXC820OU4z2pk2L5s9oVOM+SaTXZoZ5JiQkfJ0ZYwnKHsOQLMCHcGZR0wwNDl+/cTNci5vILZdP6T6kkpOC+d3Z0Wrs+nya2RA3JIiiQgF+Sa3JIyqRBGnskLeSVDb+i9ex/e56R1wZvO7JM/8L5+ACzGrYA=</latexit>

ψ̂x =
X

n

φn(x)ân

<latexit sha1_base64="9vtmPdkULfs07VqwQSkjsHHmrKg=">AAACFnicbVDLSgNBEJz1GeMr6tHLYBDiJeyKRo8BLx4jmAckS5idzCZDZmaXmV4xLPkFr+ZrvIlXr36M4CTZg3kUNBRV3XR3BbHgBlz3x9nY3Nre2c3t5fcPDo+OCyenDRMlmrI6jUSkWwExTHDF6sBBsFasGZGBYM1g+DD1my9MGx6pZxjFzJekr3jIKYGp1Ci9XnULRbfszoBXiZeRIspQ6xZ+O72IJpIpoIIY0/bcGPyUaOBUsHG+kxgWEzokfda2VBHJjJ/Obh3jS6v0cBhpWwrwTP0/kRJpzEgGtlMSGJhlbyqu9QJNhgzWWe0Ewns/5SpOgCk6vyFMBIYITzPBPa4ZBTGyhFDN7RuYDogmFGxyi0vkOG/z8pbTWSWN67JXKd8+3RSrlSy5HDpHF6iEPHSHqugR1VAdUTRAb+gdTZyJ8+F8Ol/z1g0nmzlDC3C+/wA7pp9Z</latexit>

V (x)

<latexit sha1_base64="qyhFpfohTFHIIHtkSEL5hORv1wg=">AAACE3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BLx4TMA9IljA76U2GzMwuM7NiWPIFXs3XeBOvfoAfIzhJ9mAeBQ1FVTfdXUHMmTau++PktrZ3dvfy+4WDw6Pjk+LpWVNHiaLQoBGPVDsgGjiT0DDMcGjHCogIOLSC0ePMb72A0iySz2Ycgy/IQLKQUWKsVH/tFUtu2Z0DrxMvIyWUodYr/nb7EU0ESEM50brjubHxU6IMoxwmhW6iISZ0RAbQsVQSAdpP54dO8JVV+jiMlC1p8Fz9P5ESofVYBLZTEDPUq95M3OgFiozAbLI6iQkf/JTJODEg6eKGMOHYRHgWCO4zBdTwsSWEKmbfwHRIFKHGxra8REwKNi9vNZ110rwpe5XyXf22VK1kyeXRBbpE18hD96iKnlANNRBFgN7QO5o6U+fD+XS+Fq05J5s5R0twvv8AsWKelA==</latexit>

x

<latexit sha1_base64="cbqWTjHIpPGpZVWee4rbVdd+w84=">AAACG3icbVDLSgNBEJyNrxhfUY9eBoMQL2FXNHoMePEYwTwkWcLspJMMmZldZmbFsOQrvJqv8SZePfgxgpNkD+ZR0FBUddPdFUScaeO6P05mY3Nreye7m9vbPzg8yh+f1HUYKwo1GvJQNQOigTMJNcMMh2akgIiAQyMY3k/9xgsozUL5ZEYR+IL0JesxSoyVntvRgHW84utlJ19wS+4MeJV4KSmgFNVO/rfdDWksQBrKidYtz42MnxBlGOUwzrVjDRGhQ9KHlqWSCNB+Mjt4jC+s0sW9UNmSBs/U/xMJEVqPRGA7BTEDvexNxbVeoMgQzDqrFZvenZ8wGcUGJJ3f0Is5NiGeBoO7TAE1fGQJoYrZNzAdEEWosfEtLhHjnM3LW05nldSvSl65dPN4XaiU0+Sy6AydoyLy0C2qoAdURTVEkUBv6B1NnInz4Xw6X/PWjJPOnKIFON9/GdKhYg==</latexit>

φ1(x)
<latexit sha1_base64="2qdyCOh70D63W+kZbxrZ5IZTfQ8=">AAACG3icbVDLSgNBEJyNrxhfUY9eBoMQL2FXNHoMePEYwTwkWcLspJMMmZldZmbFsOQrvJqv8SZePfgxgpNkD+ZR0FBUddPdFUScaeO6P05mY3Nreye7m9vbPzg8yh+f1HUYKwo1GvJQNQOigTMJNcMMh2akgIiAQyMY3k/9xgsozUL5ZEYR+IL0JesxSoyVntvRgHXc4utlJ19wS+4MeJV4KSmgFNVO/rfdDWksQBrKidYtz42MnxBlGOUwzrVjDRGhQ9KHlqWSCNB+Mjt4jC+s0sW9UNmSBs/U/xMJEVqPRGA7BTEDvexNxbVeoMgQzDqrFZvenZ8wGcUGJJ3f0Is5NiGeBoO7TAE1fGQJoYrZNzAdEEWosfEtLhHjnM3LW05nldSvSl65dPN4XaiU0+Sy6AydoyLy0C2qoAdURTVEkUBv6B1NnInz4Xw6X/PWjJPOnKIFON9/GCChYQ==</latexit>

φ0(x)

<latexit sha1_base64="8yH4ASy0tqIJrRGmJJVS+y9xGCo=">AAACG3icbVBNTwIxEO3iF+IX6tFLIzHBC9klih5JvHjERD4MbEi3FGhou5t21kg2/Aqv8mu8Ga8e/DEmFtiDAi+Z5OW9mczMCyLBDbjut5PZ2Nza3snu5vb2Dw6P8scnDRPGmrI6DUWoWwExTHDF6sBBsFakGZGBYM1gdDfzm89MGx6qRxhHzJdkoHifUwJWeupEQ94tF18uu/mCW3LnwKvES0kBpah18z+dXkhjyRRQQYxpe24EfkI0cCrYJNeJDYsIHZEBa1uqiGTGT+YHT/CFVXq4H2pbCvBc/TuREGnMWAa2UxIYmmVvJq71Ak1GDNZZ7Rj6t37CVRQDU3RxQz8WGEI8Cwb3uGYUxNgSQjW3b2A6JJpQsPH9XyInOZuXt5zOKmmUS16ldP1wVahW0uSy6AydoyLy0A2qontUQ3VEkUSv6A1Nnanz7nw4n4vWjJPOnKJ/cL5+ARuEoWM=</latexit>

φ2(x)

<latexit sha1_base64="uvButg9llFr5MARSPzun3wfdOJQ="></latexit>

Ĥ[1] =
p̂2

2m
+ V (x)

single particle Hamiltonian

<latexit sha1_base64="F53lqJPAh+SXRRGSzwRTu6iDIdU=">AAACQ3icbVDLSgMxFM34rPVVdekmWARXdUa0uhEKIrhUsFbo1OFOmrahSWZI7ghl6Gf4NW71I/wGd+JWMK1FfPTAhZNz7uXmnjiVwqLvv3gzs3PzC4uFpeLyyuraemlj88YmmWG8zhKZmNsYLJdC8zoKlPw2NRxULHkj7p+N/MY9N1Yk+hoHKW8p6GrREQzQSVFpP+wB0oso94f0lIY2U5Gm567GOkT6LmxDl34/o1LZr/hj0P8kmJAymeAyKn2E7YRlimtkEqxtBn6KrRwMCib5sBhmlqfA+tDlTUc1KG5b+fiwId11Spt2EuNKIx2rPydyUNYOVOw6FWDP/vVG4lQvNtDnOM1qZtg5aeVCpxlyzb7+0MkkxYSOAqRtYThDOXAEmBHuDMp6YIChi/n3EjUsuryCv+n8JzcHlaBaObo6LNeqk+QKZJvskD0SkGNSIxfkktQJIw/kkTyRZ+/Ze/XevPev1hlvMrNFfsH7+AQXfK/i</latexit>

Ĥ0 =

X

n

Enâ
†
n
ân

<latexit sha1_base64="Wxx3tGJU5A9BQnISae7T49as/GM="></latexit>

Ĥint =
g

2

Z
dx1

Z
dx2 δ(x1 − x2)ψ̂

†
x1
ψ̂†
x2
ψ̂x2

ψ̂x1
=

g

2

Z
dx ψ̂†

x
ψ̂†
x
ψ̂xψ̂x

<latexit sha1_base64="eTBYi3bW8sN1yCSm9qdfVuwYhqA=">AAACOHicbZDLSgMxFIYz9VbrbdSlm2AVBKHMiFY3QsFNlxXsBdpSMmnahiaZITkjlKEv4NO4tW/izp24dS+YXgR7ORD4+P9zODl/EAluwPPendTa+sbmVno7s7O7t3/gHh5VTBhryso0FKGuBcQwwRUrAwfBapFmRAaCVYP+w9ivPjNteKieYBCxpiRdxTucErBSyz1r9AjgIr7HU2h5+PIPk4aWmCsYttysl/MmhZfBn0EWzarUcn8a7ZDGkimgghhT970ImgnRwKlgw0wjNiwitE+6rG5REclMM5lcM8TnVmnjTqjtU4An6v+JhEhjBjKwnZJAzyx6Y3GlF2jSZ7DKqsfQuWsmXEUxMEWnf+jEAkOIx6nhNteMghhYIFRzewamPaIJBZvt/BI5zNi8/MV0lqFylfPzuZvH62whP0sujU7QKbpAPrpFBVREJVRGFL2gV/SGRs7I+XA+na9pa8qZzRyjuXK+fwGHoqsi</latexit>

Ĥ = Ĥ0 + Ĥint

see e.g. Yvan Castin, http://www.arxiv.org/abs/cond-mat/0105058

๏ Time-evolution of field operator:

<latexit sha1_base64="j+S3WP+1rv+KAfvQxU6VbsNODQE="></latexit>

d

dt
ψ̂x = i

⇥

Ĥ0 + V̂ , ψ̂x

⇤

Technically this should be 3D (but 1D for simplicity)

<latexit sha1_base64="LDcxshycUcrYsCh98GEmG8YwfB8="></latexit>

= −iĤ[1]ψ̂x + i

h

Ĥint, ψ̂x

i

http://www.arxiv.org/abs/cond-mat/0105058


Lecture 1 - Bose-Einstein-condensation physics

<latexit sha1_base64="yOdHi5i941Byo1lgCylnjGvkXSE="></latexit>

[ψ̂x, ψ̂
†
x
0 ] = δ(x− x0)

<latexit sha1_base64="9vtmPdkULfs07VqwQSkjsHHmrKg=">AAACFnicbVDLSgNBEJz1GeMr6tHLYBDiJeyKRo8BLx4jmAckS5idzCZDZmaXmV4xLPkFr+ZrvIlXr36M4CTZg3kUNBRV3XR3BbHgBlz3x9nY3Nre2c3t5fcPDo+OCyenDRMlmrI6jUSkWwExTHDF6sBBsFasGZGBYM1g+DD1my9MGx6pZxjFzJekr3jIKYGp1Ci9XnULRbfszoBXiZeRIspQ6xZ+O72IJpIpoIIY0/bcGPyUaOBUsHG+kxgWEzokfda2VBHJjJ/Obh3jS6v0cBhpWwrwTP0/kRJpzEgGtlMSGJhlbyqu9QJNhgzWWe0Ewns/5SpOgCk6vyFMBIYITzPBPa4ZBTGyhFDN7RuYDogmFGxyi0vkOG/z8pbTWSWN67JXKd8+3RSrlSy5HDpHF6iEPHSHqugR1VAdUTRAb+gdTZyJ8+F8Ol/z1g0nmzlDC3C+/wA7pp9Z</latexit>

V (x)

<latexit sha1_base64="qyhFpfohTFHIIHtkSEL5hORv1wg=">AAACE3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BLx4TMA9IljA76U2GzMwuM7NiWPIFXs3XeBOvfoAfIzhJ9mAeBQ1FVTfdXUHMmTau++PktrZ3dvfy+4WDw6Pjk+LpWVNHiaLQoBGPVDsgGjiT0DDMcGjHCogIOLSC0ePMb72A0iySz2Ycgy/IQLKQUWKsVH/tFUtu2Z0DrxMvIyWUodYr/nb7EU0ESEM50brjubHxU6IMoxwmhW6iISZ0RAbQsVQSAdpP54dO8JVV+jiMlC1p8Fz9P5ESofVYBLZTEDPUq95M3OgFiozAbLI6iQkf/JTJODEg6eKGMOHYRHgWCO4zBdTwsSWEKmbfwHRIFKHGxra8REwKNi9vNZ110rwpe5XyXf22VK1kyeXRBbpE18hD96iKnlANNRBFgN7QO5o6U+fD+XS+Fq05J5s5R0twvv8AsWKelA==</latexit>

x

<latexit sha1_base64="cbqWTjHIpPGpZVWee4rbVdd+w84=">AAACG3icbVDLSgNBEJyNrxhfUY9eBoMQL2FXNHoMePEYwTwkWcLspJMMmZldZmbFsOQrvJqv8SZePfgxgpNkD+ZR0FBUddPdFUScaeO6P05mY3Nreye7m9vbPzg8yh+f1HUYKwo1GvJQNQOigTMJNcMMh2akgIiAQyMY3k/9xgsozUL5ZEYR+IL0JesxSoyVntvRgHW84utlJ19wS+4MeJV4KSmgFNVO/rfdDWksQBrKidYtz42MnxBlGOUwzrVjDRGhQ9KHlqWSCNB+Mjt4jC+s0sW9UNmSBs/U/xMJEVqPRGA7BTEDvexNxbVeoMgQzDqrFZvenZ8wGcUGJJ3f0Is5NiGeBoO7TAE1fGQJoYrZNzAdEEWosfEtLhHjnM3LW05nldSvSl65dPN4XaiU0+Sy6AydoyLy0C2qoAdURTVEkUBv6B1NnInz4Xw6X/PWjJPOnKIFON9/GdKhYg==</latexit>

φ1(x)
<latexit sha1_base64="2qdyCOh70D63W+kZbxrZ5IZTfQ8=">AAACG3icbVDLSgNBEJyNrxhfUY9eBoMQL2FXNHoMePEYwTwkWcLspJMMmZldZmbFsOQrvJqv8SZePfgxgpNkD+ZR0FBUddPdFUScaeO6P05mY3Nreye7m9vbPzg8yh+f1HUYKwo1GvJQNQOigTMJNcMMh2akgIiAQyMY3k/9xgsozUL5ZEYR+IL0JesxSoyVntvRgHXc4utlJ19wS+4MeJV4KSmgFNVO/rfdDWksQBrKidYtz42MnxBlGOUwzrVjDRGhQ9KHlqWSCNB+Mjt4jC+s0sW9UNmSBs/U/xMJEVqPRGA7BTEDvexNxbVeoMgQzDqrFZvenZ8wGcUGJJ3f0Is5NiGeBoO7TAE1fGQJoYrZNzAdEEWosfEtLhHjnM3LW05nldSvSl65dPN4XaiU0+Sy6AydoyLy0C2qoAdURTVEkUBv6B1NnInz4Xw6X/PWjJPOnKIFON9/GCChYQ==</latexit>

φ0(x)

<latexit sha1_base64="8yH4ASy0tqIJrRGmJJVS+y9xGCo=">AAACG3icbVBNTwIxEO3iF+IX6tFLIzHBC9klih5JvHjERD4MbEi3FGhou5t21kg2/Aqv8mu8Ga8e/DEmFtiDAi+Z5OW9mczMCyLBDbjut5PZ2Nza3snu5vb2Dw6P8scnDRPGmrI6DUWoWwExTHDF6sBBsFakGZGBYM1gdDfzm89MGx6qRxhHzJdkoHifUwJWeupEQ94tF18uu/mCW3LnwKvES0kBpah18z+dXkhjyRRQQYxpe24EfkI0cCrYJNeJDYsIHZEBa1uqiGTGT+YHT/CFVXq4H2pbCvBc/TuREGnMWAa2UxIYmmVvJq71Ak1GDNZZ7Rj6t37CVRQDU3RxQz8WGEI8Cwb3uGYUxNgSQjW3b2A6JJpQsPH9XyInOZuXt5zOKmmUS16ldP1wVahW0uSy6AydoyLy0A2qontUQ3VEkUSv6A1Nnanz7nw4n4vWjJPOnKJ/cL5+ARuEoWM=</latexit>

φ2(x)

๏ Time-evolution of field operator:

<latexit sha1_base64="dIsVVKJl5OJ8iU7h1UUhmfDV1z8="></latexit>

=
g

2

h

ψ̂†
x
ψ̂†
x
ψ̂xψ̂x, ψ̂x

i
<latexit sha1_base64="FfYVRk4QGbk8oJbCfXE0mGImfcM="></latexit>

=
g

2

h

ψ̂†
x
ψ̂†
x
, ψ̂x

i

ψ̂xψ̂x

<latexit sha1_base64="iee6pt/wDWY4IseZiTDvVSUWCmc="></latexit>

=
g

2

⇣

ψ̂†
x

h

ψ̂†
x
, ψ̂x

i

+

h

ψ̂†
x
, ψ̂x

i

ψ̂†
x

⌘

ψ̂xψ̂x

<latexit sha1_base64="xgJ7ZUorWJJV+lh4+3IkeglNWZQ=">AAACTHicbZDJSgNBEIZ74hbjFvXopTEIHjTMiMZchIAXjxHMApkYajqdpEnPQneNGIa8ik/j1dx9D28SsLMczFLQ8PP9VVTX70VSaLTtbyu1sbm1vZPezeztHxweZY9PqjqMFeMVFspQ1T3QXIqAV1Cg5PVIcfA9yWte/3Hi19640iIMXnAQ8aYP3UB0BAM0qJUtPlB6TbvU7QFSN9KilbwPX902LCHqXi2CVjZn5+1p0VXhzEWOzKvcyo7ddshinwfIJGjdcOwImwkoFEzyYcaNNY+A9aHLG0YG4HPdTKYXDumFIW3aCZV5AdIp/T+RgK/1wPdMpw/Y08veBK71PAV9juusRoydYjMRQRQjD9jsD51YUgzpJEnaFoozlAMjgClhzqCsBwoYmrwXl/jDjMnLWU5nVVRv8k4hf/d8mysV5smlyRk5J5fEIfekRJ5ImVQIIx/kk3yRkTWyfqxfazxrTVnzmVOyUKntP4zGsyM=</latexit>

= −gψ̂†
x
ψ̂x ψ̂x

<latexit sha1_base64="MieBQlMIWN1FXRl21D8tzEQniYo=">AAACYHicbVHLSgMxFE3HV62PtrrTTbAIglJmRKsbodqNCxcK9gHToWTStA3NPEjuCGXoT/k1urT/IZh2RrGPC+EezrmH5J64oeAKTPMzY6ytb2xuZbdzO7t7+/lC8aChgkhSVqeBCGTLJYoJ7rM6cBCsFUpGPFewpjusTfXmG5OKB/4rjELmeKTv8x6nBDTVKTzZ7QEBfI9n7eEi6TUH3+FUsBeVc/zr+eOSEdwplMyyOSu8DKwUlFBaz53Cd7sb0MhjPlBBlLItMwQnJhI4FWyca0eKhYQOSZ/ZGvrEY8qJZ1uP8almurgXSH18wDP2vyMmnlIjz9WTHoGBWtSm5ErNlWTIYJVkR9C7dWLuhxEwnyZv6EUCQ4Cn6eIul4yCGGlAqOR6DUwHRBIK+g/mL/HGOZ2XtZjOMmhclq1K+frlqlStpMll0TE6QWfIQjeoih7RM6ojit7RB/pCk8zEyBp5o5iMGpnUc4jmyjj6AcbHs4Y=</latexit>

[ÂB̂, Ĉ] = Â[B̂, Ĉ] + [Â, Ĉ]B̂

<latexit sha1_base64="SKWS82tI9dX1gCHb+Lhy5oYC6v8="></latexit>

h

Ĥintψ̂x

i

=
g

2

Z

dx0
h

ψ̂
†
x
0 ψ̂

†
x
0 ψ̂x

0 ψ̂x
0 , ψ̂x

i

๏ Make a strong (mean-field) approximation for N particles

<latexit sha1_base64="TsQNJ0Cgo61o1a8rNTxh34tWxfI=">AAACVnicbZDJSgNBEIY745IYt1GPXhqD4CnMiKhH0YsnUTALZOJQ0+kkTXoWu2vEMMz7+DRe1YdR7CyiSSxo+Pn+KqrrDxIpNDrOR8FaWl5ZLZbWyusbm1vb9s5uXcepYrzGYhmrZgCaSxHxGgqUvJkoDmEgeSMYXI38xhNXWsTRPQ4T3g6hF4muYIAG+fal1wek4DvUgyRR8TP9AQ9eB3q/VD8qzG58J59HuW9XnKozLroo3KmokGnd+van14lZGvIImQStW66TYDsDhYJJnpe9VPME2AB6vGVkBCHX7Wx8a04PDenQbqzMi5CO6d+JDEKth2FgOkPAvp73RvBfL1Aw4Pif1Uqxe97ORJSkyCM2+UM3lRRjOsqUdoTiDOXQCGBKmDMo64MChib52SVhXjZ5ufPpLIr6cdU9rZ7cnVQuTqfJlcg+OSBHxCVn5IJck1tSI4y8kFfyRt4L74Uva8UqTlqtwnRmj8yUZX8Db8O2Gg==</latexit>

â0 ≈ â
†
0
≈

p

N0 ≈
√
N

<latexit sha1_base64="UvJPFdNQBpzavQjYEScxlkvGHn8=">AAACG3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BL54kgnlIsoTZyWwyZGZ2mZkVwpKv8Gq+xpt49eDHCE6SPZhHQUNR1U13VxBzpo3r/ji5jc2t7Z38bmFv/+DwqHh80tBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN5P/eYrVZpF8tmMYuoL3JcsZAQbK708dl3U6feR1y2W3LI7A1olXkZKkKHWLf52ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++ns4DG6sEoPhZGyJQ2aqf8nUiy0HonAdgpsBnrZm4prvUDhITXrrHZiwjs/ZTJODJVkfkOYcGQiNA0G9ZiixPCRJZgoZt9AZIAVJsbGt7hEjAs2L285nVXSuCp7lfLN03WpWsmSy8MZnMMleHALVXiAGtSBgIA3eIeJM3E+nE/na96ac7KZU1iA8/0HQrmg5A==</latexit>

N0 ! 1

<latexit sha1_base64="4cbb+YBeBqsbnoJihe+4blGlbC0="></latexit>

â0 |ψ0i ⇡
p

N0 |ψ0i ⇡
p

N0 − 1 |ψ0i ⇡
p

N0 + 1 |ψ0i

Let’s assume a many-body (low energy) 

state        , where almost all particles 

are in the lowest orbital

<latexit sha1_base64="+GNPz0R2nPMT6nljVw7fRWEkZxg=">AAACHnicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BLx4jmAdklzA7mSRDZmeHmV4hLPsbXs3XeBOv+jGCk2QP5lHQUFR1090VKsENuO6PU9ja3tndK+6XDg6Pjk/Kp2ctEyeasiaNRaw7ITFMcMmawEGwjtKMRKFg7XD8OPPbr0wbHssXmCgWRGQo+YBTAlby/TGD1FeG99ysV664VXcOvE68nFRQjkav/Ov3Y5pETAIVxJiu5yoIUqKBU8Gykp8YpggdkyHrWipJxEyQzm/O8JVV+ngQa1sS8Fz9P5GSyJhJFNrOiMDIrHozcaMXamKf2mR1Exg8BCmXKgEm6eKGQSIwxHiWDe5zzSiIiSWEam7fwHRENKFgE1xeEmUlm5e3ms46ad1UvVr17vm2Uq/lyRXRBbpE18hD96iOnlADNRFFCr2hdzR1ps6H8+l8LVoLTj5zjpbgfP8Bs26jWQ==</latexit>

|ψ0i<latexit sha1_base64="uLEOzOMLztUcfVXqpY2RZdESqDY="></latexit>

ψ̂x =
X

n

φn(x)ân = φ0(x)â0 +
X

n>0

ân ≈
√
Nφ0(x) ≡ ψ(x)

<latexit sha1_base64="uvButg9llFr5MARSPzun3wfdOJQ="></latexit>

Ĥ[1] =
p̂2

2m
+ V (x)

<latexit sha1_base64="j+S3WP+1rv+KAfvQxU6VbsNODQE="></latexit>

d

dt
ψ̂x = i

⇥

Ĥ0 + V̂ , ψ̂x

⇤

<latexit sha1_base64="LDcxshycUcrYsCh98GEmG8YwfB8="></latexit>

= −iĤ[1]ψ̂x + i

h

Ĥint, ψ̂x

i

<latexit sha1_base64="771/I6bGOm5taPV6duNMacBsMG4="></latexit>

d

dt
ψ̂x = −i

⇣

Ĥ[1] + gψ̂†
x
ψ̂x

⌘

ψ̂x



Lecture 1 - Bose-Einstein-condensation physics

<latexit sha1_base64="9vtmPdkULfs07VqwQSkjsHHmrKg=">AAACFnicbVDLSgNBEJz1GeMr6tHLYBDiJeyKRo8BLx4jmAckS5idzCZDZmaXmV4xLPkFr+ZrvIlXr36M4CTZg3kUNBRV3XR3BbHgBlz3x9nY3Nre2c3t5fcPDo+OCyenDRMlmrI6jUSkWwExTHDF6sBBsFasGZGBYM1g+DD1my9MGx6pZxjFzJekr3jIKYGp1Ci9XnULRbfszoBXiZeRIspQ6xZ+O72IJpIpoIIY0/bcGPyUaOBUsHG+kxgWEzokfda2VBHJjJ/Obh3jS6v0cBhpWwrwTP0/kRJpzEgGtlMSGJhlbyqu9QJNhgzWWe0Ewns/5SpOgCk6vyFMBIYITzPBPa4ZBTGyhFDN7RuYDogmFGxyi0vkOG/z8pbTWSWN67JXKd8+3RSrlSy5HDpHF6iEPHSHqugR1VAdUTRAb+gdTZyJ8+F8Ol/z1g0nmzlDC3C+/wA7pp9Z</latexit>

V (x)

<latexit sha1_base64="qyhFpfohTFHIIHtkSEL5hORv1wg=">AAACE3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BLx4TMA9IljA76U2GzMwuM7NiWPIFXs3XeBOvfoAfIzhJ9mAeBQ1FVTfdXUHMmTau++PktrZ3dvfy+4WDw6Pjk+LpWVNHiaLQoBGPVDsgGjiT0DDMcGjHCogIOLSC0ePMb72A0iySz2Ycgy/IQLKQUWKsVH/tFUtu2Z0DrxMvIyWUodYr/nb7EU0ESEM50brjubHxU6IMoxwmhW6iISZ0RAbQsVQSAdpP54dO8JVV+jiMlC1p8Fz9P5ESofVYBLZTEDPUq95M3OgFiozAbLI6iQkf/JTJODEg6eKGMOHYRHgWCO4zBdTwsSWEKmbfwHRIFKHGxra8REwKNi9vNZ110rwpe5XyXf22VK1kyeXRBbpE18hD96iKnlANNRBFgN7QO5o6U+fD+XS+Fq05J5s5R0twvv8AsWKelA==</latexit>

x

<latexit sha1_base64="cbqWTjHIpPGpZVWee4rbVdd+w84=">AAACG3icbVDLSgNBEJyNrxhfUY9eBoMQL2FXNHoMePEYwTwkWcLspJMMmZldZmbFsOQrvJqv8SZePfgxgpNkD+ZR0FBUddPdFUScaeO6P05mY3Nreye7m9vbPzg8yh+f1HUYKwo1GvJQNQOigTMJNcMMh2akgIiAQyMY3k/9xgsozUL5ZEYR+IL0JesxSoyVntvRgHW84utlJ19wS+4MeJV4KSmgFNVO/rfdDWksQBrKidYtz42MnxBlGOUwzrVjDRGhQ9KHlqWSCNB+Mjt4jC+s0sW9UNmSBs/U/xMJEVqPRGA7BTEDvexNxbVeoMgQzDqrFZvenZ8wGcUGJJ3f0Is5NiGeBoO7TAE1fGQJoYrZNzAdEEWosfEtLhHjnM3LW05nldSvSl65dPN4XaiU0+Sy6AydoyLy0C2qoAdURTVEkUBv6B1NnInz4Xw6X/PWjJPOnKIFON9/GdKhYg==</latexit>

φ1(x)
<latexit sha1_base64="2qdyCOh70D63W+kZbxrZ5IZTfQ8=">AAACG3icbVDLSgNBEJyNrxhfUY9eBoMQL2FXNHoMePEYwTwkWcLspJMMmZldZmbFsOQrvJqv8SZePfgxgpNkD+ZR0FBUddPdFUScaeO6P05mY3Nreye7m9vbPzg8yh+f1HUYKwo1GvJQNQOigTMJNcMMh2akgIiAQyMY3k/9xgsozUL5ZEYR+IL0JesxSoyVntvRgHXc4utlJ19wS+4MeJV4KSmgFNVO/rfdDWksQBrKidYtz42MnxBlGOUwzrVjDRGhQ9KHlqWSCNB+Mjt4jC+s0sW9UNmSBs/U/xMJEVqPRGA7BTEDvexNxbVeoMgQzDqrFZvenZ8wGcUGJJ3f0Is5NiGeBoO7TAE1fGQJoYrZNzAdEEWosfEtLhHjnM3LW05nldSvSl65dPN4XaiU0+Sy6AydoyLy0C2qoAdURTVEkUBv6B1NnInz4Xw6X/PWjJPOnKIFON9/GCChYQ==</latexit>

φ0(x)

<latexit sha1_base64="8yH4ASy0tqIJrRGmJJVS+y9xGCo=">AAACG3icbVBNTwIxEO3iF+IX6tFLIzHBC9klih5JvHjERD4MbEi3FGhou5t21kg2/Aqv8mu8Ga8e/DEmFtiDAi+Z5OW9mczMCyLBDbjut5PZ2Nza3snu5vb2Dw6P8scnDRPGmrI6DUWoWwExTHDF6sBBsFakGZGBYM1gdDfzm89MGx6qRxhHzJdkoHifUwJWeupEQ94tF18uu/mCW3LnwKvES0kBpah18z+dXkhjyRRQQYxpe24EfkI0cCrYJNeJDYsIHZEBa1uqiGTGT+YHT/CFVXq4H2pbCvBc/TuREGnMWAa2UxIYmmVvJq71Ak1GDNZZ7Rj6t37CVRQDU3RxQz8WGEI8Cwb3uGYUxNgSQjW3b2A6JJpQsPH9XyInOZuXt5zOKmmUS16ldP1wVahW0uSy6AydoyLy0A2qontUQ3VEkUSv6A1Nnanz7nw4n4vWjJPOnKJ/cL5+ARuEoWM=</latexit>

φ2(x)

๏ Make a strong (mean-field) approximation for N particles

Make the quantum field operator a classical field!

Time-dependent Gross-Pitaevskii equation!

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d

dt
ψ(x, t) = −i

✓

p̂2

2m
+ V (x) + g|ψ(x, t)|2

◆

ψ(x, t)

Eugene P. Gross 

(1926-1991)

Lev Pitaevskii 

(1933-2022)

<latexit sha1_base64="UsI2J/RkXasuoKXgFY+amltHX0c=">AAACHHicbVBNSwMxEM3Wr1q/qh69BItQQcquaPVY8OKxgq3FdinZNNuGJtklmRVL6b/wan+NN/Eq+GME03YP9uPBwOO9GWbmBbHgBlz3x8msrW9sbmW3czu7e/sH+cOjuokSTVmNRiLSjYAYJrhiNeAgWCPWjMhAsKegfzfxn16YNjxSjzCImS9JV/GQUwJWem7FhhdfLzCct/MFt+ROgZeJl5ICSlFt539bnYgmkimgghjT9NwY/CHRwKlgo1wrMSwmtE+6rGmpIpIZfzi9eITPrNLBYaRtKcBT9f/EkEhjBjKwnZJAzyx6E3GlF2jSZ7DKaiYQ3vpDruIEmKKzG8JEYIjwJBnc4ZpREANLCNXcvoFpj2hCweY3v0SOcjYvbzGdZVK/LHnl0vXDVaFSTpPLohN0iorIQzeogu5RFdUQRQq9oXc0dsbOh/PpfM1aM046c4zm4Hz/AaU5oac=</latexit>

ψ(x, t)๏ A non-linear equation for a classical field               describing a 

condensate of many particles

๏ Also known as non-linear Schrödinger equation, but bad phraseology!

๏ Then

<latexit sha1_base64="uLEOzOMLztUcfVXqpY2RZdESqDY="></latexit>

ψ̂x =
X

n

φn(x)ân = φ0(x)â0 +
X

n>0

ân ≈
√
Nφ0(x) ≡ ψ(x)

<latexit sha1_base64="uvButg9llFr5MARSPzun3wfdOJQ="></latexit>

Ĥ[1] =
p̂2

2m
+ V (x)

<latexit sha1_base64="771/I6bGOm5taPV6duNMacBsMG4="></latexit>

d

dt
ψ̂x = −i

⇣

Ĥ[1] + gψ̂†
x
ψ̂x

⌘

ψ̂x

Let’s assume a many-body (low energy) 

state        , where almost all particles 

are in the lowest orbital

<latexit sha1_base64="+GNPz0R2nPMT6nljVw7fRWEkZxg=">AAACHnicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BLx4jmAdklzA7mSRDZmeHmV4hLPsbXs3XeBOv+jGCk2QP5lHQUFR1090VKsENuO6PU9ja3tndK+6XDg6Pjk/Kp2ctEyeasiaNRaw7ITFMcMmawEGwjtKMRKFg7XD8OPPbr0wbHssXmCgWRGQo+YBTAlby/TGD1FeG99ysV664VXcOvE68nFRQjkav/Ov3Y5pETAIVxJiu5yoIUqKBU8Gykp8YpggdkyHrWipJxEyQzm/O8JVV+ngQa1sS8Fz9P5GSyJhJFNrOiMDIrHozcaMXamKf2mR1Exg8BCmXKgEm6eKGQSIwxHiWDe5zzSiIiSWEam7fwHRENKFgE1xeEmUlm5e3ms46ad1UvVr17vm2Uq/lyRXRBbpE18hD96iOnlADNRFFCr2hdzR1ps6H8+l8LVoLTj5zjpbgfP8Bs26jWQ==</latexit>

|ψ0i

๏ The equation is derived in a limit where all particles are in 

the same state (product state), 1st quantization:

<latexit sha1_base64="I4RzvwAW7PDJJXhyuwbWtAo7M94="></latexit>

φ(x1, x2, . . . , xN ) =

NO

i=1

φ0(xi)



Lecture 1 - GP equation - state space considerations

๏ For a continuous space, we need to introduce a discretization

<latexit sha1_base64="IB/+Jd2APDndcpdw8vgaUrPxdrc="></latexit>

p̂2

2m
ψ(x) = −

1

2m

∂2ψ(x)

∂x2
= −

1

2m
lim
a→0

ψ(x+ a)− 2ψ(x) + ψ(x− h)

a2

๏ Then the matrix of the operator

<latexit sha1_base64="Mhb8GQNUUmBwSiqoDRzcPZzuNeM="></latexit>

1

2ma
2















−1 0 −1

−1 0 −1

. . .
. . .

. . .

−1 0 −1

−1 0 −1















+ const. … acting on …

<latexit sha1_base64="7FFDZtHF0KR2YLqU3YoE4de/f7w="></latexit>















ψ1

ψ2

.

.

.

ψM−1

ψM















<latexit sha1_base64="P8Xf27r+cS/X5n8bktgBd349WzU=">AAACE3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BLx48JGAekCxhdtKbDJmZXWZmhbDkC7yar/EmXv0AP0ZwkuzBPAoaiqpuuruCmDNtXPfHyW1t7+zu5fcLB4dHxyfF07OmjhJFoUEjHql2QDRwJqFhmOHQjhUQEXBoBaPHmd96BaVZJF/MOAZfkIFkIaPEWKn+3CuW3LI7B14nXkZKKEOtV/zt9iOaCJCGcqJ1x3Nj46dEGUY5TArdRENM6IgMoGOpJAK0n84PneArq/RxGClb0uC5+n8iJULrsQhspyBmqFe9mbjRCxQZgdlkdRITPvgpk3FiQNLFDWHCsYnwLBDcZwqo4WNLCFXMvoHpkChCjY1teYmYFGxe3mo666R5U/Yq5bv6balayZLLowt0ia6Rh+5RFT2hGmogigC9oXc0dabOh/PpfC1ac042c46W4Hz/AWdOnmg=</latexit>

L
<latexit sha1_base64="H71XKjMiUx7vwUGkIRVRovJbbL0=">AAACE3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BLx4TMDGQLGF20kmGzM4uM71CWPIFXs3XeBOvfoAfIzhJ9mAeBQ1FVTfdXUEshUHX/XFyW9s7u3v5/cLB4dHxSfH0rGmiRHNo8EhGuhUwA1IoaKBACa1YAwsDCS/B6HHmv7yCNiJSzziOwQ/ZQIm+4AytVHe7xZJbdueg68TLSIlkqHWLv51exJMQFHLJjGl7box+yjQKLmFS6CQGYsZHbABtSxULwfjp/NAJvbJKj/YjbUshnav/J1IWGjMOA9sZMhyaVW8mbvQCzUaAm6x2gv0HPxUqThAUX9zQTyTFiM4CoT2hgaMcW8K4FvYNyodMM442tuUl4aRg8/JW01knzZuyVynf1W9L1UqWXJ5ckEtyTTxyT6rkidRIg3AC5I28k6kzdT6cT+dr0ZpzsplzsgTn+w84Kp5M</latexit>

0 box-length
<latexit sha1_base64="kiwpDznUE4fGhfwAyYTDVFWrvNM=">AAACE3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BLx4TMDGQLGF20kmGzM4uM7NCWPIFXs3XeBOvfoAfIzhJ9mAeBQ1FVTfdXUEsuDau++PktrZ3dvfy+4WDw6Pjk+LpWVNHiWLYYJGIVCugGgWX2DDcCGzFCmkYCHwJRo8z/+UVleaRfDbjGP2QDiTvc0aNleq0Wyy5ZXcOsk68jJQgQ61b/O30IpaEKA0TVOu258bGT6kynAmcFDqJxpiyER1g21JJQ9R+Oj90Qq6s0iP9SNmShszV/xMpDbUeh4HtDKkZ6lVvJm70AkVHaDZZ7cT0H/yUyzgxKNnihn4iiInILBDS4wqZEWNLKFPcvkHYkCrKjI1teUk4Kdi8vNV01knzpuxVynf121K1kiWXhwu4hGvw4B6q8AQ1aAADhDd4h6kzdT6cT+dr0ZpzsplzWILz/QeKqZ59</latexit>

a

grid spacing

<latexit sha1_base64="gpwIfgoi+gWuwj+2aLPd2ibfKvI=">AAACE3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BL16EBMwDkiXMTnqTITOzy8ysEJZ8gVfzNd7Eqx/gxwhOkj2YR0FDUdVNd1cQc6aN6/44ua3tnd29/H7h4PDo+KR4etbUUaIoNGjEI9UOiAbOJDQMMxzasQIiAg6tYPQ481uvoDSL5IsZx+ALMpAsZJQYK9Wfe8WSW3bnwOvEy0gJZaj1ir/dfkQTAdJQTrTueG5s/JQowyiHSaGbaIgJHZEBdCyVRID20/mhE3xllT4OI2VLGjxX/0+kRGg9FoHtFMQM9ao3Ezd6gSIjMJusTmLCBz9lMk4MSLq4IUw4NhGeBYL7TAE1fGwJoYrZNzAdEkWosbEtLxGTgs3LW01nnTRvyl6lfFe/LVUrWXJ5dIEu0TXy0D2qoidUQw1EEaA39I6mztT5cD6dr0VrzslmztESnO8/aP2eaQ==</latexit>

M grid points

<latexit sha1_base64="XiicFcKRG2kVIlpi7syqfNnn9nY=">AAACI3icbZDLSsNAFIZP6q3WS6Mu3QwWwVVJRKsboeDGhUIFe4G2lMl00g6dScLMRCghT+LWPo07cePCRxGctlnYy4GBn/8/h3Pm8yLOlHacbyu3sbm1vZPfLeztHxwW7aPjhgpjSWidhDyULQ8ryllA65ppTluRpFh4nDa90f00b75SqVgYvOhxRLsCDwLmM4K1sXp2EaM71PElJsljmjylPbvklJ1ZoVXhZqIEWdV69m+nH5JY0EATjpVqu06kuwmWmhFO00InVjTCZIQHtG1kgAVV3WR2eIrOjdNHfijNCzSauf8nEiyUGgvPdAqsh2o5m5prM0/iEdXronas/dtuwoIo1jQg8xv8mCMdoikg1GeSEs3HRmAimfkGIkNsAGmDcXGJSAuGl7tMZ1U0LstupXz9fFWqVjJyeTiFM7gAF26gCg9QgzoQiOEN3mFiTawP69P6mrfmrGzmBBbK+vkDmJSkOA==</latexit>

a =

L

M

<latexit sha1_base64="J03KzF7TCkT7jvE7nxlZGqdzXYw=">AAACGXicbVBNSwMxEM3Wr1q/qh69BIvgqeyKVo8FL16ECvYD2qVk09ltaJJdkqxQlv4Ir/bXeBOvnvwxgmm7B1v7YODx3gwz84KEM21c99spbGxube8Ud0t7+weHR+Xjk5aOU0WhSWMeq05ANHAmoWmY4dBJFBARcGgHo/uZ334BpVksn804AV+QSLKQUWKs1H7EvSjCXr9ccavuHPg/8XJSQTka/fJPbxDTVIA0lBOtu56bGD8jyjDKYVLqpRoSQkckgq6lkgjQfjY/d4IvrDLAYaxsSYPn6t+JjAitxyKwnYKYoV71ZuJaL1BkBGad1U1NeOdnTCapAUkXN4QpxybGs1jwgCmgho8tIVQx+wamQ6IINTa85SViUrJ5eavp/Cetq6pXq948XVfqtTy5IjpD5+gSeegW1dEDaqAmomiEXtEbmjpT5935cD4XrQUnnzlFS3C+fgEBp6BA</latexit>

M ! 1

๏ Note: Kinetic energy is just nearest-neighbor hopping on a grid with amplitude

<latexit sha1_base64="VCL4uZ8gPIW5Bn3LcYhRPu7PJVY=">AAACJ3icbZDLSgMxFIYzXmu9jXbpJlgEV2WmaHUjFNyIqwr2Au1YMmmmDU0yQ5IRhmGexa19GneiSx9EMG1nYS8HAj//fw7n5PMjRpV2nG9rY3Nre2e3sFfcPzg8OrZPTlsqjCUmTRyyUHZ8pAijgjQ11Yx0IkkQ9xlp++P7ad5+JVLRUDzrJCIeR0NBA4qRNlbfLj3CO9gLJMKpm6VVjl6qWd8uOxVnVnBVuLkog7waffu3NwhxzInQmCGluq4TaS9FUlPMSFbsxYpECI/RkHSNFIgT5aWz4zN4YZwBDEJpntBw5v6fSBFXKuG+6eRIj9RyNjXXZr5EY6LXRd1YB7deSkUUayLw/IYgZlCHcAoJDqgkWLPECIQlNd+AeIQMJG1QLi7hWdHwcpfprIpWteLWKtdPV+V6LSdXAGfgHFwCF9yAOngADdAEGCTgDbyDiTWxPqxP62veumHlMyWwUNbPHw3kpXE=</latexit>

J =
1

2ma2

๏ Indeed, the physics in continuous space is identical to lattice physics
<latexit sha1_base64="D40Y4dnRsije3iFLRQmQZd2vrvY="></latexit>

Ĥ = −J

X

i

(|ii hi+ 1|+ |i+ 1i hi|)

๏ Let’s solve GP numerically!

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d

dt
ψ(x, t) = −i

✓

p̂2

2m
+ V (x) + g|ψ(x, t)|2

◆

ψ(x, t)



Lecture 1 - Bose-Einstein-condensation physics

๏ In fact: The physics of the continuous model is identical to those on a lattice

J
U

Bose-Hubbard model

e.g. realized in optical lattices

<latexit sha1_base64="i88SnoLpgjhXtTCvNaDy3nItcs0="></latexit>

Ĥ = Ĥ0 +
g

2

Z
dx ψ̂†

x
ψ̂†
x
ψ̂xψ̂x

<latexit sha1_base64="u96wyf47MJM5KOOuPkVTkb7EyWI=">AAACI3icbVBNS8NAEN3Ur1o/GvXoJVgETyURrR4LXjx4qGA/oC1ls520S3eTsDtRSugv8Wp/jTfx4sGfIrhtc7C1DwYe780wM8+PBdfoul9WbmNza3snv1vY2z84LNpHxw0dJYpBnUUiUi2fahA8hDpyFNCKFVDpC2j6o7uZ33wGpXkUPuE4hq6kg5AHnFE0Us8udh4gQMUHQ6RKRS89u+SW3Tmc/8TLSIlkqPXsn04/YomEEJmgWrc9N8ZuShVyJmBS6CQaYspGdABtQ0MqQXfT+eET59wofSeIlKkQnbn6dyKlUuux9E2npDjUq95MXOv5io4A11ntBIPbbsrDOEEI2eKGIBEORs4sIKfPFTAUY0MoU9y84bAhVZShiXF5iZwUTF7eajr/SeOy7FXK149XpWolSy5PTskZuSAeuSFVck9qpE4YScgreSNTa2q9Wx/W56I1Z2UzJ2QJ1vcvAOWlCQ==</latexit>

⇔

free space (artificial grid)
<latexit sha1_base64="cwXlCY378mkCHFdiM0/EMVP4kfo=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BLx4jmAckS+idzCbDzswuM7NCWPIRXs3XeBOvnvwYwUmyB/MoaCiquunuChLOtHHdH6ewtb2zu1fcLx0cHh2flE/PWjpOFaFNEvNYdQLQlDNJm4YZTjuJoiACTttB9Djz269UaRbLFzNOqC9gKFnICBgrtQH3TIzdfrniVt058DrxclJBORr98m9vEJNUUGkIB627npsYPwNlGOF0UuqlmiZAIhjSrqUSBNV+Nj93gq+sMsBhrGxJg+fq/4kMhNZjEdhOAWakV72ZuNELFETUbLK6qQkf/IzJJDVUksUNYcqx/X4WCx4wRYnhY0uAKGbfwGQECoix4S0vEZOSzctbTWedtG6qXq1693xbqdfy5IroAl2ia+She1RHT6iBmoigCL2hdzR1ps6H8+l8LVoLTj5zjpbgfP8BRa6gaA==</latexit>

a → 0

<latexit sha1_base64="kiwpDznUE4fGhfwAyYTDVFWrvNM=">AAACE3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BLx4TMDGQLGF20kmGzM4uM7NCWPIFXs3XeBOvfoAfIzhJ9mAeBQ1FVTfdXUEsuDau++PktrZ3dvfy+4WDw6Pjk+LpWVNHiWLYYJGIVCugGgWX2DDcCGzFCmkYCHwJRo8z/+UVleaRfDbjGP2QDiTvc0aNleq0Wyy5ZXcOsk68jJQgQ61b/O30IpaEKA0TVOu258bGT6kynAmcFDqJxpiyER1g21JJQ9R+Oj90Qq6s0iP9SNmShszV/xMpDbUeh4HtDKkZ6lVvJm70AkVHaDZZ7cT0H/yUyzgxKNnihn4iiInILBDS4wqZEWNLKFPcvkHYkCrKjI1teUk4Kdi8vNV01knzpuxVynf121K1kiWXhwu4hGvw4B6q8AQ1aAADhDd4h6kzdT6cT+dr0ZpzsplzWILz/QeKqZ59</latexit>

a

<latexit sha1_base64="ecJjVX61vmXiK9OqZLk/oVoCfZA="></latexit>

Ĥ = −J

X

i

(b̂ib̂
†
i+1

+ b̂
†
i
b̂i+1) +

U

2

X

i

b̂
†
i
b̂
†
i
b̂ib̂i

๏ Hilbert space size: N particles on M sites:

๏ … in the mean-field approximation: State-vector size is only

<latexit sha1_base64="nXuPCKN6vGIOV+LX0Ik2v2iYgT0=">AAACGXicbZDLSgMxFIYz9VbrbdSlCKlFqIhlRrS6EQq6cGOpYC/QDiWTZtrQzIUkI5RhVj6GT+BWn8CduHXlA/geZtpZ2NYDIT//fw4n+eyAUSEN41vLLCwuLa9kV3Nr6xubW/r2TkP4Icekjn3m85aNBGHUI3VJJSOtgBPk2ow07eF1kjcfCRfU9x7kKCCWi/oedShGUlldff8GXsGOwxGOinfH1RPzKB8rldzVfNzVC0bJGBecF2YqCiCtWlf/6fR8HLrEk5ghIdqmEUgrQlxSzEic64SCBAgPUZ+0lfSQS4QVjb8Rw0Pl9KDjc3U8Ccfu34kIuUKMXFt1ukgOxGyWmP9l7VA6l1ZEvSCUxMOTRU7IoPRhwgT2KCdYspESCHOq3grxACkmUpGb2mJzNCQy4WLOUpgXjdOSWS6d358VKuWUUBbsgQNQBCa4ABVwC2qgDjB4Ai/gFbxpz9q79qF9TlozWjqzC6ZK+/oFEbad7g==</latexit>

D =
(M +N − 1)!

(M − 1)!N !

Examples

<latexit sha1_base64="1i8PMX8ggBYULfDt1EjXCsmITlM=">AAACAHicbVDJSgNBEK2JW4xb1KOXxiB4CjOi0Usg4MWLEsEskAyhp9OTtOlZ6K4RwpCLX+BVv8CbePVP/AD/w85yMIkPCh7vVVFVz4ul0Gjb31ZmZXVtfSO7mdva3tndy+8f1HWUKMZrLJKRanpUcylCXkOBkjdjxWngSd7wBtdjv/HElRZR+IDDmLsB7YXCF4yikeq35buyU+rkC3bRnoAsE2dGCjBDtZP/aXcjlgQ8RCap1i3HjtFNqULBJB/l2onmMWUD2uMtQ0MacO2mk2tH5MQoXeJHylSIZKL+nUhpoPUw8ExnQLGvF72x+J/XStC/clMRxgnykE0X+YkkGJHx66QrFGcoh4ZQpoS5lbA+VZShCWhui6fogOPI5OIsprBM6mdFp1S8uD8vVEqzhLJwBMdwCg5cQgVuoAo1YPAIL/AKb9az9W59WJ/T1ow1mzmEOVhfv8wnlog=</latexit>

M = N = 16
<latexit sha1_base64="LiXHH2erKMXP5f5pQR7i70FYqWo=">AAACE3icbVBLTsMwFHT4lvILsGDBxqJCYlUlfEqXlWDBskj0IzWhclyntep8ZL8gqijH4ARs4QTsEFsOwAG4B26bBW0ZydJo5j3N83ix4Aos69tYWl5ZXVsvbBQ3t7Z3ds29/aaKEklZg0Yikm2PKCZ4yBrAQbB2LBkJPMFa3vB67LcemVQ8Cu9hFDM3IP2Q+5wS0FLXPLzBDoljGT3hc+wAD5jCtvVQ7Zolq2xNgBeJnZMSylHvmj9OL6JJwEKggijVsa0Y3JRI4FSwrOgkisWEDkmfdTQNiU5y08kHMnyilR72I6lfCHii/t1ISaDUKPD0ZEBgoOa9sfif10nAr7opD+MEWEinQX4iMER43AbucckoiJEmhEqub8V0QCShoDubSfEkGTLIdC/2fAuLpHlWtivly7uLUq2SN1RAR+gYnSIbXaEaukV11EAUZegFvaI349l4Nz6Mz+nokpHvHKAZGF+/bsKdSQ==</latexit>

D ≈ 3× 10
8

<latexit sha1_base64="jVYfVEHOYsMCGTdkTVljipoIpYc=">AAACEHicbVBLTgJBFOzxi/jDz85NR2LiwpAZI+iS6EKXmMgnYQjpad5Ah55Put8YcMIlPIFbPYE749YbeADv4QywELCSl1Sq3ku9lBNKodE0v42l5ZXVtfXMRnZza3tnN7e3X9NBpDhUeSAD1XCYBil8qKJACY1QAfMcCXWnf5P69UdQWgT+Aw5DaHms6wtXcIaJ1M4d2iwMVTCgRfvMRhhgfHs9aufyZsEcgy4Sa0ryZIpKO/djdwIeeeAjl0zrpmWG2IqZQsEljLJ2pCFkvM+60EyozzzQrXj8/YieJEqHuoFKxkc6Vv9exMzTeug5yabHsKfnvVT8z2tG6F61YuGHEYLPJ0FuJCkGNK2CdoQCjnKYEMaVSH6lvMcU45gUNpPiKNYHTHux5ltYJLXzglUqFO8v8uXStKEMOSLH5JRY5JKUyR2pkCrh5Im8kFfyZjwb78aH8TlZXTKmNwdkBsbXLw/MnT4=</latexit>

≈ 5GB

<latexit sha1_base64="KQ5xCjbqnDh6g1PUjkakLCrAlYA=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgQcKumOglEPDiRYlgHpgsYXYymwyZnV1meoWw5OoXeNUv8CZe/Q8/wP9wkuzBJBY0FFXddHd5keAabPvbyqysrq1vZDdzW9s7u3v5/YOGDmNFWZ2GIlQtj2gmuGR14CBYK1KMBJ5gTW94PfGbT0xpHsoHGEXMDUhfcp9TAkZ6vK04tn2G7yqlbr5gF+0p8DJxUlJAKWrd/E+nF9I4YBKoIFq3HTsCNyEKOBVsnOvEmkWEDkmftQ2VJGDaTaYXj/GJUXrYD5UpCXiq/p1ISKD1KPBMZ0BgoBe9ifif147Bv3ITLqMYmKSzRX4sMIR48j7uccUoiJEhhCpubsV0QBShYEKa2+IpMmQwNrk4iyksk8Z50SkXS/cXhWo5TSiLjtAxOkUOukRVdINqqI4okugFvaI369l6tz6sz1lrxkpnDtEcrK9fdhWXWw==</latexit>

M = 100, N = 5

<latexit sha1_base64="e9Tpeu2tWvKMoOWPF3E+mnV5v1A=">AAACEnicbVDLSsNAFJ34rPUVFdy4GSyCq5KI1i4LunBZwT6giWUynbRDJ5MwcyOW2L/wC9zqF7gTt/6AH+B/OH0sbOuBC4dz7uVcTpAIrsFxvq2l5ZXVtfXcRn5za3tn197br+s4VZTVaCxi1QyIZoJLVgMOgjUTxUgUCNYI+lcjv/HAlOaxvINBwvyIdCUPOSVgpLZ9eO2RJFHxI3axBzxiGrvOfbltF5yiMwZeJO6UFNAU1bb943VimkZMAhVE65brJOBnRAGngg3zXqpZQmifdFnLUElMkp+N/x/iE6N0cBgrMxLwWP17kZFI60EUmM2IQE/PeyPxP6+VQlj2My6TFJikk6AwFRhiPCoDd7hiFMTAEEIVN79i2iOKUDCVzaQEivQZDE0v7nwLi6R+VnRLxYvb80KlNG0oh47QMTpFLrpEFXSDqqiGKHpCL+gVvVnP1rv1YX1OVpes6c0BmoH19QsQeJ0d</latexit>

D ≈ 1× 10
8

<latexit sha1_base64="ODOSJ4HqdcgojLHhdWm7h9k0bZk=">AAACEnicbVBLSgNBFOzxG+MvKrhx0xgEFzLMiIkugy50GcF8IDOEns5L0qTnQ/cbSRhzC0/gVk/gTtx6AQ/gPZx8Fiax4EFR9R71KC+SQqNlfRtLyyura+uZjezm1vbObm5vv6rDWHGo8FCGqu4xDVIEUEGBEuqRAuZ7Empe72bk1x5BaREGDziIwPVZJxBtwRmmUjN36LAoUmGf2mbBOXMQ+pjcXg+bubxlWmPQRWJPSZ5MUW7mfpxWyGMfAuSSad2wrQjdhCkUXMIw68QaIsZ7rAONlAbMB+0m4/+H9CRVWrQdqnQCpGP170XCfK0Hvpdu+gy7et4bif95jRjbV24igihGCPgkqB1LiiEdlUFbQgFHOUgJ40qkv1LeZYpxTCubSfEU6wGOerHnW1gk1XPTLpqF+4t8qThtKEOOyDE5JTa5JCVyR8qkQjh5Ii/klbwZz8a78WF8TlaXjOnNAZmB8fUL/CCdsQ==</latexit>

≈ 1.5GB

<latexit sha1_base64="7FFDZtHF0KR2YLqU3YoE4de/f7w="></latexit>
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<latexit sha1_base64="uDUww3NZ8+bX/nmA504o9XpPDRw=">AAACB3icbVBLSgNBFOyJvxh/UZduGoPgKsyIRjdCQBeuJIL5QDKEnp43SZOej91vhDDkAJ7ArZ7Anbj1GB7Ae9j5LEy04EFR9R71KC+RQqNtf1m5peWV1bX8emFjc2t7p7i719BxqjjUeSxj1fKYBikiqKNACa1EAQs9CU1vcDX2m4+gtIijexwm4IasF4lAcIZGcjsopA/Z9Yhe0ttusWSX7QnoX+LMSInMUOsWvzt+zNMQIuSSad127ATdjCkUXMKo0Ek1JIwPWA/ahkYsBO1mk6dH9MgoPg1iZSZCOlF/X2Qs1HoYemYzZNjXi95Y/M9rpxhcuJmIkhQh4tOgIJUUYzpugPpCAUc5NIRxJcyvlPeZYhxNT3MpnmIDwJHpxVls4S9pnJSdSvns7rRUrcwaypMDckiOiUPOSZXckBqpE04eyDN5Ia/Wk/VmvVsf09WcNbvZJ3OwPn8Ao8CZxw==</latexit>

D̃ = N

We can now treat huge systems!

๏ … but: The price we pay: I. We made a strong approximation, II. The equations are now non-linear



Lecture 1 - Plan for today

010000000001011000000000000000000000000000000000000000000 0 0 0 0 0 0 0 0

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d

dt
ψ(x, t) = −i

✓

p̂2

2m
+ V (x) + g|ψ(x, t)|2

◆

ψ(x, t)

<latexit sha1_base64="Tse1OSF2IZpocSaJfc6bpOYDcE0=">AAAB83icbVDLSsNAFL2pr1pfVZdugkWom5KIVpcFNy4r2Ae0oUymk3boZBJnboQS+h0u3Ki49WNc+jdO2iy09cDA4Zx7uWeOHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YlmgkvWQo6CdWPFSOgL1vEnt5nfeWJK80g+4DRmXkhGkgecEjSS1w8Jjv0gnc6qeD4oV5yaM4e9StycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1K/USzmNAJGbGeoZKETHvpPPTMPjPK0A4iZZ5Ee67+3khJqPU09M1kFlIve5n4n9dLMLjxUi7jBJmki0NBImyM7KwBe8gVoyimhhCquMlq0zFRhKLpyXTgLv94lbQvam69dnV/WWnU8zaKcAKnUAUXrqEBd9CEFlB4hGd4hTcrsV6sd+tjMVqw8p1j+APr8wceD5Hu</latexit>

y(t)

<latexit sha1_base64="tbI5ZOCwuQ8INvVOSaf5golOwZE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjrZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVq4bV+VaNY+jAKdwBhfgwQ3U4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A382M9g==</latexit>

t
<latexit sha1_base64="M97AT9mAc5Ahq7g9bXCN0GzrAMo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9WrVq/vLSr2Wx1GEEziFc/DgGupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2Gwjdc=</latexit>

tn

<latexit sha1_base64="XyAY32EoEQpONGwOZGXTsS48L7s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiWj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtbGfqQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw1s/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq16tev1wVanX8jiKcAKncA4e3EAd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wf/049T</latexit>

tn+1

<latexit sha1_base64="A4jEVcmO/KgG351Z6UNgE/3tMXM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSbdR95r164erWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxetkbI=</latexit>

k2
<latexit sha1_base64="tUY3yzRhek6xsZjKpAoC0on+MBI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi1WXBjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy0emDgcM693DMnSATXxnW/nNLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBIcRHQsecgZNVby/YiaSRBm0/nQG1Zrbt1dgPwlXkFqUKA1rH76o5ilEUrDBNW677mJGWRUGc4Ezit+qjGhbErH2LdU0gj1IFtknpMzq4xIGCv7pCEL9edGRiOtZ1FgJ/OMetXLxf+8fmrCm0HGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uW/pHNR9xr1q/vLWrNR1FGGEziFc/DgGppwBy1oA4MEnuAFXp3UeXbenPflaMkpdo7hF5yPbxYpkbE=</latexit>

k1

<latexit sha1_base64="Qn4TDIFafCi7ZAmEhCpKKWr1oG0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4qC4LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3OV+94kqzWL5aKYJDQQeSRYxgo2VfF9gMw6jbDIbXA6qNbfuzoFWiVeQGhRoDapf/jAmqaDSEI617ntuYoIMK8MIp7OKn2qaYDLBI9q3VGJBdZDNM8/QmVWGKIqVfdKgufp7I8NC66kI7WSeUS97ufif109NdBtkTCapoZIsDkUpRyZGeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6jfv1wVWs2ijrKcAKncA4e3EAT7qEFbSCQwDO8wpuTOi/Ou/OxGC05xc4x/IHz+QMZMZGz</latexit>

k3

<latexit sha1_base64="YVHC38EaCNY54DAsRAIzG1kjBFE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSfeq7jXr1w+NWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxq1kbQ=</latexit>

k4

<latexit sha1_base64="w+JhqispOb9TFO6i4mQad7VY+3U="></latexit>

k1 = f(tn,yn)

k2 = f

✓

tn +
h

2
,yn +

h

2
k1

◆

k3 = f

✓

tn +
h

2
,yn +

h

2
k2

◆

k4 = f (tn + h,yn + hk3)

yn+1 ≈ yn +
h

6
(k1 + 2k2 + 2k3 + k4)

๏ Part 1.1: Some fundamentals about numbers in digital memory and the linear algebra of quantum mechanics

๏ Part 1.2: The many-body problem of the day: Ultra-cold bosons in mean-field approximation (Gross-Pitaevskii, GP)

๏ Part 1.3: Runge-Kutta (RK) time-evolution 

methods: A swiss army knife

๏ Part 1.4: Applying Runge-Kutta to GP time-evolution



๏ A general class of standard methods for initial value problems (“Swiss army knife” )

Runge-Kutta Methods

๏ Note: This includes linear Schrödinger equation, but also non-linear (e.g. GP) problems

Schrödinger equation

<latexit sha1_base64="TKvCddwpqn7u770f8JVG2HS3B50=">AAACHXicbVDLSgMxFM3UV62vqks3wSK0IGVGanUjVNy4rGAf0Cklk2ba0MyD5I5QhvkRN/6KGxeKuHAj/o2ZtvhoPRA4nHMuufc4oeAKTPPTyCwtr6yuZddzG5tb2zv53b2mCiJJWYMGIpBthygmuM8awEGwdigZ8RzBWs7oKvVbd0wqHvi3MA5Z1yMDn7ucEtBSL19xi3CMbY/A0HHjcVKEUglffAuXCbZpP4CfhA4kvXzBLJsT4EVizUgBzVDv5d/tfkAjj/lABVGqY5khdGMigVPBkpwdKRYSOiID1tHUJx5T3XhyXYKPtNLHbiD18wFP1N8TMfGUGnuOTqZLqnkvFf/zOhG4592Y+2EEzKfTj9xIYAhwWhXuc8koiLEmhEqud8V0SCShoAvN6RKs+ZMXSfOkbFXLpzeVQq06qyOLDtAhKiILnaEaukZ11EAU3aNH9IxejAfjyXg13qbRjDGb2Ud/YHx8AY0soPo=</latexit>

f(t,y(t)) = A · y(t)

GP equation

<latexit sha1_base64="CUTZcXwT3EMIX4l20fS08fsE0WM=">AAACLHicbVDLSgMxFM3UV62vqks3wSK0IGVGtLoRKt24rGAf0Cklk2ba0MyD5I5QhvkgN/6KIC4s4tbvMG0HH60HAodz7iH3HicUXIFpTozMyura+kZ2M7e1vbO7l98/aKogkpQ1aCAC2XaIYoL7rAEcBGuHkhHPEazljGpTv/XApOKBfw/jkHU9MvC5yykBLfXyNbcIp9j2CAwdNx4nRSiV8PW3cJMUFzyb9gP4CWgt6eULZtmcAS8TKyUFlKLey7/Y/YBGHvOBCqJUxzJD6MZEAqeCJTk7UiwkdEQGrKOpTzymuvHs2ASfaKWP3UDq5wOeqb8TMfGUGnuOnpwuqRa9qfif14nAverG3A8jYD6df+RGAkOAp83hPpeMghhrQqjkeldMh0QSCrrfnC7BWjx5mTTPylalfHF3XqhW0jqy6AgdoyKy0CWqoltURw1E0SN6Rm9oYjwZr8a78TEfzRhp5hD9gfH5BQsrpuU=</latexit>

f(t,y(t)) = A(y(t)) · y(t)

๏ Time-discretization:

<latexit sha1_base64="wFGeswcBabFs33hbUODE8Icna3U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+y7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6tWqV/eXlXotj6MIJ3AK5+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwO4jZk=</latexit>

t0

<latexit sha1_base64="4AYM/dkGG5V4pNn7dixlZifzHCU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6tWqV/eXlXotj6MIJ3AK5+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwU8jZo=</latexit>

t1

<latexit sha1_base64="n4vCsjZdwA/NIaWSrU76kn+ASOw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KknR6rHgxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSA/ar/VLZrbhzkFXi5aQMORr90ldvELM04gqZpMZ0PTdBP6MaBZN8WuylhieUjemQdy1VNOLGz+anTsm5VQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2hC85ZdXSata8WqVq/vLcr2Wx1GAUziDC/DgGupwBw1oAoMhPMMrvDnSeXHenY9F65qTz5zAHzifPwbAjZs=</latexit>

t2
<latexit sha1_base64="RQX35DiL1DIXIUTdlKT/PP2jDo0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6iB4DXjxGNA9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2L1gJOE+xEdKhEKRtFK99g/75crbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW375L2mdVb1a9fLuolKv5XEU4QiO4RQ8uII63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsIRI2c</latexit>

t3 <latexit sha1_base64="KptmuqjovK3sleGr9N17z6n49Qk=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIVo8FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20OWh1YGGbesO9NmEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ7w8TNINqza27C5C/xCtIDQq0BtVPm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZEzqwxJlGj7FJKF+jOR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk/+S9oXda9Rv7q/rDUbRR1lOIFTOAcPrqEJd9ACHxgIeIIXeHWU8+y8Oe/L0ZJTZI7hF5yPb/EMjsA=</latexit>

. . .

<latexit sha1_base64="uGmTpFP5xuVSsFHy9BYBsoGmAHY=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi1WXBjcsK9gFNKJPppB06mYR5CCH0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvlVNbWNza3qtu1nd29/YP64VFPJUYS2iUJT+QgxIpyJmhXM83pIJUUxyGn/XB2W/j9RyoVS8SDzlIaxHgiWMQI1lby/RjraRjl2XzkjuoNt+kugP4SryQNKNEZ1T/9cUJMTIUmHCs19NxUBzmWmhFO5zXfKJpiMsMTOrRU4JiqIF9knqMzq4xRlEj7hEYL9edGjmOlsji0k0VGteoV4n/e0OjoJsiZSI2mgiwPRYYjnaCiADRmkhLNM0swkcxmRWSKJSba1lSzJXirX/5LehdNr9W8ur9stFtlHVU4gVM4Bw+uoQ130IEuEEjhCV7g1THOs/PmvC9HK065cwy/4Hx8AyoHkb4=</latexit>

y0

<latexit sha1_base64="HYm4YruFEmi2PRKX+8RVgumkd4g=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi1WXBjcsK9gFNKJPppB06mYR5CCH0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvlVNbWNza3qtu1nd29/YP64VFPJUYS2iUJT+QgxIpyJmhXM83pIJUUxyGn/XB2W/j9RyoVS8SDzlIaxHgiWMQI1lby/RjraRjl2XzkjeoNt+kugP4SryQNKNEZ1T/9cUJMTIUmHCs19NxUBzmWmhFO5zXfKJpiMsMTOrRU4JiqIF9knqMzq4xRlEj7hEYL9edGjmOlsji0k0VGteoV4n/e0OjoJsiZSI2mgiwPRYYjnaCiADRmkhLNM0swkcxmRWSKJSba1lSzJXirX/5LehdNr9W8ur9stFtlHVU4gVM4Bw+uoQ130IEuEEjhCV7g1THOs/PmvC9HK065cwy/4Hx8AyuLkb8=</latexit>

y1
<latexit sha1_base64="p3zvoF+iiUgRaWWaLer8Tz9ToDo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetXLduCrXqnkcBTiFM7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDzZ2M6g==</latexit>

h

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ≈ y(tn + h)

<latexit sha1_base64="oxrgHlekpMQP8rymGwRzqUWUzgM=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoiWl0W3LisYB/QhjKZTtqhk0mYmSgl9lPcuFDErV/izr9x0mahrQcGDufewz1z/JgzpR3n2yqsrW9sbhW3Szu7e/sHdvmwraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpPNOw9UKhaJez2NqRfikWABI1gbaWCX+yHWYz9Ip7NqfxhpdTawK07NmQOtEjcnFcjRHNhfxkiSkApNOFaq5zqx9lIsNSOczkr9RNEYkwke0Z6hAodUeek8+gydGmWIgkiaJzSaq78dKQ6Vmoa+2cyCquVZJv436yU6uPZSJuJEU0EWh4KEIx2hrAc0ZJISzaeGYCKZyYrIGEtMtGmrZEpwl7+8StrnNbdeu7y7qDTqeR1FOIYTqIILV9CAW2hCCwg8wjO8wpv1ZL1Y79bHYrVg5Z4j+APr8wdCXJP5</latexit>

y(. . . )

<latexit sha1_base64="FyoX4fRdDs1bLk9z5hkf1eMHnM4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi1WXBjcsK9gFNKJPppB06mYR5CCH0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvlVNbWNza3qtu1nd29/YP64VFPJUYS2iUJT+QgxIpyJmhXM83pIJUUxyGn/XB2W/j9RyoVS8SDzlIaxHgiWMQI1lby/RjraRjl2XwkRvWG23QXQH+JV5IGlOiM6p/+OCEmpkITjpUaem6qgxxLzQin85pvFE0xmeEJHVoqcExVkC8yz9GZVcYoSqR9QqOF+nMjx7FSWRzaySKjWvUK8T9vaHR0E+RMpEZTQZaHIsORTlBRABozSYnmmSWYSGazIjLFEhNta6rZErzVL/8lvYum12pe3V822q2yjiqcwCmcgwfX0IY76EAXCKTwBC/w6hjn2Xlz3pejFafcOYZfcD6+AYf/kfw=</latexit>

yn

“exact"

“numerical 

approximation”

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d

dt
ψ(x, t) = −i

✓

p̂2

2m
+ V (x) + g|ψ(x, t)|2

◆

ψ(x, t)

<latexit sha1_base64="FSY8dir+vXLwWM9JvID9UCOx1yk=">AAACMHicbZDNSgMxFIUz/tb6N+rSTbAIbiwzoq0boeCmywrWCp1SMplMG0wyQ3JHKOM8ii/hK7jVva5Elz6Fae3CqhcCh3Pu5d58YSq4Ac97debmFxaXlksr5dW19Y1Nd2v7yiSZpqxNE5Ho65AYJrhibeAg2HWqGZGhYJ3w5nycd26ZNjxRlzBKWU+SgeIxpwSs1XfrQawJzaMij6C4C1LDA03UQDB8hg/zQEvMCxwMCeAm/hn33YpX9SaF/wp/KipoWq2++xFECc0kU0AFMabreyn0cqKBU8GKcpAZlhJ6Qwasa6UikplePvlggfetE+E40fYpwBP350ROpDEjGdpOSWBofmdj87+sm0F82su5SjNgin4vijOBIcFjWjjimlEQIysI1dzeiumQWGJgmc5sCWVRtlD83wj+iqujql+rnlwcVxq1KZ4S2kV76AD5qI4aqIlaqI0oukeP6Ak9Ow/Oi/PmvH+3zjnTmR00U87nF6gKqjI=</latexit>

d

dt
|ψi = −iĤ|ψi

discretized
<latexit sha1_base64="kiu92qZGw/aWj6KZ/ygEX3xA1FU=">AAACEXicbZBLSgNBEIZ74ivG16i4ctMYhAQkzIhGN0LAjcsI5gHJMPR0OkmTngfdNWIYcgpP4FZP4E7cegIP4D3sSWZhEn8o+Piriip+LxJcgWV9G7mV1bX1jfxmYWt7Z3fP3D9oqjCWlDVoKELZ9ohiggesARwEa0eSEd8TrOWNbtN+65FJxcPgAcYRc3wyCHifUwLacs2jbqR46ekMyvgGp+zyEpRds2hVrKnwMtgZFFGmumv+dHshjX0WABVEqY5tReAkRAKngk0K3VixiNARGbCOxoD4TDnJ9P0JPtVOD/dDqSsAPHX/biTEV2rse3rSJzBUi73U/K/XiaF/7SQ8iGJgAZ0d6scCQ4jTLHCPS0ZBjDUQKrn+FdMhkYSCTmzuiifJiMFE52IvprAMzfOKXa1c3l8Ua9UsoTw6RieohGx0hWroDtVRA1GUoBf0it6MZ+Pd+DA+Z6M5I9s5RHMyvn4BGKqclg==</latexit>

ψ(x, t) = ψi(t) <latexit sha1_base64="G9+gSzxPjp4MxIccBP9hLChjhrQ="></latexit>

y =















ψ1

ψ2

.

.

.

ψM−1

ψM















Carl David Tolmé Runge

(1856-1927)

Martin Kutta 

(1867–1944)



Runge-Kutta Methods: 1st order - explicit Euler

๏ Let’s find a method from Taylor expansion of

<latexit sha1_base64="mkT8WBkzqoEZmPC6zhwNyjfUd98=">AAACKXicbVDLSsNAFJ3UV62vqks3g0WoVEoiWl0W3LisYB/QhDCZTtqhk0mYmYgh5Hfc+CtuFBR16484bbOwrQcuHM65l3vv8SJGpTLNL6Owsrq2vlHcLG1t7+zulfcPOjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1xjcTv/tAhKQhv1dJRJwADTn1KUZKS265aQdIjTw/TTI35TUrgzaKIhE+wjkjgzU4gn5Vufzsr8NP3XLFrJtTwGVi5aQCcrTc8ps9CHEcEK4wQ1L2LTNSToqEopiRrGTHkkQIj9GQ9DXlKCDSSaefZvBEKwPoh0IXV3Cq/p1IUSBlEni6c3KkXPQm4n9eP1b+tZNSHsWKcDxb5McMqhBOYoMDKghWLNEEYUH1rRCPkEBY6XBLOgRr8eVl0jmvW4365d1FpdnI4yiCI3AMqsACV6AJbkELtAEGT+AFvIMP49l4NT6N71lrwchnDsEcjJ9f/wCnBg==</latexit>

yn+1 ≈ yn + hf(tn,yn)

“explicit Euler method”

Error is large

๏ Not a good method for several reasons

<latexit sha1_base64="+7/z8ngngkk1oocodYDOxP4g/0E=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRo8BLx4jmAcka5idzCZDZh/M9AbCkv/w4EXFq//i0b9xNtmDJhYMFFXddE15sRQabfvbWlvf2NzaLuwUd/f2Dw5LR8ctHSWK8SaLZKQ6HtVcipA3UaDknVhxGniSt73xXea3J1xpEYWPOI25G9BhKHzBKBrpqRdQHHl+Op1V8IL0S2W7as9BVomTkzLkaPRLX71BxJKAh8gk1brr2DG6KVUomOSzYi/RPKZsTIe8a2hIA67ddJ56Rs6NMiB+pMwLkczV3xspDbSeBp6ZzFLqZS8T//O6Cfq3birCOEEessUhP5EEI5JVQAZCcYZyaghlSpishI2oogxNUaYDZ/nHq6R1WXVq1euHq3K9lrdRgFM4gwo4cAN1uIcGNIGBgmd4hTdrYr1Y79bHYnTNyndO4A+szx94bpIY</latexit>

y(t)

<latexit sha1_base64="hJTFd/Z8GpjE23FEIYzp27jBdAw="></latexit>

y(tn + h) = y(tn) + hẏ(tn) +
h2

2
ÿ(tn) + · · · = y(tn) + hf(tn,yn) +O(h2)

<latexit sha1_base64="WGU8UapUGcksQE5DlblKX9cWjDA=">AAAB+HicbVDLTgIxFL2DL8TXqEs3jcQEN2SGKLokceNOTOSRwEg6pUBDpzNpOyQ44U9cuFHj1j9x6d/YgVkoeJImJ+fcm3t6/IgzpR3n28qtrW9sbuW3Czu7e/sH9uFRU4WxJLRBQh7Kto8V5UzQhmaa03YkKQ58Tlv++Cb1WxMqFQvFg55G1AvwULABI1gbqWfb3QDrEcE8uZuVRo+V855ddMrOHGiVuBkpQoZ6z/7q9kMSB1RowrFSHdeJtJdgqRnhdFboxopGmIzxkHYMFTigykvmyWfozCh9NAileUKjufp7I8GBUtPAN5NpTrXspeJ/XifWg2svYSKKNRVkcWgQc6RDlNaA+kxSovnUEEwkM1kRGWGJiTZlmQ7c5R+vkmal7FbLl/cXxVo1ayMPJ3AKJXDhCmpwC3VoAIEJPMMrvFlP1ov1bn0sRnNWtnMMf2B9/gA5rpL/</latexit>

O(h2)

… need tiny h Solution is often 

not stable!

<latexit sha1_base64="tbI5ZOCwuQ8INvVOSaf5golOwZE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjrZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVq4bV+VaNY+jAKdwBhfgwQ3U4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A382M9g==</latexit>

t
<latexit sha1_base64="M97AT9mAc5Ahq7g9bXCN0GzrAMo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9WrVq/vLSr2Wx1GEEziFc/DgGupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2Gwjdc=</latexit>

tn

<latexit sha1_base64="XyAY32EoEQpONGwOZGXTsS48L7s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiWj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtbGfqQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw1s/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq16tev1wVanX8jiKcAKncA4e3EAd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wf/049T</latexit>

tn+1

<latexit sha1_base64="Tse1OSF2IZpocSaJfc6bpOYDcE0=">AAAB83icbVDLSsNAFL2pr1pfVZdugkWom5KIVpcFNy4r2Ae0oUymk3boZBJnboQS+h0u3Ki49WNc+jdO2iy09cDA4Zx7uWeOHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YlmgkvWQo6CdWPFSOgL1vEnt5nfeWJK80g+4DRmXkhGkgecEjSS1w8Jjv0gnc6qeD4oV5yaM4e9StycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1K/USzmNAJGbGeoZKETHvpPPTMPjPK0A4iZZ5Ee67+3khJqPU09M1kFlIve5n4n9dLMLjxUi7jBJmki0NBImyM7KwBe8gVoyimhhCquMlq0zFRhKLpyXTgLv94lbQvam69dnV/WWnU8zaKcAKnUAUXrqEBd9CEFlB4hGd4hTcrsV6sd+tjMVqw8p1j+APr8wceD5Hu</latexit>

y(t)

“error grows in 

same direction”

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ≈ y(tn + h)



Runge-Kutta Methods: 1st order

<latexit sha1_base64="mkT8WBkzqoEZmPC6zhwNyjfUd98=">AAACKXicbVDLSsNAFJ3UV62vqks3g0WoVEoiWl0W3LisYB/QhDCZTtqhk0mYmYgh5Hfc+CtuFBR16484bbOwrQcuHM65l3vv8SJGpTLNL6Owsrq2vlHcLG1t7+zulfcPOjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1xjcTv/tAhKQhv1dJRJwADTn1KUZKS265aQdIjTw/TTI35TUrgzaKIhE+wjkjgzU4gn5Vufzsr8NP3XLFrJtTwGVi5aQCcrTc8ps9CHEcEK4wQ1L2LTNSToqEopiRrGTHkkQIj9GQ9DXlKCDSSaefZvBEKwPoh0IXV3Cq/p1IUSBlEni6c3KkXPQm4n9eP1b+tZNSHsWKcDxb5McMqhBOYoMDKghWLNEEYUH1rRCPkEBY6XBLOgRr8eVl0jmvW4365d1FpdnI4yiCI3AMqsACV6AJbkELtAEGT+AFvIMP49l4NT6N71lrwchnDsEcjJ9f/wCnBg==</latexit>

yn+1 ≈ yn + hf(tn,yn)

“explicit Euler method”

๏ … very simple example (Rabi oscillations)
<latexit sha1_base64="8b/83ko51Q26fUev/E6ZPI0pWec=">AAACKXicbVDLSgMxFM3UVx1foy7dBIviqsyIVjdCxU13VrAP6JSSSW/b0ExmSDJiGfo9LvwWF9342vojpg9EWw8ETs65l3vvCWLOlHbdDyuztLyyupZdtzc2t7Z3nN29qooSSaFCIx7JekAUcCagopnmUI8lkDDgUAv6N2O/9gBSsUjc60EMzZB0BeswSrSRWs613yMal/AVtv0AukykcUi0ZI9D28XH2L8NoUt8354So7jjD4j2T13Lybl5dwK8SLwZyaEZyi1n5LcjmoQgNOVEqYbnxrqZEqkZ5TC0/URBTGifdKFhqCAhqGY6OXWIj4zSxp1Imic0nqi/O1ISKjUIA1Np9uupeW8s/uc1Et25bKZMxIkGQaeDOgnHOsLj3HCbSaCaDwwhVDKzK6Y9IgnVJl2TgTd/8SKpnua9Qv787ixXLMzSyKIDdIhOkIcuUBGVUBlVEEVP6AW9ojfr2RpZ79bntDRjzXr20R9YX9/tR6Td</latexit>

Ĥ =

✓

0 Ω

Ω 0

◆
<latexit sha1_base64="1RMT6jcp3jMwp3+b0Im39BYK5wg=">AAACMHicbZDLSgMxFIYz3q23qks3wSK4scxIsd0IgpsuK1hb6JSSyWTaYJIZkjNCGedRfAlfwa3udSW69ClMaxe9eCDw8//ncE6+IBHcgOt+OEvLK6tr6xubha3tnd294v7BnYlTTVmTxiLW7YAYJrhiTeAgWDvRjMhAsFZwfz3KWw9MGx6rWxgmrCtJX/GIUwLW6hWrfqQJzcI8CyF/9BPDfU1UXzB8ic8yX0vMc+wPCOA6no57xZJbdseFF4U3ESU0qUav+O2HMU0lU0AFMabjuQl0M6KBU8Hygp8alhB6T/qsY6UikpluNv5gjk+sE+Io1vYpwGN3eiIj0pihDGynJDAw89nI/C/rpBDVuhlXSQpM0b9FUSowxHhEC4dcMwpiaAWhmttbMR0QSwws05ktgcwLFoo3j2BR3J2XvYty5aZSuqpN8GygI3SMTpGHqugK1VEDNRFFT+gFvaI359l5dz6dr7/WJWcyc4hmyvn5BahSqjM=</latexit>

d

dt
|ψi = −iĤ|ψi

<latexit sha1_base64="ZtpSyz5n51I3ICsgRJtmXq5D4G8="></latexit>

|ψ0i =

✓

1

0

◆
<latexit sha1_base64="3jiwFe7psBdrl89vDAGSlFA0llQ=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSiJaXRbcuKxgH9CGMplO2iGTSZi5EUroyi9wq1/gTtz6JX6A/+GkzcK2HrhwOOde7r3HTwTX6Djf1tr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLV9YlmgkvWQo6CdRPFSOQL1vHDu9zvPDGleSwfcZIwLyIjyQNOCRqp0w8ZZqPpoFJ1as4M9ipxC1KFAs1B5ac/jGkaMYlUEK17rpOglxGFnAo2LfdTzRJCQzJiPUMliZj2stm5U/vcKEM7iJUpifZM/TuRkUjrSeSbzojgWC97ufif10sxuPUyLpMUmaTzRUEqbIzt/Hd7yBWjKCaGEKq4udWmY6IIRZPQwhZfEZNMnou7nMIqaV/W3Hrt+uGq2qgXCZXgFM7gAly4gQbcQxNaQCGEF3iFN+vZerc+rM9565pVzJzAAqyvX10cmBU=</latexit>

|gi
<latexit sha1_base64="+s8JrloneEZwIsamHsSDfJCmq6g=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSiJaXRbcuKxgH9CGMpnetEMmkzAzEUroyi9wq1/gTtz6JX6A/+GkzcK2HrhwOOde7r3HTzhT2nG+rbX1jc2t7dJOeXdv/+CwcnTcVnEqKbZozGPZ9YlCzgS2NNMcu4lEEvkcO354l/udJ5SKxeJRTxL0IjISLGCUaCN1+iHqDKeDStWpOTPYq8QtSBUKNAeVn/4wpmmEQlNOlOq5TqK9jEjNKMdpuZ8qTAgNyQh7hgoSofKy2blT+9woQzuIpSmh7Zn6dyIjkVKTyDedEdFjtezl4n9eL9XBrZcxkaQaBZ0vClJu69jOf7eHTCLVfGIIoZKZW206JpJQbRJa2OJLYpLJc3GXU1gl7cuaW69dP1xVG/UioRKcwhlcgAs30IB7aEILKITwAq/wZj1b79aH9TlvXbOKmRNYgPX1C1nsmBM=</latexit>

|ei

Compute:

๏ Explicit Euler method:

Exact:
<latexit sha1_base64="RpIFqXj+xq1WWLzSXVvFEeU/eSs=">AAACFHicbVDJSgNBEO2JW4zbqBfBS2MQkkuYEbeLEPDizQhmgSSGnk4ladLTM3TXCCHEz/ALvOoXeBOv3v0A/8POctDog4LHe1VU1QtiKQx63qeTWlhcWl5Jr2bW1jc2t9ztnYqJEs2hzCMZ6VrADEihoIwCJdRiDSwMJFSD/uXYr96DNiJStziIoRmyrhIdwRlaqeXuqRbkME8vaMMIdXeUw8Z1CF2Wb7lZr+BNQP8Sf0ayZIZSy/1qtCOehKCQS2ZM3fdibA6ZRsEljDKNxEDMeJ91oW6pYiGY5nDywYgeWqVNO5G2pZBO1J8TQxYaMwgD2xky7Jl5byz+59UT7Jw3h0LFCYLi00WdRFKM6DgO2hYaOMqBJYxrYW+lvMc042hD+7Ul0KwPOLK5+PMp/CWVo4J/Wji5Oc4WT2cJpck+OSA54pMzUiRXpETKhJMH8kSeyYvz6Lw6b877tDXlzGZ2yS84H98ZO52l</latexit>

ne(t) = sin2(tΩ)

<latexit sha1_base64="jqdSaq5SA/bgn16qTHwbTxiZcbw=">AAACG3icbZDJSgNBEIZ7XGPcoh492BgEvYQZcbsIAS8eI5gFMmPo6VS0SU/P0F0jhEmOPoZP4FWfwJt49eAD+B52loNRf2j4+auKqv7CRAqDrvvpzMzOzS8s5pbyyyura+uFjc2aiVPNocpjGetGyAxIoaCKAiU0Eg0sCiXUw+7FsF6/B21ErK6xl0AQsVslOoIztFGrsKNasI8H9Jz2/VCzLmDmJ0bYqA+D/s1hq1B0S+5I9K/xJqZIJqq0Cl9+O+ZpBAq5ZMY0PTfBIGMaBZcwyPupgYTxLruFprWKRWCCbPSRAd2zSZt2Ym2fQjpKf05kLDKmF4W2M2J4Z37XhuF/tWaKnbMgEypJERQfL+qkkmJMh1RoW2jgKHvWMK6FvZXyO6YZR8tuassY0sBy8X5T+GtqhyXvpHR8dVQsn0wI5cg22SX7xCOnpEwuSYVUCScP5Ik8kxfn0Xl13pz3ceuMM5nZIlNyPr4Byc+hTg==</latexit>

ne(t) = | hψ(t)|ei |2

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ≈ y(tn + h)

<latexit sha1_base64="MB+m+2avKcqhuJ33XGYrPWaJihU=">AAACI3icbVDLSsNAFJ3UV62PRl26GSyCq5KIVpcFN+6sYB/QhDKZ3rZDZ5I4MymU0C9xa7/Gnbhx4acITtss7OPAhcM593LvPUHMmdKO823ltrZ3dvfy+4WDw6Pjon1y2lBRIinUacQj2QqIAs5CqGumObRiCUQEHJrB8GHmN0cgFYvCFz2OwRekH7Ieo0QbqWMXvScBfYI9eE3YCLsdu+SUnTnwOnEzUkIZah371+tGNBEQasqJUm3XibWfEqkZ5TApeImCmNAh6UPb0JAIUH46P3yCL43Sxb1Imgo1nqv/J1IilBqLwHQKogdq1ZuJG71AkiHoTVY70b17P2VhnGgI6eKGXsKxjvAsINxlEqjmY0MIlcy8gemASEK1iXF5iZgUTF7uajrrpHFddivl2+ebUrWSJZdH5+gCXSEX3aEqekQ1VEcUJegNvaOpNbU+rE/ra9Gas7KZM7QE6+cPYpSkFQ==</latexit>

Ω ≡ 1

|gi
<latexit sha1_base64="opnZD8VSC9Oc0kJs8JYVK7hZ7XY=">AAACEnicbVDLSgMxFL1TX7W+qi7dBIvgqsxoQZcFNy4r2Ae0Q8mkmTZMkhmSjFCG+QjBlf6JO3HrD/gjrk3bWdjWA4GTc+6Fc0+QcKaN6347pY3Nre2d8m5lb//g8Kh6fNLRcaoIbZOYx6oXYE05k7RtmOG0lyiKRcBpN4juZn73iSrNYvlopgn1BR5LFjKCjZW6g4iabJwPqzW37s6B1olXkBoUaA2rP4NRTFJBpSEca9333MT4GVaGEU7zyiDVNMEkwmPat1RiQbWfzePm6MIqIxTGyj5p0Fz9u5FhofVUBHZSYDPRq95M/NcLRL78V9jet5LGhLd+xmSSGirJIkyYcmRiNOsHjZiixPCpJZgoZu9BZIIVJsa2WLFFeau1rJPOVd27rnsPjVqzUVRWhjM4h0vw4AaacA8taAOBCJ7hFd6cF+fd+XA+F6Mlp9g5hSU4X7/cIJ7C</latexit>

|ei
<latexit sha1_base64="Ls1LQqTj6Mp4uHnZJHAQrm4rdA0=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjNa0GXBjcsK9gHtUDLpnTZMkhmSjFCG+QjBlf6JO3HrD/gjrk3bWdjWA4GTc+6Fc0+QcKaN6347pY3Nre2d8m5lb//g8Kh6fNLRcaootGnMY9ULiAbOJLQNMxx6iQIiAg7dILqb+d0nUJrF8tFME/AFGUsWMkqMlbqDCEwG+bBac+vuHHideAWpoQKtYfVnMIppKkAayonWfc9NjJ8RZRjlkFcGqYaE0IiMoW+pJAK0n83j5vjCKiMcxso+afBc/buREaH1VAR2UhAz0aveTPzXC0S+/FfE3reSxoS3fsZkkhqQdBEmTDk2MZ71g0dMATV8agmhitl7MJ0QRaixLVZsUd5qLeukc1X3ruveQ6PWbBSVldEZOkeXyEM3qInuUQu1EUURekav6M15cd6dD+dzMVpyip1TtATn6xfYzp7A</latexit>

<latexit sha1_base64="i0IZLczIP2i5PEQFOWI9sVvJHvI=">AAACAXicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BL96MYB6QLGF20psMOzO7zMwKYcnJL/CqX+BNvPolfoD/4STZg0ksaCiquunuChLOtHHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFYUmjXmsOgHRwJmEpmGGQydRQETAoR1Et1O//QRKs1g+mnECviBDyUJGibFSu3cvYEhK/XLFrboz4FXi5aSCcjT65Z/eIKapAGkoJ1p3PTcxfkaUYZTDpNRLNSSERmQIXUslEaD9bHbuBJ9ZZYDDWNmSBs/UvxMZEVqPRWA7BTEjvexNxf+8bmrCGz9jMkkNSDpfFKYcmxhPf8cDpoAaPraEUMXsrZiOiCLU2IQWtgSKRGAmNhdvOYVV0rqoerXq1cNlpV7LEyqiE3SKzpGHrlEd3aEGaiKKIvSCXtGb8+y8Ox/O57y14OQzx2gBztcvRHaXZQ==</latexit>

Ω



Runge-Kutta Methods: 1st order

<latexit sha1_base64="mkT8WBkzqoEZmPC6zhwNyjfUd98=">AAACKXicbVDLSsNAFJ3UV62vqks3g0WoVEoiWl0W3LisYB/QhDCZTtqhk0mYmYgh5Hfc+CtuFBR16484bbOwrQcuHM65l3vv8SJGpTLNL6Owsrq2vlHcLG1t7+zulfcPOjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1xjcTv/tAhKQhv1dJRJwADTn1KUZKS265aQdIjTw/TTI35TUrgzaKIhE+wjkjgzU4gn5Vufzsr8NP3XLFrJtTwGVi5aQCcrTc8ps9CHEcEK4wQ1L2LTNSToqEopiRrGTHkkQIj9GQ9DXlKCDSSaefZvBEKwPoh0IXV3Cq/p1IUSBlEni6c3KkXPQm4n9eP1b+tZNSHsWKcDxb5McMqhBOYoMDKghWLNEEYUH1rRCPkEBY6XBLOgRr8eVl0jmvW4365d1FpdnI4yiCI3AMqsACV6AJbkELtAEGT+AFvIMP49l4NT6N71lrwchnDsEcjJ9f/wCnBg==</latexit>

yn+1 ≈ yn + hf(tn,yn)

“explicit Euler method”

๏ … very simple example (Rabi oscillations)

<latexit sha1_base64="8b/83ko51Q26fUev/E6ZPI0pWec=">AAACKXicbVDLSgMxFM3UVx1foy7dBIviqsyIVjdCxU13VrAP6JSSSW/b0ExmSDJiGfo9LvwWF9342vojpg9EWw8ETs65l3vvCWLOlHbdDyuztLyyupZdtzc2t7Z3nN29qooSSaFCIx7JekAUcCagopnmUI8lkDDgUAv6N2O/9gBSsUjc60EMzZB0BeswSrSRWs613yMal/AVtv0AukykcUi0ZI9D28XH2L8NoUt8354So7jjD4j2T13Lybl5dwK8SLwZyaEZyi1n5LcjmoQgNOVEqYbnxrqZEqkZ5TC0/URBTGifdKFhqCAhqGY6OXWIj4zSxp1Imic0nqi/O1ISKjUIA1Np9uupeW8s/uc1Et25bKZMxIkGQaeDOgnHOsLj3HCbSaCaDwwhVDKzK6Y9IgnVJl2TgTd/8SKpnua9Qv787ixXLMzSyKIDdIhOkIcuUBGVUBlVEEVP6AW9ojfr2RpZ79bntDRjzXr20R9YX9/tR6Td</latexit>

Ĥ =

✓

0 Ω

Ω 0

◆
<latexit sha1_base64="1RMT6jcp3jMwp3+b0Im39BYK5wg=">AAACMHicbZDLSgMxFIYz3q23qks3wSK4scxIsd0IgpsuK1hb6JSSyWTaYJIZkjNCGedRfAlfwa3udSW69ClMaxe9eCDw8//ncE6+IBHcgOt+OEvLK6tr6xubha3tnd294v7BnYlTTVmTxiLW7YAYJrhiTeAgWDvRjMhAsFZwfz3KWw9MGx6rWxgmrCtJX/GIUwLW6hWrfqQJzcI8CyF/9BPDfU1UXzB8ic8yX0vMc+wPCOA6no57xZJbdseFF4U3ESU0qUav+O2HMU0lU0AFMabjuQl0M6KBU8Hygp8alhB6T/qsY6UikpluNv5gjk+sE+Io1vYpwGN3eiIj0pihDGynJDAw89nI/C/rpBDVuhlXSQpM0b9FUSowxHhEC4dcMwpiaAWhmttbMR0QSwws05ktgcwLFoo3j2BR3J2XvYty5aZSuqpN8GygI3SMTpGHqugK1VEDNRFFT+gFvaI359l5dz6dr7/WJWcyc4hmyvn5BahSqjM=</latexit>

d

dt
|ψi = −iĤ|ψi

<latexit sha1_base64="ZtpSyz5n51I3ICsgRJtmXq5D4G8="></latexit>

|ψ0i =

✓

1

0

◆
<latexit sha1_base64="3jiwFe7psBdrl89vDAGSlFA0llQ=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSiJaXRbcuKxgH9CGMplO2iGTSZi5EUroyi9wq1/gTtz6JX6A/+GkzcK2HrhwOOde7r3HTwTX6Djf1tr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLV9YlmgkvWQo6CdRPFSOQL1vHDu9zvPDGleSwfcZIwLyIjyQNOCRqp0w8ZZqPpoFJ1as4M9ipxC1KFAs1B5ac/jGkaMYlUEK17rpOglxGFnAo2LfdTzRJCQzJiPUMliZj2stm5U/vcKEM7iJUpifZM/TuRkUjrSeSbzojgWC97ufif10sxuPUyLpMUmaTzRUEqbIzt/Hd7yBWjKCaGEKq4udWmY6IIRZPQwhZfEZNMnou7nMIqaV/W3Hrt+uGq2qgXCZXgFM7gAly4gQbcQxNaQCGEF3iFN+vZerc+rM9565pVzJzAAqyvX10cmBU=</latexit>

|gi
<latexit sha1_base64="+s8JrloneEZwIsamHsSDfJCmq6g=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSiJaXRbcuKxgH9CGMpnetEMmkzAzEUroyi9wq1/gTtz6JX6A/+GkzcK2HrhwOOde7r3HTzhT2nG+rbX1jc2t7dJOeXdv/+CwcnTcVnEqKbZozGPZ9YlCzgS2NNMcu4lEEvkcO354l/udJ5SKxeJRTxL0IjISLGCUaCN1+iHqDKeDStWpOTPYq8QtSBUKNAeVn/4wpmmEQlNOlOq5TqK9jEjNKMdpuZ8qTAgNyQh7hgoSofKy2blT+9woQzuIpSmh7Zn6dyIjkVKTyDedEdFjtezl4n9eL9XBrZcxkaQaBZ0vClJu69jOf7eHTCLVfGIIoZKZW206JpJQbRJa2OJLYpLJc3GXU1gl7cuaW69dP1xVG/UioRKcwhlcgAs30IB7aEILKITwAq/wZj1b79aH9TlvXbOKmRNYgPX1C1nsmBM=</latexit>

|ei

๏ Explicit Euler method:

<latexit sha1_base64="jqdSaq5SA/bgn16qTHwbTxiZcbw=">AAACG3icbZDJSgNBEIZ7XGPcoh492BgEvYQZcbsIAS8eI5gFMmPo6VS0SU/P0F0jhEmOPoZP4FWfwJt49eAD+B52loNRf2j4+auKqv7CRAqDrvvpzMzOzS8s5pbyyyura+uFjc2aiVPNocpjGetGyAxIoaCKAiU0Eg0sCiXUw+7FsF6/B21ErK6xl0AQsVslOoIztFGrsKNasI8H9Jz2/VCzLmDmJ0bYqA+D/s1hq1B0S+5I9K/xJqZIJqq0Cl9+O+ZpBAq5ZMY0PTfBIGMaBZcwyPupgYTxLruFprWKRWCCbPSRAd2zSZt2Ym2fQjpKf05kLDKmF4W2M2J4Z37XhuF/tWaKnbMgEypJERQfL+qkkmJMh1RoW2jgKHvWMK6FvZXyO6YZR8tuassY0sBy8X5T+GtqhyXvpHR8dVQsn0wI5cg22SX7xCOnpEwuSYVUCScP5Ik8kxfn0Xl13pz3ceuMM5nZIlNyPr4Byc+hTg==</latexit>

ne(t) = | hψ(t)|ei |2

Fundamental problem: 

Norm keeps increasing!

<latexit sha1_base64="Djm/ZCOJBxkzIPSBp1aJw1etDCI="></latexit>

|ψn+1i = |ψni − ihĤ |ψni

<latexit sha1_base64="Cdq5m5JlW34BR5NEU/XaLc4NiiI="></latexit>

hψn+1|ψn+1i = hψn|ψni+ h2 hψn| Ĥ
2 |ψni

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ≈ y(tn + h)



Runge-Kutta Methods: 2nd order - Midpoint methods

๏ Let’s find a better method:

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ≈ y(tn + h)

<latexit sha1_base64="tbI5ZOCwuQ8INvVOSaf5golOwZE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjrZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVq4bV+VaNY+jAKdwBhfgwQ3U4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A382M9g==</latexit>

t
<latexit sha1_base64="M97AT9mAc5Ahq7g9bXCN0GzrAMo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9WrVq/vLSr2Wx1GEEziFc/DgGupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2Gwjdc=</latexit>

tn

<latexit sha1_base64="XyAY32EoEQpONGwOZGXTsS48L7s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiWj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtbGfqQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw1s/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq16tev1wVanX8jiKcAKncA4e3EAd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wf/049T</latexit>

tn+1

<latexit sha1_base64="Tse1OSF2IZpocSaJfc6bpOYDcE0=">AAAB83icbVDLSsNAFL2pr1pfVZdugkWom5KIVpcFNy4r2Ae0oUymk3boZBJnboQS+h0u3Ki49WNc+jdO2iy09cDA4Zx7uWeOHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YlmgkvWQo6CdWPFSOgL1vEnt5nfeWJK80g+4DRmXkhGkgecEjSS1w8Jjv0gnc6qeD4oV5yaM4e9StycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1K/USzmNAJGbGeoZKETHvpPPTMPjPK0A4iZZ5Ee67+3khJqPU09M1kFlIve5n4n9dLMLjxUi7jBJmki0NBImyM7KwBe8gVoyimhhCquMlq0zFRhKLpyXTgLv94lbQvam69dnV/WWnU8zaKcAKnUAUXrqEBd9CEFlB4hGd4hTcrsV6sd+tjMVqw8p1j+APr8wceD5Hu</latexit>

y(t)

<latexit sha1_base64="AKAwpjeZ4HuHBpqCcehnQdr5fLw=">AAACDHicbZDLSsNAFIYn9VbrpVGXbgaLIAglKVpdFty4rGAv0IYymU7aoZNJmDkRSsgr+AJu9Q3ciVvfwRfwOZy2WdjWHw78/OcczuHzY8E1OM63VdjY3NreKe6W9vYPDsv20XFbR4mirEUjEamuTzQTXLIWcBCsGytGQl+wjj+5m/U7T0xpHslHmMbMC8lI8oBTAiYa2GUYyMt+oAhNx1laywZ2xak6c+F14+amgnI1B/ZPfxjRJGQSqCBa91wnBi8lCjgVLCv1E81iQidkxHrGShIy7aXzxzN8bpIhDiJlSgKep383UhJqPQ19MxkSGOvV3iz8r9dLILj1Ui7jBJiki0NBIjBEeEYBD7liFMTUGEIVN79iOiaGAhhWS1d8RSYMspIB465iWDftWtWtV68friqNeo6oiE7RGbpALrpBDXSPmqiFKErQC3pFb9az9W59WJ+L0YKV75ygJVlfv1pem5U=</latexit>

tn +
h

2

๏ Then, in exact Taylor expansion, the error is

<latexit sha1_base64="VJOpHdyTD1SpEt2uILwdho1Czdw="></latexit>

yn+1 ≈ yn + hf

✓

tn +
1

2
,
1

2
(yn + yn+1)

◆

“take slope at middle point”

<latexit sha1_base64="SJnQlnWj3aINUzUrWPcERlfn+3c="></latexit>

✏n+1 ≡ y(tn + h)− y(tn)− hf

✓

tn +
h

2
,
1

2
(y(tn) + y(tn+1))

◆

= · · · = 0 +O(h3)

(exercise)

๏ This is called “implicit midpoint method”
Implicit, meaning: The right hand-side has already the 

solution at n+1, so one generally needs to resolve the 

equation for the n+1 value or use some iteration.



๏ Zero order iteration gives:

<latexit sha1_base64="tbI5ZOCwuQ8INvVOSaf5golOwZE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjrZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVq4bV+VaNY+jAKdwBhfgwQ3U4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A382M9g==</latexit>

t
<latexit sha1_base64="M97AT9mAc5Ahq7g9bXCN0GzrAMo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9WrVq/vLSr2Wx1GEEziFc/DgGupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2Gwjdc=</latexit>

tn

<latexit sha1_base64="XyAY32EoEQpONGwOZGXTsS48L7s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiWj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtbGfqQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw1s/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq16tev1wVanX8jiKcAKncA4e3EAd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wf/049T</latexit>

tn+1

<latexit sha1_base64="Tse1OSF2IZpocSaJfc6bpOYDcE0=">AAAB83icbVDLSsNAFL2pr1pfVZdugkWom5KIVpcFNy4r2Ae0oUymk3boZBJnboQS+h0u3Ki49WNc+jdO2iy09cDA4Zx7uWeOHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YlmgkvWQo6CdWPFSOgL1vEnt5nfeWJK80g+4DRmXkhGkgecEjSS1w8Jjv0gnc6qeD4oV5yaM4e9StycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1K/USzmNAJGbGeoZKETHvpPPTMPjPK0A4iZZ5Ee67+3khJqPU09M1kFlIve5n4n9dLMLjxUi7jBJmki0NBImyM7KwBe8gVoyimhhCquMlq0zFRhKLpyXTgLv94lbQvam69dnV/WWnU8zaKcAKnUAUXrqEBd9CEFlB4hGd4hTcrsV6sd+tjMVqw8p1j+APr8wceD5Hu</latexit>

y(t)

<latexit sha1_base64="AKAwpjeZ4HuHBpqCcehnQdr5fLw=">AAACDHicbZDLSsNAFIYn9VbrpVGXbgaLIAglKVpdFty4rGAv0IYymU7aoZNJmDkRSsgr+AJu9Q3ciVvfwRfwOZy2WdjWHw78/OcczuHzY8E1OM63VdjY3NreKe6W9vYPDsv20XFbR4mirEUjEamuTzQTXLIWcBCsGytGQl+wjj+5m/U7T0xpHslHmMbMC8lI8oBTAiYa2GUYyMt+oAhNx1laywZ2xak6c+F14+amgnI1B/ZPfxjRJGQSqCBa91wnBi8lCjgVLCv1E81iQidkxHrGShIy7aXzxzN8bpIhDiJlSgKep383UhJqPQ19MxkSGOvV3iz8r9dLILj1Ui7jBJiki0NBIjBEeEYBD7liFMTUGEIVN79iOiaGAhhWS1d8RSYMspIB465iWDftWtWtV68friqNeo6oiE7RGbpALrpBDXSPmqiFKErQC3pFb9az9W59WJ+L0YKV75ygJVlfv1pem5U=</latexit>

tn +
h

2

<latexit sha1_base64="e6C3KRUjNQ+J/BWZ0rvnWFbibAg="></latexit>

k1 = yn +
h

2
f(tn + yn)

yn+1 ≈ yn + hf(tn +
h

2
,k1)

Explicit Euler estimate for mid-point

<latexit sha1_base64="LnpLvSB8ep67C7TawZXLE6A/Jec=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRnR6rLgxmUF+4B2LJk004YmmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg7bOkoUoS0S8Uh1A6wpZ5K2DDOcdmNFsQg47QSTm9zvPFKlWSTvzTSmvsAjyUJGsLHSQ9oX2IyDMJ1k2cAbVKpuzZ0BLROvIFUo0BxUvvrDiCSCSkM41rrnubHxU6wMI5xm5X6iaYzJBI9oz1KJBdV+OkudoVOrDFEYKfukQTP190aKhdZTEdjJPKRe9HLxP6+XmPDaT5mME0MlmR8KE45MhPIK0JApSgyfWoKJYjYrImOsMDG2qLItwVv88jJpn9e8eu3y7qLaqBd1lOAYTuAMPLiCBtxCE1pAQMEzvMKb8+S8OO/Ox3x0xSl2juAPnM8f43iSvQ==</latexit>

k1

“explicit midpoint method”

<latexit sha1_base64="VJOpHdyTD1SpEt2uILwdho1Czdw="></latexit>

yn+1 ≈ yn + hf

✓

tn +
1

2
,
1

2
(yn + yn+1)

◆

<latexit sha1_base64="175TEEpKaZcxJ/wpTi4Urt6EyR4="></latexit>

yn+1 ≈ yn + hf

✓

tn +
1

2
,yn

◆ <latexit sha1_base64="MA8VdFoHoVbChXL3WoffDInk8Vo="></latexit>

k1 ≡

yn + yn+1

2
≈ yn +

h

2
f

✓

tn +
1

2
,yn

◆

“implicit midpoint method”

Runge-Kutta Methods: 2nd order - Midpoint methods

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ≈ y(tn + h)



Runge-Kutta Methods: 2nd order - Midpoint methods

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ≈ y(tn + h)

<latexit sha1_base64="e6C3KRUjNQ+J/BWZ0rvnWFbibAg="></latexit>

k1 = yn +
h

2
f(tn + yn)

yn+1 ≈ yn + hf(tn +
h

2
,k1)

“explicit midpoint method”

๏ … very simple example (Rabi oscillations)

<latexit sha1_base64="1RMT6jcp3jMwp3+b0Im39BYK5wg=">AAACMHicbZDLSgMxFIYz3q23qks3wSK4scxIsd0IgpsuK1hb6JSSyWTaYJIZkjNCGedRfAlfwa3udSW69ClMaxe9eCDw8//ncE6+IBHcgOt+OEvLK6tr6xubha3tnd294v7BnYlTTVmTxiLW7YAYJrhiTeAgWDvRjMhAsFZwfz3KWw9MGx6rWxgmrCtJX/GIUwLW6hWrfqQJzcI8CyF/9BPDfU1UXzB8ic8yX0vMc+wPCOA6no57xZJbdseFF4U3ESU0qUav+O2HMU0lU0AFMabjuQl0M6KBU8Hygp8alhB6T/qsY6UikpluNv5gjk+sE+Io1vYpwGN3eiIj0pihDGynJDAw89nI/C/rpBDVuhlXSQpM0b9FUSowxHhEC4dcMwpiaAWhmttbMR0QSwws05ktgcwLFoo3j2BR3J2XvYty5aZSuqpN8GygI3SMTpGHqugK1VEDNRFFT+gFvaI359l5dz6dr7/WJWcyc4hmyvn5BahSqjM=</latexit>

d

dt
|ψi = −iĤ|ψi

<latexit sha1_base64="ZtpSyz5n51I3ICsgRJtmXq5D4G8="></latexit>

|ψ0i =

✓

1

0

◆
<latexit sha1_base64="3jiwFe7psBdrl89vDAGSlFA0llQ=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSiJaXRbcuKxgH9CGMplO2iGTSZi5EUroyi9wq1/gTtz6JX6A/+GkzcK2HrhwOOde7r3HTwTX6Djf1tr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLV9YlmgkvWQo6CdRPFSOQL1vHDu9zvPDGleSwfcZIwLyIjyQNOCRqp0w8ZZqPpoFJ1as4M9ipxC1KFAs1B5ac/jGkaMYlUEK17rpOglxGFnAo2LfdTzRJCQzJiPUMliZj2stm5U/vcKEM7iJUpifZM/TuRkUjrSeSbzojgWC97ufif10sxuPUyLpMUmaTzRUEqbIzt/Hd7yBWjKCaGEKq4udWmY6IIRZPQwhZfEZNMnou7nMIqaV/W3Hrt+uGq2qgXCZXgFM7gAly4gQbcQxNaQCGEF3iFN+vZerc+rM9565pVzJzAAqyvX10cmBU=</latexit>

|gi
<latexit sha1_base64="+s8JrloneEZwIsamHsSDfJCmq6g=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSiJaXRbcuKxgH9CGMpnetEMmkzAzEUroyi9wq1/gTtz6JX6A/+GkzcK2HrhwOOde7r3HTzhT2nG+rbX1jc2t7dJOeXdv/+CwcnTcVnEqKbZozGPZ9YlCzgS2NNMcu4lEEvkcO354l/udJ5SKxeJRTxL0IjISLGCUaCN1+iHqDKeDStWpOTPYq8QtSBUKNAeVn/4wpmmEQlNOlOq5TqK9jEjNKMdpuZ8qTAgNyQh7hgoSofKy2blT+9woQzuIpSmh7Zn6dyIjkVKTyDedEdFjtezl4n9eL9XBrZcxkaQaBZ0vClJu69jOf7eHTCLVfGIIoZKZW206JpJQbRJa2OJLYpLJc3GXU1gl7cuaW69dP1xVG/UioRKcwhlcgAs30IB7aEILKITwAq/wZj1b79aH9TlvXbOKmRNYgPX1C1nsmBM=</latexit>

|ei

<latexit sha1_base64="jqdSaq5SA/bgn16qTHwbTxiZcbw=">AAACG3icbZDJSgNBEIZ7XGPcoh492BgEvYQZcbsIAS8eI5gFMmPo6VS0SU/P0F0jhEmOPoZP4FWfwJt49eAD+B52loNRf2j4+auKqv7CRAqDrvvpzMzOzS8s5pbyyyura+uFjc2aiVPNocpjGetGyAxIoaCKAiU0Eg0sCiXUw+7FsF6/B21ErK6xl0AQsVslOoIztFGrsKNasI8H9Jz2/VCzLmDmJ0bYqA+D/s1hq1B0S+5I9K/xJqZIJqq0Cl9+O+ZpBAq5ZMY0PTfBIGMaBZcwyPupgYTxLruFprWKRWCCbPSRAd2zSZt2Ym2fQjpKf05kLDKmF4W2M2J4Z37XhuF/tWaKnbMgEypJERQfL+qkkmJMh1RoW2jgKHvWMK6FvZXyO6YZR8tuassY0sBy8X5T+GtqhyXvpHR8dVQsn0wI5cg22SX7xCOnpEwuSYVUCScP5Ik8kxfn0Xl13pz3ceuMM5nZIlNyPr4Byc+hTg==</latexit>

ne(t) = | hψ(t)|ei |2

<latexit sha1_base64="8b/83ko51Q26fUev/E6ZPI0pWec=">AAACKXicbVDLSgMxFM3UVx1foy7dBIviqsyIVjdCxU13VrAP6JSSSW/b0ExmSDJiGfo9LvwWF9342vojpg9EWw8ETs65l3vvCWLOlHbdDyuztLyyupZdtzc2t7Z3nN29qooSSaFCIx7JekAUcCagopnmUI8lkDDgUAv6N2O/9gBSsUjc60EMzZB0BeswSrSRWs613yMal/AVtv0AukykcUi0ZI9D28XH2L8NoUt8354So7jjD4j2T13Lybl5dwK8SLwZyaEZyi1n5LcjmoQgNOVEqYbnxrqZEqkZ5TC0/URBTGifdKFhqCAhqGY6OXWIj4zSxp1Imic0nqi/O1ISKjUIA1Np9uupeW8s/uc1Et25bKZMxIkGQaeDOgnHOsLj3HCbSaCaDwwhVDKzK6Y9IgnVJl2TgTd/8SKpnua9Qv787ixXLMzSyKIDdIhOkIcuUBGVUBlVEEVP6AW9ojfr2RpZ79bntDRjzXr20R9YX9/tR6Td</latexit>

Ĥ =

✓

0 Ω

Ω 0

◆



Runge-Kutta Methods: 2nd order

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ≈ y(tn + h)

๏ Comparisons
<latexit sha1_base64="YNZz90wqeD6kF8aXe654hSLR3wM=">AAACCXicbVBLSgNBEO3xG+Mv6tJNYxBchRkx0Y0QcOPOCOYDyRh6OjVJk+6eobtHCENO4AXc6g3ciVtP4QU8h51kFibxQVGP96qo4gUxZ9q47rezsrq2vrGZ28pv7+zu7RcODhs6ShSFOo14pFoB0cCZhLphhkMrVkBEwKEZDG8mfvMJlGaRfDCjGHxB+pKFjBJjpcdB505An+Br7JbccrdQtG0KvEy8jBRRhlq38NPpRTQRIA3lROu258bGT4kyjHIY5zuJhpjQIelD21JJBGg/nX49xqdW6eEwUrakwVP170ZKhNYjEdhJQcxAL3oT8T+vnZjwyk+ZjBMDks4OhQnHJsKTCHCPKaCGjywhVDH7K6YDogg1Nqi5K4EiQzDjvA3GW4xhmTTOS16lVL6/KFYrWUQ5dIxO0Bny0CWqoltUQ3VEkUIv6BW9Oc/Ou/PhfM5GV5xs5wjNwfn6BX8GmVk=</latexit>

hΩ = 0.05

<latexit sha1_base64="qSBRe3bWXiIzRe217XK78Ls2aOY=">AAACInicbVDLSgNBEJz1/Tbq0ctgUOLBsCu+jgE9eDOCUSEbQ++kE4fMzq4zvUII+QM/wy/wql/gTTwJXv0PJzEHXwUNRVU33V1RqqQl33/zRkbHxicmp6ZnZufmFxZzS8vnNsmMwIpIVGIuI7CopMYKSVJ4mRqEOFJ4EbUP+/7FLRorE31GnRRrMbS0bEoB5KR6biM8QkXAQ7zJ5C3XdSzQJt/ioZX6artA4UmMLdis5/J+0R+A/yXBkOTZEOV67iNsJCKLUZNQYG018FOqdcGQFAp7M2FmMQXRhhZWHdUQo611B//0+LpTGryZGFea+ED9PtGF2NpOHLnOGOja/vb64n9eNaPmQa0rdZoRavG1qJkpTgnvh8Mb0qAg1XEEhJHuVi6uwYAgF+GPLZGBNlLP5RL8TuEvOd8uBnvF3dOdfGlvmNAUW2VrrMACts9K7JiVWYUJdsce2CN78u69Z+/Fe/1qHfGGMyvsB7z3T6n2oy0=</latexit>

∆ ≡ ne(t)− sin2(tΩ)

“explicit Euler” “explicit midpoint”

Stable!



Runge-Kutta Methods: 4th order

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ≈ y(tn + h)

๏ In practice often the most convenient method

๏ Remarks:

- Local error
<latexit sha1_base64="6CE2ylnkIBTel8mkjs30fxQhZmI=">AAACDHicbVDLSgMxFL1TX7W+qi7dBItQEcqM2OpGKLhxZwX7gE4tmTRtQzOZIckIZZgPcOOvuHGhiFs/wJ1/Y6btQlsPBA7nnEvuPV7ImdK2/W1llpZXVtey67mNza3tnfzuXkMFkSS0TgIeyJaHFeVM0LpmmtNWKCn2PU6b3ugq9ZsPVCoWiDs9DmnHxwPB+oxgbaRuvuDSUDFuaCxOnARdItfHekgwj2+SYjy8LyfHJmWX7AnQInFmpAAz1Lr5L7cXkMinQhOOlWo7dqg7MZaaEU6TnBspGmIywgPaNlRgn6pOPDkmQUdG6aF+IM0TGk3U3xMx9pUa+55JppuqeS8V//Pake5fdGImwkhTQaYf9SOOdIDSZlCPSUo0HxuCiWRmV0SGWGKiTX85U4Izf/IiaZyWnEqpfHtWqFZmdWThAA6hCA6cQxWuoQZ1IPAIz/AKb9aT9WK9Wx/TaMaazezDH1ifP7YJmrw=</latexit>

✏n+1 = O(h5)

- In practice n=4 is convenient: e.g. 100 steps for plots, typical timescales ~10, time-step ~0.1 ideal

- Note: n-th order = n function evaluations … higher order pays off!

“4th order Runge-Kutta”

<latexit sha1_base64="tbI5ZOCwuQ8INvVOSaf5golOwZE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjrZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVq4bV+VaNY+jAKdwBhfgwQ3U4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A382M9g==</latexit>

t
<latexit sha1_base64="M97AT9mAc5Ahq7g9bXCN0GzrAMo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9WrVq/vLSr2Wx1GEEziFc/DgGupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2Gwjdc=</latexit>

tn

<latexit sha1_base64="XyAY32EoEQpONGwOZGXTsS48L7s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiWj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtbGfqQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw1s/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq16tev1wVanX8jiKcAKncA4e3EAd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wf/049T</latexit>

tn+1

<latexit sha1_base64="Tse1OSF2IZpocSaJfc6bpOYDcE0=">AAAB83icbVDLSsNAFL2pr1pfVZdugkWom5KIVpcFNy4r2Ae0oUymk3boZBJnboQS+h0u3Ki49WNc+jdO2iy09cDA4Zx7uWeOHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YlmgkvWQo6CdWPFSOgL1vEnt5nfeWJK80g+4DRmXkhGkgecEjSS1w8Jjv0gnc6qeD4oV5yaM4e9StycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1K/USzmNAJGbGeoZKETHvpPPTMPjPK0A4iZZ5Ee67+3khJqPU09M1kFlIve5n4n9dLMLjxUi7jBJmki0NBImyM7KwBe8gVoyimhhCquMlq0zFRhKLpyXTgLv94lbQvam69dnV/WWnU8zaKcAKnUAUXrqEBd9CEFlB4hGd4hTcrsV6sd+tjMVqw8p1j+APr8wceD5Hu</latexit>

y(t)

<latexit sha1_base64="AKAwpjeZ4HuHBpqCcehnQdr5fLw=">AAACDHicbZDLSsNAFIYn9VbrpVGXbgaLIAglKVpdFty4rGAv0IYymU7aoZNJmDkRSsgr+AJu9Q3ciVvfwRfwOZy2WdjWHw78/OcczuHzY8E1OM63VdjY3NreKe6W9vYPDsv20XFbR4mirEUjEamuTzQTXLIWcBCsGytGQl+wjj+5m/U7T0xpHslHmMbMC8lI8oBTAiYa2GUYyMt+oAhNx1laywZ2xak6c+F14+amgnI1B/ZPfxjRJGQSqCBa91wnBi8lCjgVLCv1E81iQidkxHrGShIy7aXzxzN8bpIhDiJlSgKep383UhJqPQ19MxkSGOvV3iz8r9dLILj1Ui7jBJiki0NBIjBEeEYBD7liFMTUGEIVN79iOiaGAhhWS1d8RSYMspIB465iWDftWtWtV68friqNeo6oiE7RGbpALrpBDXSPmqiFKErQC3pFb9az9W59WJ+L0YKV75ygJVlfv1pem5U=</latexit>

tn +
h

2

<latexit sha1_base64="A4jEVcmO/KgG351Z6UNgE/3tMXM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSbdR95r164erWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxetkbI=</latexit>

k2
<latexit sha1_base64="tUY3yzRhek6xsZjKpAoC0on+MBI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi1WXBjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy0emDgcM693DMnSATXxnW/nNLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBIcRHQsecgZNVby/YiaSRBm0/nQG1Zrbt1dgPwlXkFqUKA1rH76o5ilEUrDBNW677mJGWRUGc4Ezit+qjGhbErH2LdU0gj1IFtknpMzq4xIGCv7pCEL9edGRiOtZ1FgJ/OMetXLxf+8fmrCm0HGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uW/pHNR9xr1q/vLWrNR1FGGEziFc/DgGppwBy1oA4MEnuAFXp3UeXbenPflaMkpdo7hF5yPbxYpkbE=</latexit>

k1

<latexit sha1_base64="Qn4TDIFafCi7ZAmEhCpKKWr1oG0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4qC4LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3OV+94kqzWL5aKYJDQQeSRYxgo2VfF9gMw6jbDIbXA6qNbfuzoFWiVeQGhRoDapf/jAmqaDSEI617ntuYoIMK8MIp7OKn2qaYDLBI9q3VGJBdZDNM8/QmVWGKIqVfdKgufp7I8NC66kI7WSeUS97ufif109NdBtkTCapoZIsDkUpRyZGeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6jfv1wVWs2ijrKcAKncA4e3EAT7qEFbSCQwDO8wpuTOi/Ou/OxGC05xc4x/IHz+QMZMZGz</latexit>

k3

<latexit sha1_base64="YVHC38EaCNY54DAsRAIzG1kjBFE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSfeq7jXr1w+NWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxq1kbQ=</latexit>

k4

<latexit sha1_base64="w+JhqispOb9TFO6i4mQad7VY+3U="></latexit>

k1 = f(tn,yn)

k2 = f

✓

tn +
h

2
,yn +

h

2
k1

◆

k3 = f

✓

tn +
h

2
,yn +

h

2
k2

◆

k4 = f (tn + h,yn + hk3)

yn+1 ≈ yn +
h

6
(k1 + 2k2 + 2k3 + k4)



Runge-Kutta Methods: 4th order

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ≈ y(tn + h)

“4th order Runge-Kutta”

<latexit sha1_base64="w+JhqispOb9TFO6i4mQad7VY+3U="></latexit>

k1 = f(tn,yn)

k2 = f

✓

tn +
h

2
,yn +

h

2
k1

◆

k3 = f

✓

tn +
h

2
,yn +

h

2
k2

◆

k4 = f (tn + h,yn + hk3)

yn+1 ≈ yn +
h

6
(k1 + 2k2 + 2k3 + k4)

๏ … very simple example (Rabi oscillations)

<latexit sha1_base64="qSBRe3bWXiIzRe217XK78Ls2aOY=">AAACInicbVDLSgNBEJz1/Tbq0ctgUOLBsCu+jgE9eDOCUSEbQ++kE4fMzq4zvUII+QM/wy/wql/gTTwJXv0PJzEHXwUNRVU33V1RqqQl33/zRkbHxicmp6ZnZufmFxZzS8vnNsmMwIpIVGIuI7CopMYKSVJ4mRqEOFJ4EbUP+/7FLRorE31GnRRrMbS0bEoB5KR6biM8QkXAQ7zJ5C3XdSzQJt/ioZX6artA4UmMLdis5/J+0R+A/yXBkOTZEOV67iNsJCKLUZNQYG018FOqdcGQFAp7M2FmMQXRhhZWHdUQo611B//0+LpTGryZGFea+ED9PtGF2NpOHLnOGOja/vb64n9eNaPmQa0rdZoRavG1qJkpTgnvh8Mb0qAg1XEEhJHuVi6uwYAgF+GPLZGBNlLP5RL8TuEvOd8uBnvF3dOdfGlvmNAUW2VrrMACts9K7JiVWYUJdsce2CN78u69Z+/Fe/1qHfGGMyvsB7z3T6n2oy0=</latexit>

∆ ≡ ne(t)− sin2(tΩ)



Runge-Kutta Methods: Sanity checks

<latexit sha1_base64="1RMT6jcp3jMwp3+b0Im39BYK5wg=">AAACMHicbZDLSgMxFIYz3q23qks3wSK4scxIsd0IgpsuK1hb6JSSyWTaYJIZkjNCGedRfAlfwa3udSW69ClMaxe9eCDw8//ncE6+IBHcgOt+OEvLK6tr6xubha3tnd294v7BnYlTTVmTxiLW7YAYJrhiTeAgWDvRjMhAsFZwfz3KWw9MGx6rWxgmrCtJX/GIUwLW6hWrfqQJzcI8CyF/9BPDfU1UXzB8ic8yX0vMc+wPCOA6no57xZJbdseFF4U3ESU0qUav+O2HMU0lU0AFMabjuQl0M6KBU8Hygp8alhB6T/qsY6UikpluNv5gjk+sE+Io1vYpwGN3eiIj0pihDGynJDAw89nI/C/rpBDVuhlXSQpM0b9FUSowxHhEC4dcMwpiaAWhmttbMR0QSwws05ktgcwLFoo3j2BR3J2XvYty5aZSuqpN8GygI3SMTpGHqugK1VEDNRFFT+gFvaI359l5dz6dr7/WJWcyc4hmyvn5BahSqjM=</latexit>

d

dt
|ψi = −iĤ|ψi

<latexit sha1_base64="ZtpSyz5n51I3ICsgRJtmXq5D4G8="></latexit>

|ψ0i =

✓

1

0

◆
<latexit sha1_base64="3jiwFe7psBdrl89vDAGSlFA0llQ=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSiJaXRbcuKxgH9CGMplO2iGTSZi5EUroyi9wq1/gTtz6JX6A/+GkzcK2HrhwOOde7r3HTwTX6Djf1tr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLV9YlmgkvWQo6CdRPFSOQL1vHDu9zvPDGleSwfcZIwLyIjyQNOCRqp0w8ZZqPpoFJ1as4M9ipxC1KFAs1B5ac/jGkaMYlUEK17rpOglxGFnAo2LfdTzRJCQzJiPUMliZj2stm5U/vcKEM7iJUpifZM/TuRkUjrSeSbzojgWC97ufif10sxuPUyLpMUmaTzRUEqbIzt/Hd7yBWjKCaGEKq4udWmY6IIRZPQwhZfEZNMnou7nMIqaV/W3Hrt+uGq2qgXCZXgFM7gAly4gQbcQxNaQCGEF3iFN+vZerc+rM9565pVzJzAAqyvX10cmBU=</latexit>

|gi
<latexit sha1_base64="+s8JrloneEZwIsamHsSDfJCmq6g=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSiJaXRbcuKxgH9CGMpnetEMmkzAzEUroyi9wq1/gTtz6JX6A/+GkzcK2HrhwOOde7r3HTzhT2nG+rbX1jc2t7dJOeXdv/+CwcnTcVnEqKbZozGPZ9YlCzgS2NNMcu4lEEvkcO354l/udJ5SKxeJRTxL0IjISLGCUaCN1+iHqDKeDStWpOTPYq8QtSBUKNAeVn/4wpmmEQlNOlOq5TqK9jEjNKMdpuZ8qTAgNyQh7hgoSofKy2blT+9woQzuIpSmh7Zn6dyIjkVKTyDedEdFjtezl4n9eL9XBrZcxkaQaBZ0vClJu69jOf7eHTCLVfGIIoZKZW206JpJQbRJa2OJLYpLJc3GXU1gl7cuaW69dP1xVG/UioRKcwhlcgAs30IB7aEILKITwAq/wZj1b79aH9TlvXbOKmRNYgPX1C1nsmBM=</latexit>

|ei

<latexit sha1_base64="8b/83ko51Q26fUev/E6ZPI0pWec=">AAACKXicbVDLSgMxFM3UVx1foy7dBIviqsyIVjdCxU13VrAP6JSSSW/b0ExmSDJiGfo9LvwWF9342vojpg9EWw8ETs65l3vvCWLOlHbdDyuztLyyupZdtzc2t7Z3nN29qooSSaFCIx7JekAUcCagopnmUI8lkDDgUAv6N2O/9gBSsUjc60EMzZB0BeswSrSRWs613yMal/AVtv0AukykcUi0ZI9D28XH2L8NoUt8354So7jjD4j2T13Lybl5dwK8SLwZyaEZyi1n5LcjmoQgNOVEqYbnxrqZEqkZ5TC0/URBTGifdKFhqCAhqGY6OXWIj4zSxp1Imic0nqi/O1ISKjUIA1Np9uupeW8s/uc1Et25bKZMxIkGQaeDOgnHOsLj3HCbSaCaDwwhVDKzK6Y9IgnVJl2TgTd/8SKpnua9Qv787ixXLMzSyKIDdIhOkIcuUBGVUBlVEEVP6AW9ojfr2RpZ79bntDRjzXr20R9YX9/tR6Td</latexit>

Ĥ =

✓

0 Ω

Ω 0

◆

๏ … very simple example (Rabi oscillations)

<latexit sha1_base64="qSBRe3bWXiIzRe217XK78Ls2aOY=">AAACInicbVDLSgNBEJz1/Tbq0ctgUOLBsCu+jgE9eDOCUSEbQ++kE4fMzq4zvUII+QM/wy/wql/gTTwJXv0PJzEHXwUNRVU33V1RqqQl33/zRkbHxicmp6ZnZufmFxZzS8vnNsmMwIpIVGIuI7CopMYKSVJ4mRqEOFJ4EbUP+/7FLRorE31GnRRrMbS0bEoB5KR6biM8QkXAQ7zJ5C3XdSzQJt/ioZX6artA4UmMLdis5/J+0R+A/yXBkOTZEOV67iNsJCKLUZNQYG018FOqdcGQFAp7M2FmMQXRhhZWHdUQo611B//0+LpTGryZGFea+ED9PtGF2NpOHLnOGOja/vb64n9eNaPmQa0rdZoRavG1qJkpTgnvh8Mb0qAg1XEEhJHuVi6uwYAgF+GPLZGBNlLP5RL8TuEvOd8uBnvF3dOdfGlvmNAUW2VrrMACts9K7JiVWYUJdsce2CN78u69Z+/Fe/1qHfGGMyvsB7z3T6n2oy0=</latexit>

∆ ≡ ne(t)− sin2(tΩ)

๏ Error at time fixed time, compare methods:

<latexit sha1_base64="n5kIaxJ9OjoHFN6w41BppDIn32Y=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWpWt0IBTfurGAf0IQymU7aoTOTMDMRSghu/BU3LhRx61e482+ctllo64ELh3Pu5d57gphRpR3n2yosLa+srhXXSxubW9s79u5eS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gdD3x2w9EKhqJez2Oic/RQNCQYqSN1LMPtHfLyQDBK3gKvVAinHoxzdJq1rPLTsWZAi4SNydlkKPRs7+8foQTToTGDCnVdZ1Y+ymSmmJGspKXKBIjPEID0jVUIE6Un05fyOCxUfowjKQpoeFU/T2RIq7UmAemkyM9VPPeRPzP6yY6vPRTKuJEE4Fni8KEQR3BSR6wTyXBmo0NQVhScyvEQ2Ry0Ca1kgnBnX95kbSqFbdWOb87K9dreRxFcAiOwAlwwQWogxvQAE2AwSN4Bq/gzXqyXqx362PWWrDymX3wB9bnD+3ilns=</latexit>

tΩ = 3
π

2

<latexit sha1_base64="RtWYvxUcXppOgXqBeXhbK2cByYU=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOi1WXBjcsK9gHTsWTSTBuaSUJyRyiln+HGhSJu/Rp3/o1pOwttPRA4nHMvuefEWnALvv/tFdbWNza3itulnd29/YPy4VHLqsxQ1qRKKNOJiWWCS9YEDoJ1tGEkjQVrx6Pbmd9+YsZyJR9grFmUkoHkCacEnBR2tVEaFB4+Br1yxa/6c+BVEuSkgnI0euWvbl/RLGUSqCDWhoGvIZoQA5wKNi11M8s0oSMyYKGjkqTMRpP5yVN85pQ+TpRxTwKeq783JiS1dpzGbjIlMLTL3kz8zwszSG6iCZc6Aybp4qMkE9iFnOXHfW4YBTF2hFDD3a2YDokhFFxLJVdCsBx5lbQuqkGtenV/WanX8jqK6ASdonMUoGtUR3eogZqIIoWe0St688B78d69j8Vowct3jtEfeJ8/6tOQ/Q==</latexit>

∝ h
1

<latexit sha1_base64="F69LIJ5xt+4XJoaS7hgeP1i7YmY=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclRkf1WXBjcsK9gHtWDJppg3NJCHJCGXoZ7hxoYhbv8adf2PazkJbDwQO59xL7jmR4sxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTyFQT2iCSS92OsKGcCdqwzHLaVpriJOK0FY1up37riWrDpHiwY0XDBA8EixnB1kmdrtJSWYmGjxe9Utmv+DOgZRLkpAw56r3SV7cvSZpQYQnHxnQCX9kww9oywumk2E0NVZiM8IB2HBU4oSbMZidP0KlT+iiW2j1h0Uz9vZHhxJhxErnJBNuhWfSm4n9eJ7XxTZgxoVJLBZl/FKccuZDT/KjPNCWWjx3BRDN3KyJDrDGxrqWiKyFYjLxMmueVoFq5ur8s16p5HQU4hhM4gwCuoQZ3UIcGEJDwDK/w5lnvxXv3PuajK16+cwR/4H3+AO3bkP8=</latexit>

∝ h
3

<latexit sha1_base64="V/hCyuQ8G6vCNF1Tu0YdPlFydcU=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclRmx1WXBjcsK9gHtWDJppg3NJCHJCGXoZ7hxoYhbv8adf2PazkJbDwQO59xL7jmR4sxY3//21tY3Nre2CzvF3b39g8PS0XHLyFQT2iSSS92JsKGcCdq0zHLaUZriJOK0HY1vZ377iWrDpHiwE0XDBA8FixnB1kndntJSWYlGj9V+qexX/DnQKglyUoYcjX7pqzeQJE2osIRjY7qBr2yYYW0Z4XRa7KWGKkzGeEi7jgqcUBNm85On6NwpAxRL7Z6waK7+3shwYswkidxkgu3ILHsz8T+vm9r4JsyYUKmlgiw+ilOOXMhZfjRgmhLLJ45gopm7FZER1phY11LRlRAsR14lrctKUKtU76/K9VpeRwFO4QwuIIBrqMMdNKAJBCQ8wyu8edZ78d69j8XompfvnMAfeJ8/8OORAQ==</latexit>

∝ h
5

why not?
<latexit sha1_base64="pwQqtsfrVm9MtLRM4XAUQMPA7gQ=">AAAB8nicbVBNTwIxFHyLX4hfqEcvjcTEE9klih5JvHjERJBkWUm3dKGh2zZt14QQfoYXDxrj1V/jzX9jgT0oOEmTycx76ZuJFWfG+v63V1hb39jcKm6Xdnb39g/Kh0dtIzNNaItILnUnxoZyJmjLMstpR2mK05jTh3h0M/Mfnqg2TIp7O1Y0SvFAsIQRbJ0UdpWWyko0fKz1yhW/6s+BVkmQkwrkaPbKX92+JFlKhSUcGxMGvrLRBGvLCKfTUjczVGEywgMaOipwSk00mZ88RWdO6aNEaveERXP198YEp8aM09hNptgOzbI3E//zwswm19GECZVZKsjioyTjyIWc5Ud9pimxfOwIJpq5WxEZYo2JdS2VXAnBcuRV0q5Vg3r18u6i0qjndRThBE7hHAK4ggbcQhNaQEDCM7zCm2e9F+/d+1iMFrx85xj+wPv8AexXkP4=</latexit>

∝ h
2

<latexit sha1_base64="Fvn7UyuPO4/A4iRaXX2VNxVxdN4=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRFqxuh4MadFewDmlgm00k7dGYSZiZCCPVX3LhQxK0f4s6/cdpmoa0HLhzOuZd77wliRpV2nG9rZXVtfWOzsFXc3tnd27cPDtsqSiQmLRyxSHYDpAijgrQ01Yx0Y0kQDxjpBOPrqd95JFLRSNzrNCY+R0NBQ4qRNlLfLnmKiodaRXu3nAzRKbyCbt8uO1VnBrhM3JyUQY5m3/7yBhFOOBEaM6RUz3Vi7WdIaooZmRS9RJEY4TEakp6hAnGi/Gx2/ASeGGUAw0iaEhrO1N8TGeJKpTwwnRzpkVr0puJ/Xi/R4aWfUREnmgg8XxQmDOoITpOAAyoJ1iw1BGFJza0Qj5BEWJu8iiYEd/HlZdKuVd169fzurNyo53EUwBE4BhXgggvQADegCVoAgxQ8g1fwZj1ZL9a79TFvXbHymRL4A+vzB3ryk1U=</latexit>

sin2(tΩ) = 1



Runge-Kutta Methods: 4th order applied to GP

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d

dt
ψ(x, t) = −i

✓

p̂2

2m
+ V (x) + g|ψ(x, t)|2

◆

ψ(x, t)

function f … applies the whole 

RHS of the GP equation

<latexit sha1_base64="9KlFSqgI9uUmBtP/XxfsxS9Vhbk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BLzlGMA9IljA76SRDZmeXmV4hLLn5BV71C7yJV3/ED/A/nCR7MIkFDUVVN91dQSyFQdf9dnIbm1vbO/ndwt7+weFR8fikaaJEc2jwSEa6HTADUihooEAJ7VgDCwMJrWB8P/NbT6CNiNQjTmLwQzZUYiA4Qyu1uyOGtNbzesWSW3bnoOvEy0iJZKj3ij/dfsSTEBRyyYzpeG6Mfso0Ci5hWugmBmLGx2wIHUsVC8H46fzeKb2wSp8OIm1LIZ2rfydSFhozCQPbGTIcmVVvJv7ndRIc3PmpUHGCoPhi0SCRFCM6e572hQaOcmIJ41rYWykfMc042oiWtgSajQGnNhdvNYV10rwqe5XyzcN1qVrJEsqTM3JOLolHbkmV1EidNAgnkryQV/LmPDvvzofzuWjNOdnMKVmC8/UL1JqXsQ==</latexit>

Ĥ1



Lecture 1 - Plan for today

010000000001011000000000000000000000000000000000000000000 0 0 0 0 0 0 0 0

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d

dt
ψ(x, t) = −i

✓

p̂2

2m
+ V (x) + g|ψ(x, t)|2

◆

ψ(x, t)

<latexit sha1_base64="Tse1OSF2IZpocSaJfc6bpOYDcE0=">AAAB83icbVDLSsNAFL2pr1pfVZdugkWom5KIVpcFNy4r2Ae0oUymk3boZBJnboQS+h0u3Ki49WNc+jdO2iy09cDA4Zx7uWeOHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YlmgkvWQo6CdWPFSOgL1vEnt5nfeWJK80g+4DRmXkhGkgecEjSS1w8Jjv0gnc6qeD4oV5yaM4e9StycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1K/USzmNAJGbGeoZKETHvpPPTMPjPK0A4iZZ5Ee67+3khJqPU09M1kFlIve5n4n9dLMLjxUi7jBJmki0NBImyM7KwBe8gVoyimhhCquMlq0zFRhKLpyXTgLv94lbQvam69dnV/WWnU8zaKcAKnUAUXrqEBd9CEFlB4hGd4hTcrsV6sd+tjMVqw8p1j+APr8wceD5Hu</latexit>

y(t)

<latexit sha1_base64="tbI5ZOCwuQ8INvVOSaf5golOwZE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjrZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVq4bV+VaNY+jAKdwBhfgwQ3U4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A382M9g==</latexit>

t
<latexit sha1_base64="M97AT9mAc5Ahq7g9bXCN0GzrAMo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9WrVq/vLSr2Wx1GEEziFc/DgGupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2Gwjdc=</latexit>

tn

<latexit sha1_base64="XyAY32EoEQpONGwOZGXTsS48L7s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiWj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtbGfqQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw1s/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq16tev1wVanX8jiKcAKncA4e3EAd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wf/049T</latexit>

tn+1

<latexit sha1_base64="A4jEVcmO/KgG351Z6UNgE/3tMXM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSbdR95r164erWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxetkbI=</latexit>

k2
<latexit sha1_base64="tUY3yzRhek6xsZjKpAoC0on+MBI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi1WXBjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy0emDgcM693DMnSATXxnW/nNLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBIcRHQsecgZNVby/YiaSRBm0/nQG1Zrbt1dgPwlXkFqUKA1rH76o5ilEUrDBNW677mJGWRUGc4Ezit+qjGhbErH2LdU0gj1IFtknpMzq4xIGCv7pCEL9edGRiOtZ1FgJ/OMetXLxf+8fmrCm0HGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uW/pHNR9xr1q/vLWrNR1FGGEziFc/DgGppwBy1oA4MEnuAFXp3UeXbenPflaMkpdo7hF5yPbxYpkbE=</latexit>

k1

<latexit sha1_base64="Qn4TDIFafCi7ZAmEhCpKKWr1oG0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4qC4LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3OV+94kqzWL5aKYJDQQeSRYxgo2VfF9gMw6jbDIbXA6qNbfuzoFWiVeQGhRoDapf/jAmqaDSEI617ntuYoIMK8MIp7OKn2qaYDLBI9q3VGJBdZDNM8/QmVWGKIqVfdKgufp7I8NC66kI7WSeUS97ufif109NdBtkTCapoZIsDkUpRyZGeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6jfv1wVWs2ijrKcAKncA4e3EAT7qEFbSCQwDO8wpuTOi/Ou/OxGC05xc4x/IHz+QMZMZGz</latexit>

k3

<latexit sha1_base64="YVHC38EaCNY54DAsRAIzG1kjBFE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSfeq7jXr1w+NWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxq1kbQ=</latexit>

k4

<latexit sha1_base64="w+JhqispOb9TFO6i4mQad7VY+3U="></latexit>

k1 = f(tn,yn)

k2 = f

✓

tn +
h

2
,yn +

h

2
k1

◆

k3 = f

✓

tn +
h

2
,yn +

h

2
k2

◆

k4 = f (tn + h,yn + hk3)

yn+1 ≈ yn +
h

6
(k1 + 2k2 + 2k3 + k4)

๏ Part 1.1: Some fundamentals about numbers in digital memory and the linear algebra of quantum mechanics

๏ Part 1.2: The many-body problem of the day: Ultra-cold bosons in mean-field approximation (Gross-Pitaevskii, GP)

๏ Part 1.3: Runge-Kutta (RK) time-evolution 

methods: A swiss army knife

๏ Part 1.4: Applying Runge-Kutta to GP time-evolution



Lecture 1 - GP simulations with Runge-Kutta

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d

dt
ψ(x, t) = −i

✓

p̂2

2m
+ V (x) + g|ψ(x, t)|2

◆

ψ(x, t)

<latexit sha1_base64="NNoLkWJieGFvSXKrV8w+7jZbFY4=">AAACMHicbZDLSgMxFIYz9VbrrepSF8EiuCozRasboeBGXFWwF2hryaRn2tBkZkwyhTLMxqdxa59GV+LWdxBMLwt7ORD4+f9zODmfG3KmtG1/Wqm19Y3NrfR2Zmd3b/8ge3hUVUEkKVRowANZd4kCznyoaKY51EMJRLgcam7/bpzXBiAVC/wnPQyhJUjXZx6jRBurnT19wLe46UlCYyeJC4I8FxLchJeIDbDTzubsvD0pvCycmcihWZXb2d9mJ6CRAF9TTpRqOHaoWzGRmlEOSaYZKQgJ7ZMuNIz0iQDViidXJPjcOB3sBdI8X+OJ+38iJkKpoXBNpyC6pxazsbkycyXpg14VNSLt3bRi5oeRBp9O/+BFHOsAj2nhDpNANR8aQahk5gxMe8TQ0obp/BKRZAwvZ5HOsqgW8k4xf/V4mSsVZ+TS6ASdoQvkoGtUQveojCqIolf0ht7RyBpZH9aX9T1tTVmzmWM0V9bPH6JjqMI=</latexit>

J =
1

2ma2
≡ 1

๏ Initial trap:
<latexit sha1_base64="o/l75353takWoWGOx8NS+jSKOfQ=">AAACN3icbVDLSgMxFM3UV62vqks3wSK4cZgptroRCm5cVrAPaKclk6ZtaOZBckcow3yAX+PWfoord+LWDxBM2xHs40Dg3HPu5eYeNxRcgWW9G5mNza3tnexubm//4PAof3xSV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U/9xjOTigf+E4xD5nhk4PM+pwS01M0X6l2O77BtFnEbuMcUtq1OfFVK/kreKeouy7RmwKvETkkBpah28z/tXkAjj/lABVGqZVshODGRwKlgSa4dKRYSOiID1tLUJ3qRE8+OSfCFVnq4H0j9fMAz9f9ETDylxp6rOz0CQ7XsTcW1nivJiME6qxVB/9aJuR9GwHw6/0M/EhgCPA0N97hkFMRYE0Il12dgOiSSUNDRLi7xkpzOy15OZ5XUi6ZdNkuP14VKOU0ui87QObpENrpBFfSAqqiGKHpBr+gNTYyJ8WF8Gl/z1oyRzpyiBRjfvxSoqls=</latexit>

Vi = 1.2× 10
−5

× i
2

<latexit sha1_base64="LliAuyqdRdKZCsaf4i7El+y0zDg=">AAACFXicbVDLSgNBEOyNrxhfUY9eFoPgKeyKRo8BLx4jmgckS5idzCZDZmaXmV4hhHyCV/M13sSrZz9GcJLswcQUNBRV3XR3hYngBj3v28ltbG5t7+R3C3v7B4dHxeOTholTTVmdxiLWrZAYJrhideQoWCvRjMhQsGY4vJ/5zRemDY/VM44SFkjSVzzilKCVnhpd3i2WvLI3h/uf+BkpQYZat/jT6cU0lUwhFcSYtu8lGIyJRk4FmxQ6qWEJoUPSZ21LFZHMBOP5qRP3wio9N4q1LYXuXP07MSbSmJEMbackODCr3kxc64WaDBmus9opRnfBmKskRabo4oYoFS7G7iwSt8c1oyhGlhCquX3DpQOiCUUb3PISOSnYvPzVdP6TxlXZr5RvHq9L1UqWXB7O4BwuwYdbqMID1KAOFPrwCm8wdabOu/PhfC5ac042cwpLcL5+ARQln04=</latexit>

Vi

๏ First we compute the ground state. … we do this by evolving in imaginary time (will 

see how that works later)

<latexit sha1_base64="csIdQKxvnP+ou7Aou+wzYtmaf+Q=">AAACHHicdVDLSgMxFM34rPVVdekmWARXQ6Yd+9gV3LisYB/YjiWTZtrQTGZIMkJp+xdu7de4E7eCHyOYPgQr9cCFwzn3cu89fsyZ0gh9WhubW9s7u6m99P7B4dFx5uS0rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cDPzG09UKhaJez2MqRfinmABI1gb6WHcjhXrsPFjrpPJIrtUKueLeYhsx3WR6xqSQyVULkPHRnNkwRLVTuar3Y1IElKhCcdKtRwUa2+EpWaE00m6nSgaYzLAPdoyVOCQKm80v3gCL43ShUEkTQkN5+rviREOlRqGvukMse6rv95MXOv5Eg+oXme1Eh2UvBETcaKpIIsbgoRDHcFZMrDLJCWaDw3BRDLzBiR9LDHRJr/VJeEkbfL6CQX+T+o52ynY13dutlJYJpcC5+ACXAEHFEEF3IIqqAECBHgGL2BqTa1X6816X7RuWMuZM7AC6+MbfZyiwQ==</latexit>

|ψi|
2

<latexit sha1_base64="w0oGmA58re5yDlHI6xXAP5rLkro=">AAACF3icbVBNSwMxEM3Wr1q/qh69BIvgqeyKVi9CwYvHCm5baJeSTWfb0CS7JFmhLP0NXu2v8SZePfpjBNN2D7b2wcDjvRlm5oUJZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ00dp4qCT2Meq3ZINHAmwTfMcGgnCogIObTC0cPMb72A0iyWz2acQCDIQLKIUWKs5A/wPXZ75YpbdefA/4mXkwrK0eiVf7r9mKYCpKGcaN3x3MQEGVGGUQ6TUjfVkBA6IgPoWCqJAB1k82Mn+MIqfRzFypY0eK7+nciI0HosQtspiBnqVW8mrvVCRUZg1lmd1ER3QcZkkhqQdHFDlHJsYjwLBfeZAmr42BJCFbNvYDokilBjo1teIiYlm5e3ms5/0ryqerXqzdN1pV7LkyuiM3SOLpGHblEdPaIG8hFFDL2iNzR1ps678+F8LloLTj5zipbgfP0CTwKfWA==</latexit>

g = 0

No interactions,

we just prepare a standard 

Gaussian wave-packet 

(Standard QM for g=0)

Solving it with RK4

1001 grid points

<latexit sha1_base64="4NCWV9wu90aGSTAKaZsgc35MFVY=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNFqxuh4EZcVbAPaYeSSdM2NMkMyR2hDP0Kt/Zr3IlbF36MYNrOwj4OXO7hnHvJzQkiwQ247o+T2djc2t7J7ub29g8Oj/LHJ3UTxpqyGg1FqJsBMUxwxWrAQbBmpBmRgWCNYHg/9RuvTBseqmcYRcyXpK94j1MCVnoZPOI77BbdUidfsG0GvEq8lBRQimon/9vuhjSWTAEVxJiW50bgJ0QDp4KNc+3YsIjQIemzlqWKSGb8ZHbwGF9YpYt7obalAM/U/xsJkcaMZGAnJYGBWfam4lov0GTIYJ3ViqF36ydcRTEwRec39GKBIcTTYHCXa0ZBjCwhVHP7DUwHRBMKNr7FR+Q4Z/PyltNZJfVS0SsXr5+uCpVymlwWnaFzdIk8dIMq6AFVUQ1RJNEbekcTZ+J8OJ/O13w046Q7p2gBzvcfWnqgWw==</latexit>

hJ = 0.02

periodic boundaries



Lecture 1 - GP simulations with Runge-Kutta

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d

dt
ψ(x, t) = −i

✓

p̂2

2m
+ V (x) + g|ψ(x, t)|2

◆

ψ(x, t)

<latexit sha1_base64="NNoLkWJieGFvSXKrV8w+7jZbFY4=">AAACMHicbZDLSgMxFIYz9VbrrepSF8EiuCozRasboeBGXFWwF2hryaRn2tBkZkwyhTLMxqdxa59GV+LWdxBMLwt7ORD4+f9zODmfG3KmtG1/Wqm19Y3NrfR2Zmd3b/8ge3hUVUEkKVRowANZd4kCznyoaKY51EMJRLgcam7/bpzXBiAVC/wnPQyhJUjXZx6jRBurnT19wLe46UlCYyeJC4I8FxLchJeIDbDTzubsvD0pvCycmcihWZXb2d9mJ6CRAF9TTpRqOHaoWzGRmlEOSaYZKQgJ7ZMuNIz0iQDViidXJPjcOB3sBdI8X+OJ+38iJkKpoXBNpyC6pxazsbkycyXpg14VNSLt3bRi5oeRBp9O/+BFHOsAj2nhDpNANR8aQahk5gxMe8TQ0obp/BKRZAwvZ5HOsqgW8k4xf/V4mSsVZ+TS6ASdoQvkoGtUQveojCqIolf0ht7RyBpZH9aX9T1tTVmzmWM0V9bPH6JjqMI=</latexit>

J =
1

2ma2
≡ 1

๏ We remove the trap

๏ … and kick the system! This can be done by applying a phase-gradient

<latexit sha1_base64="csIdQKxvnP+ou7Aou+wzYtmaf+Q=">AAACHHicdVDLSgMxFM34rPVVdekmWARXQ6Yd+9gV3LisYB/YjiWTZtrQTGZIMkJp+xdu7de4E7eCHyOYPgQr9cCFwzn3cu89fsyZ0gh9WhubW9s7u6m99P7B4dFx5uS0rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cDPzG09UKhaJez2MqRfinmABI1gb6WHcjhXrsPFjrpPJIrtUKueLeYhsx3WR6xqSQyVULkPHRnNkwRLVTuar3Y1IElKhCcdKtRwUa2+EpWaE00m6nSgaYzLAPdoyVOCQKm80v3gCL43ShUEkTQkN5+rviREOlRqGvukMse6rv95MXOv5Eg+oXme1Eh2UvBETcaKpIIsbgoRDHcFZMrDLJCWaDw3BRDLzBiR9LDHRJr/VJeEkbfL6CQX+T+o52ynY13dutlJYJpcC5+ACXAEHFEEF3IIqqAECBHgGL2BqTa1X6816X7RuWMuZM7AC6+MbfZyiwQ==</latexit>

|ψi|
2

Standard evolution of 

quantum wave-packet with 

diffusion.

<latexit sha1_base64="NGB9QqPgGVE6FKMLVT7QRhT52cU=">AAACGXicbVBNSwMxEJ2tX7V+VT16CRbBU9kVrV6EghePFewHtEvJptk2bJJdkqxQlv4Ir/bXeBOvnvwxgmm7B1v7YODx3gwz84KEM21c99spbGxube8Ud0t7+weHR+Xjk5aOU0Vok8Q8Vp0Aa8qZpE3DDKedRFEsAk7bQfQw89svVGkWy2czTqgv8FCykBFsrNRu9Rm6R26/XHGr7hzoP/FyUoEcjX75pzeISSqoNIRjrbuemxg/w8owwumk1Es1TTCJ8JB2LZVYUO1n83Mn6MIqAxTGypY0aK7+nciw0HosAtspsBnpVW8mrvUChSNq1lnd1IR3fsZkkhoqyeKGMOXIxGgWCxowRYnhY0swUcy+gcgIK0yMDW95iZiUbF7eajr/Seuq6tWqN0/XlXotT64IZ3AOl+DBLdThERrQBAIRvMIbTJ2p8+58OJ+L1oKTz5zCEpyvX9FBoCM=</latexit>

Vi = 0

<latexit sha1_base64="ahiJbi3GaxuFQQKGAR/hXNuTgYg=">AAACP3icbZDLSsNAFIYn9VbrrerSzWARKkJJRKvLghuXFWwtNLVMpqft0JkkzEyEEvIQPo1b+xg+gTtx60JwmmZhLwcGPv7/HM6c3ws5U9q2P6zc2vrG5lZ+u7Czu7d/UDw8aqogkhQaNOCBbHlEAWc+NDTTHFqhBCI8Dk/e6G7qP72AVCzwH/U4hI4gA5/1GSXaSN3ihRsq1mXY1QHOMHalwJA8xymwBJdH5BwznHSLJbtip4WXwcmghLKqd4u/bi+gkQBfU06Uajt2qDsxkZpRDknBjRSEhI7IANoGfSJAdeL0qASfGaWH+4E0z9c4Vf9PxEQoNRae6RRED9WiNxVXep4kI9CrrHak+7edmPlhpMGnsz/0I45NONPwcI9JoJqPDRAqmTkD0yGRhGoT8fwSkRRMXs5iOsvQvKw41cr1w1WpVs2Sy6MTdIrKyEE3qIbuUR01EEWv6A29o4k1sT6tL+t71pqzspljNFfWzx9hRq8g</latexit>

ψi → ψie
i(ka)i

<latexit sha1_base64="w0oGmA58re5yDlHI6xXAP5rLkro=">AAACF3icbVBNSwMxEM3Wr1q/qh69BIvgqeyKVi9CwYvHCm5baJeSTWfb0CS7JFmhLP0NXu2v8SZePfpjBNN2D7b2wcDjvRlm5oUJZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ00dp4qCT2Meq3ZINHAmwTfMcGgnCogIObTC0cPMb72A0iyWz2acQCDIQLKIUWKs5A/wPXZ75YpbdefA/4mXkwrK0eiVf7r9mKYCpKGcaN3x3MQEGVGGUQ6TUjfVkBA6IgPoWCqJAB1k82Mn+MIqfRzFypY0eK7+nciI0HosQtspiBnqVW8mrvVCRUZg1lmd1ER3QcZkkhqQdHFDlHJsYjwLBfeZAmr42BJCFbNvYDokilBjo1teIiYlm5e3ms5/0ryqerXqzdN1pV7LkyuiM3SOLpGHblEdPaIG8hFFDL2iNzR1ps678+F8LloLTj5zipbgfP0CTwKfWA==</latexit>

g = 0

<latexit sha1_base64="hIH8PQ3IywBiUUkRYfwKvUHennw=">AAACHXicbVDLSsNAFJ3UV62vqks3g0VwFZKi1Y1QcOOygn1AGspkOmmHziPMTIQS+hlu7de4E7fixwhO2yzs48CFwzn3cu89UcKoNp734xS2tnd294r7pYPDo+OT8ulZS8tUYdLEkknViZAmjArSNNQw0kkUQTxipB2NHmd++5UoTaV4MeOEhBwNBI0pRsZKwQjBB+i51W5Ce+WK53pzwHXi56QCcjR65d9uX+KUE2EwQ1oHvpeYMEPKUMzIpNRNNUkQHqEBCSwViBMdZvOTJ/DKKn0YS2VLGDhX/09kiGs95pHt5MgM9ao3Ezd6kUIjYjZZQWri+zCjIkkNEXhxQ5wyaCScRQP7VBFs2NgShBW1b0A8RAphYwNcXsInJZuXv5rOOmlVXb/m3j7fVOq1PLkiuACX4Br44A7UwRNogCbAQII38A6mztT5cD6dr0VrwclnzsESnO8/jZ6hjg==</latexit>

ka = 0.2π

Solving it with RK4

1001 grid points

<latexit sha1_base64="4NCWV9wu90aGSTAKaZsgc35MFVY=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNFqxuh4EZcVbAPaYeSSdM2NMkMyR2hDP0Kt/Zr3IlbF36MYNrOwj4OXO7hnHvJzQkiwQ247o+T2djc2t7J7ub29g8Oj/LHJ3UTxpqyGg1FqJsBMUxwxWrAQbBmpBmRgWCNYHg/9RuvTBseqmcYRcyXpK94j1MCVnoZPOI77BbdUidfsG0GvEq8lBRQimon/9vuhjSWTAEVxJiW50bgJ0QDp4KNc+3YsIjQIemzlqWKSGb8ZHbwGF9YpYt7obalAM/U/xsJkcaMZGAnJYGBWfam4lov0GTIYJ3ViqF36ydcRTEwRec39GKBIcTTYHCXa0ZBjCwhVHP7DUwHRBMKNr7FR+Q4Z/PyltNZJfVS0SsXr5+uCpVymlwWnaFzdIk8dIMq6AFVUQ1RJNEbekcTZ+J8OJ/O13w046Q7p2gBzvcfWnqgWw==</latexit>

hJ = 0.02

periodic boundaries



Lecture 1 - GP simulations with Runge-Kutta

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d

dt
ψ(x, t) = −i

✓

p̂2

2m
+ V (x) + g|ψ(x, t)|2

◆

ψ(x, t)

Solving it with RK4

1001 grid points

<latexit sha1_base64="NNoLkWJieGFvSXKrV8w+7jZbFY4=">AAACMHicbZDLSgMxFIYz9VbrrepSF8EiuCozRasboeBGXFWwF2hryaRn2tBkZkwyhTLMxqdxa59GV+LWdxBMLwt7ORD4+f9zODmfG3KmtG1/Wqm19Y3NrfR2Zmd3b/8ge3hUVUEkKVRowANZd4kCznyoaKY51EMJRLgcam7/bpzXBiAVC/wnPQyhJUjXZx6jRBurnT19wLe46UlCYyeJC4I8FxLchJeIDbDTzubsvD0pvCycmcihWZXb2d9mJ6CRAF9TTpRqOHaoWzGRmlEOSaYZKQgJ7ZMuNIz0iQDViidXJPjcOB3sBdI8X+OJ+38iJkKpoXBNpyC6pxazsbkycyXpg14VNSLt3bRi5oeRBp9O/+BFHOsAj2nhDpNANR8aQahk5gxMe8TQ0obp/BKRZAwvZ5HOsqgW8k4xf/V4mSsVZ+TS6ASdoQvkoGtUQveojCqIolf0ht7RyBpZH9aX9T1tTVmzmWM0V9bPH6JjqMI=</latexit>

J =
1

2ma2
≡ 1

๏ We kick it stronger

๏ … and kick the system! This can be done by applying a phase-gradient

<latexit sha1_base64="csIdQKxvnP+ou7Aou+wzYtmaf+Q=">AAACHHicdVDLSgMxFM34rPVVdekmWARXQ6Yd+9gV3LisYB/YjiWTZtrQTGZIMkJp+xdu7de4E7eCHyOYPgQr9cCFwzn3cu89fsyZ0gh9WhubW9s7u6m99P7B4dFx5uS0rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cDPzG09UKhaJez2MqRfinmABI1gb6WHcjhXrsPFjrpPJIrtUKueLeYhsx3WR6xqSQyVULkPHRnNkwRLVTuar3Y1IElKhCcdKtRwUa2+EpWaE00m6nSgaYzLAPdoyVOCQKm80v3gCL43ShUEkTQkN5+rviREOlRqGvukMse6rv95MXOv5Eg+oXme1Eh2UvBETcaKpIIsbgoRDHcFZMrDLJCWaDw3BRDLzBiR9LDHRJr/VJeEkbfL6CQX+T+o52ynY13dutlJYJpcC5+ACXAEHFEEF3IIqqAECBHgGL2BqTa1X6816X7RuWMuZM7AC6+MbfZyiwQ==</latexit>

|ψi|
2

<latexit sha1_base64="w0oGmA58re5yDlHI6xXAP5rLkro=">AAACF3icbVBNSwMxEM3Wr1q/qh69BIvgqeyKVi9CwYvHCm5baJeSTWfb0CS7JFmhLP0NXu2v8SZePfpjBNN2D7b2wcDjvRlm5oUJZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ00dp4qCT2Meq3ZINHAmwTfMcGgnCogIObTC0cPMb72A0iyWz2acQCDIQLKIUWKs5A/wPXZ75YpbdefA/4mXkwrK0eiVf7r9mKYCpKGcaN3x3MQEGVGGUQ6TUjfVkBA6IgPoWCqJAB1k82Mn+MIqfRzFypY0eK7+nciI0HosQtspiBnqVW8mrvVCRUZg1lmd1ER3QcZkkhqQdHFDlHJsYjwLBfeZAmr42BJCFbNvYDokilBjo1teIiYlm5e3ms5/0ryqerXqzdN1pV7LkyuiM3SOLpGHblEdPaIG8hFFDL2iNzR1ps678+F8LloLTj5zipbgfP0CTwKfWA==</latexit>

g = 0

Stronger kick! Faster 

standard evolution of 

quantum wave-packet with 

diffusion.

<latexit sha1_base64="4NCWV9wu90aGSTAKaZsgc35MFVY=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNFqxuh4EZcVbAPaYeSSdM2NMkMyR2hDP0Kt/Zr3IlbF36MYNrOwj4OXO7hnHvJzQkiwQ247o+T2djc2t7J7ub29g8Oj/LHJ3UTxpqyGg1FqJsBMUxwxWrAQbBmpBmRgWCNYHg/9RuvTBseqmcYRcyXpK94j1MCVnoZPOI77BbdUidfsG0GvEq8lBRQimon/9vuhjSWTAEVxJiW50bgJ0QDp4KNc+3YsIjQIemzlqWKSGb8ZHbwGF9YpYt7obalAM/U/xsJkcaMZGAnJYGBWfam4lov0GTIYJ3ViqF36ydcRTEwRec39GKBIcTTYHCXa0ZBjCwhVHP7DUwHRBMKNr7FR+Q4Z/PyltNZJfVS0SsXr5+uCpVymlwWnaFzdIk8dIMq6AFVUQ1RJNEbekcTZ+J8OJ/O13w046Q7p2gBzvcfWnqgWw==</latexit>

hJ = 0.02

<latexit sha1_base64="ahiJbi3GaxuFQQKGAR/hXNuTgYg=">AAACP3icbZDLSsNAFIYn9VbrrerSzWARKkJJRKvLghuXFWwtNLVMpqft0JkkzEyEEvIQPo1b+xg+gTtx60JwmmZhLwcGPv7/HM6c3ws5U9q2P6zc2vrG5lZ+u7Czu7d/UDw8aqogkhQaNOCBbHlEAWc+NDTTHFqhBCI8Dk/e6G7qP72AVCzwH/U4hI4gA5/1GSXaSN3ihRsq1mXY1QHOMHalwJA8xymwBJdH5BwznHSLJbtip4WXwcmghLKqd4u/bi+gkQBfU06Uajt2qDsxkZpRDknBjRSEhI7IANoGfSJAdeL0qASfGaWH+4E0z9c4Vf9PxEQoNRae6RRED9WiNxVXep4kI9CrrHak+7edmPlhpMGnsz/0I45NONPwcI9JoJqPDRAqmTkD0yGRhGoT8fwSkRRMXs5iOsvQvKw41cr1w1WpVs2Sy6MTdIrKyEE3qIbuUR01EEWv6A29o4k1sT6tL+t71pqzspljNFfWzx9hRq8g</latexit>

ψi → ψie
i(ka)i

<latexit sha1_base64="EAbj9vLXsZand7M9yaeh80xZkmk=">AAACHXicbVDLSsNAFJ3UV62vqks3g0VwFRKp1Y1QcOOygn1AGspkOmmHziPMTIQS+hlu7de4E7fixwhO2yzs48CFwzn3cu89UcKoNp734xS2tnd294r7pYPDo+OT8ulZS8tUYdLEkknViZAmjArSNNQw0kkUQTxipB2NHmd++5UoTaV4MeOEhBwNBI0pRsZKwQjBB+i51W5Ce+WK53pzwHXi56QCcjR65d9uX+KUE2EwQ1oHvpeYMEPKUMzIpNRNNUkQHqEBCSwViBMdZvOTJ/DKKn0YS2VLGDhX/09kiGs95pHt5MgM9ao3Ezd6kUIjYjZZQWri+zCjIkkNEXhxQ5wyaCScRQP7VBFs2NgShBW1b0A8RAphYwNcXsInJZuXv5rOOmnduH7NvX2uVuq1PLkiuACX4Br44A7UwRNogCbAQII38A6mztT5cD6dr0VrwclnzsESnO8/kQKhkA==</latexit>

ka = 0.4π

periodic boundaries



Lecture 1 - GP simulations with Runge-Kutta

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d

dt
ψ(x, t) = −i

✓

p̂2

2m
+ V (x) + g|ψ(x, t)|2

◆

ψ(x, t)

<latexit sha1_base64="NNoLkWJieGFvSXKrV8w+7jZbFY4=">AAACMHicbZDLSgMxFIYz9VbrrepSF8EiuCozRasboeBGXFWwF2hryaRn2tBkZkwyhTLMxqdxa59GV+LWdxBMLwt7ORD4+f9zODmfG3KmtG1/Wqm19Y3NrfR2Zmd3b/8ge3hUVUEkKVRowANZd4kCznyoaKY51EMJRLgcam7/bpzXBiAVC/wnPQyhJUjXZx6jRBurnT19wLe46UlCYyeJC4I8FxLchJeIDbDTzubsvD0pvCycmcihWZXb2d9mJ6CRAF9TTpRqOHaoWzGRmlEOSaYZKQgJ7ZMuNIz0iQDViidXJPjcOB3sBdI8X+OJ+38iJkKpoXBNpyC6pxazsbkycyXpg14VNSLt3bRi5oeRBp9O/+BFHOsAj2nhDpNANR8aQahk5gxMe8TQ0obp/BKRZAwvZ5HOsqgW8k4xf/V4mSsVZ+TS6ASdoQvkoGtUQveojCqIolf0ht7RyBpZH9aX9T1tTVmzmWM0V9bPH6JjqMI=</latexit>

J =
1

2ma2
≡ 1

๏ Initial trap:
<latexit sha1_base64="o/l75353takWoWGOx8NS+jSKOfQ=">AAACN3icbVDLSgMxFM3UV62vqks3wSK4cZgptroRCm5cVrAPaKclk6ZtaOZBckcow3yAX+PWfoord+LWDxBM2xHs40Dg3HPu5eYeNxRcgWW9G5mNza3tnexubm//4PAof3xSV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U/9xjOTigf+E4xD5nhk4PM+pwS01M0X6l2O77BtFnEbuMcUtq1OfFVK/kreKeouy7RmwKvETkkBpah28z/tXkAjj/lABVGqZVshODGRwKlgSa4dKRYSOiID1tLUJ3qRE8+OSfCFVnq4H0j9fMAz9f9ETDylxp6rOz0CQ7XsTcW1nivJiME6qxVB/9aJuR9GwHw6/0M/EhgCPA0N97hkFMRYE0Il12dgOiSSUNDRLi7xkpzOy15OZ5XUi6ZdNkuP14VKOU0ui87QObpENrpBFfSAqqiGKHpBr+gNTYyJ8WF8Gl/z1oyRzpyiBRjfvxSoqls=</latexit>

Vi = 1.2× 10
−5

× i
2

<latexit sha1_base64="LliAuyqdRdKZCsaf4i7El+y0zDg=">AAACFXicbVDLSgNBEOyNrxhfUY9eFoPgKeyKRo8BLx4jmgckS5idzCZDZmaXmV4hhHyCV/M13sSrZz9GcJLswcQUNBRV3XR3hYngBj3v28ltbG5t7+R3C3v7B4dHxeOTholTTVmdxiLWrZAYJrhideQoWCvRjMhQsGY4vJ/5zRemDY/VM44SFkjSVzzilKCVnhpd3i2WvLI3h/uf+BkpQYZat/jT6cU0lUwhFcSYtu8lGIyJRk4FmxQ6qWEJoUPSZ21LFZHMBOP5qRP3wio9N4q1LYXuXP07MSbSmJEMbackODCr3kxc64WaDBmus9opRnfBmKskRabo4oYoFS7G7iwSt8c1oyhGlhCquX3DpQOiCUUb3PISOSnYvPzVdP6TxlXZr5RvHq9L1UqWXB7O4BwuwYdbqMID1KAOFPrwCm8wdabOu/PhfC5ac042cwpLcL5+ARQln04=</latexit>

Vi

๏ And first we compute the ground state. … we do this by evolving in imaginary time (will 

see how that works later)

<latexit sha1_base64="csIdQKxvnP+ou7Aou+wzYtmaf+Q=">AAACHHicdVDLSgMxFM34rPVVdekmWARXQ6Yd+9gV3LisYB/YjiWTZtrQTGZIMkJp+xdu7de4E7eCHyOYPgQr9cCFwzn3cu89fsyZ0gh9WhubW9s7u6m99P7B4dFx5uS0rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cDPzG09UKhaJez2MqRfinmABI1gb6WHcjhXrsPFjrpPJIrtUKueLeYhsx3WR6xqSQyVULkPHRnNkwRLVTuar3Y1IElKhCcdKtRwUa2+EpWaE00m6nSgaYzLAPdoyVOCQKm80v3gCL43ShUEkTQkN5+rviREOlRqGvukMse6rv95MXOv5Eg+oXme1Eh2UvBETcaKpIIsbgoRDHcFZMrDLJCWaDw3BRDLzBiR9LDHRJr/VJeEkbfL6CQX+T+o52ynY13dutlJYJpcC5+ACXAEHFEEF3IIqqAECBHgGL2BqTa1X6816X7RuWMuZM7AC6+MbfZyiwQ==</latexit>

|ψi|
2

Interactions on!

Much broader classical field 

for the BEC

Solving it with RK4

1001 grid points

<latexit sha1_base64="4NCWV9wu90aGSTAKaZsgc35MFVY=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNFqxuh4EZcVbAPaYeSSdM2NMkMyR2hDP0Kt/Zr3IlbF36MYNrOwj4OXO7hnHvJzQkiwQ247o+T2djc2t7J7ub29g8Oj/LHJ3UTxpqyGg1FqJsBMUxwxWrAQbBmpBmRgWCNYHg/9RuvTBseqmcYRcyXpK94j1MCVnoZPOI77BbdUidfsG0GvEq8lBRQimon/9vuhjSWTAEVxJiW50bgJ0QDp4KNc+3YsIjQIemzlqWKSGb8ZHbwGF9YpYt7obalAM/U/xsJkcaMZGAnJYGBWfam4lov0GTIYJ3ViqF36ydcRTEwRec39GKBIcTTYHCXa0ZBjCwhVHP7DUwHRBMKNr7FR+Q4Z/PyltNZJfVS0SsXr5+uCpVymlwWnaFzdIk8dIMq6AFVUQ1RJNEbekcTZ+J8OJ/O13w046Q7p2gBzvcfWnqgWw==</latexit>

hJ = 0.02

periodic boundaries

<latexit sha1_base64="tmzcXiZ2qCBQLgWOkGIiMCnEL1E=">AAACGHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKiV6EgBfxFME8IFnC7KSTjJmZXWZmhbDkH7yar/EmXr35MYKTZA/mUdBQVHXT3RVEnGnjuj9OZmNza3snu5vb2z84PMofn9R1GCsKNRryUDUDooEzCTXDDIdmpICIgEMjGN5P/cYrKM1C+WxGEfiC9CXrMUqMlep9fIdLj518wS26M+BV4qWkgFJUO/nfdjeksQBpKCdatzw3Mn5ClGGUwzjXjjVEhA5JH1qWSiJA+8ns2jG+sEoX90JlSxo8U/9PJERoPRKB7RTEDPSyNxXXeoEiQzDrrFZserd+wmQUG5B0fkMv5tiEeJoK7jIF1PCRJYQqZt/AdEAUocZmt7hEjHM2L285nVVSvyp65WLp6bpQKafJZdEZOkeXyEM3qIIeUBXVEEUv6A29o4kzcT6cT+dr3ppx0plTtADn+w/6M5+x</latexit>

g = 5J

Potential takes form of 

inverted trap -> Result in 

Thomas-Fermi approximation!



Lecture 1 - GP simulations with Runge-Kutta

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d

dt
ψ(x, t) = −i

✓

p̂2

2m
+ V (x) + g|ψ(x, t)|2

◆

ψ(x, t)

<latexit sha1_base64="NNoLkWJieGFvSXKrV8w+7jZbFY4=">AAACMHicbZDLSgMxFIYz9VbrrepSF8EiuCozRasboeBGXFWwF2hryaRn2tBkZkwyhTLMxqdxa59GV+LWdxBMLwt7ORD4+f9zODmfG3KmtG1/Wqm19Y3NrfR2Zmd3b/8ge3hUVUEkKVRowANZd4kCznyoaKY51EMJRLgcam7/bpzXBiAVC/wnPQyhJUjXZx6jRBurnT19wLe46UlCYyeJC4I8FxLchJeIDbDTzubsvD0pvCycmcihWZXb2d9mJ6CRAF9TTpRqOHaoWzGRmlEOSaYZKQgJ7ZMuNIz0iQDViidXJPjcOB3sBdI8X+OJ+38iJkKpoXBNpyC6pxazsbkycyXpg14VNSLt3bRi5oeRBp9O/+BFHOsAj2nhDpNANR8aQahk5gxMe8TQ0obp/BKRZAwvZ5HOsqgW8k4xf/V4mSsVZ+TS6ASdoQvkoGtUQveojCqIolf0ht7RyBpZH9aX9T1tTVmzmWM0V9bPH6JjqMI=</latexit>

J =
1

2ma2
≡ 1

๏ We remove the trap

๏ … and kick the system! This can be done by applying a phase-gradient

<latexit sha1_base64="csIdQKxvnP+ou7Aou+wzYtmaf+Q=">AAACHHicdVDLSgMxFM34rPVVdekmWARXQ6Yd+9gV3LisYB/YjiWTZtrQTGZIMkJp+xdu7de4E7eCHyOYPgQr9cCFwzn3cu89fsyZ0gh9WhubW9s7u6m99P7B4dFx5uS0rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cDPzG09UKhaJez2MqRfinmABI1gb6WHcjhXrsPFjrpPJIrtUKueLeYhsx3WR6xqSQyVULkPHRnNkwRLVTuar3Y1IElKhCcdKtRwUa2+EpWaE00m6nSgaYzLAPdoyVOCQKm80v3gCL43ShUEkTQkN5+rviREOlRqGvukMse6rv95MXOv5Eg+oXme1Eh2UvBETcaKpIIsbgoRDHcFZMrDLJCWaDw3BRDLzBiR9LDHRJr/VJeEkbfL6CQX+T+o52ynY13dutlJYJpcC5+ACXAEHFEEF3IIqqAECBHgGL2BqTa1X6816X7RuWMuZM7AC6+MbfZyiwQ==</latexit>

|ψi|
2

Similar evolution as non-

interacting case. Just 

diffusion. But condensate 

field keeps the Thomas-

Fermi shape (BEC is stable)

<latexit sha1_base64="NGB9QqPgGVE6FKMLVT7QRhT52cU=">AAACGXicbVBNSwMxEJ2tX7V+VT16CRbBU9kVrV6EghePFewHtEvJptk2bJJdkqxQlv4Ir/bXeBOvnvwxgmm7B1v7YODx3gwz84KEM21c99spbGxube8Ud0t7+weHR+Xjk5aOU0Vok8Q8Vp0Aa8qZpE3DDKedRFEsAk7bQfQw89svVGkWy2czTqgv8FCykBFsrNRu9Rm6R26/XHGr7hzoP/FyUoEcjX75pzeISSqoNIRjrbuemxg/w8owwumk1Es1TTCJ8JB2LZVYUO1n83Mn6MIqAxTGypY0aK7+nciw0HosAtspsBnpVW8mrvUChSNq1lnd1IR3fsZkkhoqyeKGMOXIxGgWCxowRYnhY0swUcy+gcgIK0yMDW95iZiUbF7eajr/Seuq6tWqN0/XlXotT64IZ3AOl+DBLdThERrQBAIRvMIbTJ2p8+58OJ+L1oKTz5zCEpyvX9FBoCM=</latexit>

Vi = 0

<latexit sha1_base64="ahiJbi3GaxuFQQKGAR/hXNuTgYg=">AAACP3icbZDLSsNAFIYn9VbrrerSzWARKkJJRKvLghuXFWwtNLVMpqft0JkkzEyEEvIQPo1b+xg+gTtx60JwmmZhLwcGPv7/HM6c3ws5U9q2P6zc2vrG5lZ+u7Czu7d/UDw8aqogkhQaNOCBbHlEAWc+NDTTHFqhBCI8Dk/e6G7qP72AVCzwH/U4hI4gA5/1GSXaSN3ihRsq1mXY1QHOMHalwJA8xymwBJdH5BwznHSLJbtip4WXwcmghLKqd4u/bi+gkQBfU06Uajt2qDsxkZpRDknBjRSEhI7IANoGfSJAdeL0qASfGaWH+4E0z9c4Vf9PxEQoNRae6RRED9WiNxVXep4kI9CrrHak+7edmPlhpMGnsz/0I45NONPwcI9JoJqPDRAqmTkD0yGRhGoT8fwSkRRMXs5iOsvQvKw41cr1w1WpVs2Sy6MTdIrKyEE3qIbuUR01EEWv6A29o4k1sT6tL+t71pqzspljNFfWzx9hRq8g</latexit>

ψi → ψie
i(ka)i

<latexit sha1_base64="hIH8PQ3IywBiUUkRYfwKvUHennw=">AAACHXicbVDLSsNAFJ3UV62vqks3g0VwFZKi1Y1QcOOygn1AGspkOmmHziPMTIQS+hlu7de4E7fixwhO2yzs48CFwzn3cu89UcKoNp734xS2tnd294r7pYPDo+OT8ulZS8tUYdLEkknViZAmjArSNNQw0kkUQTxipB2NHmd++5UoTaV4MeOEhBwNBI0pRsZKwQjBB+i51W5Ce+WK53pzwHXi56QCcjR65d9uX+KUE2EwQ1oHvpeYMEPKUMzIpNRNNUkQHqEBCSwViBMdZvOTJ/DKKn0YS2VLGDhX/09kiGs95pHt5MgM9ao3Ezd6kUIjYjZZQWri+zCjIkkNEXhxQ5wyaCScRQP7VBFs2NgShBW1b0A8RAphYwNcXsInJZuXv5rOOmlVXb/m3j7fVOq1PLkiuACX4Br44A7UwRNogCbAQII38A6mztT5cD6dr0VrwclnzsESnO8/jZ6hjg==</latexit>

ka = 0.2π

Solving it with RK4

1001 grid points

<latexit sha1_base64="4NCWV9wu90aGSTAKaZsgc35MFVY=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNFqxuh4EZcVbAPaYeSSdM2NMkMyR2hDP0Kt/Zr3IlbF36MYNrOwj4OXO7hnHvJzQkiwQ247o+T2djc2t7J7ub29g8Oj/LHJ3UTxpqyGg1FqJsBMUxwxWrAQbBmpBmRgWCNYHg/9RuvTBseqmcYRcyXpK94j1MCVnoZPOI77BbdUidfsG0GvEq8lBRQimon/9vuhjSWTAEVxJiW50bgJ0QDp4KNc+3YsIjQIemzlqWKSGb8ZHbwGF9YpYt7obalAM/U/xsJkcaMZGAnJYGBWfam4lov0GTIYJ3ViqF36ydcRTEwRec39GKBIcTTYHCXa0ZBjCwhVHP7DUwHRBMKNr7FR+Q4Z/PyltNZJfVS0SsXr5+uCpVymlwWnaFzdIk8dIMq6AFVUQ1RJNEbekcTZ+J8OJ/O13w046Q7p2gBzvcfWnqgWw==</latexit>

hJ = 0.02

periodic boundaries

<latexit sha1_base64="tmzcXiZ2qCBQLgWOkGIiMCnEL1E=">AAACGHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKiV6EgBfxFME8IFnC7KSTjJmZXWZmhbDkH7yar/EmXr35MYKTZA/mUdBQVHXT3RVEnGnjuj9OZmNza3snu5vb2z84PMofn9R1GCsKNRryUDUDooEzCTXDDIdmpICIgEMjGN5P/cYrKM1C+WxGEfiC9CXrMUqMlep9fIdLj518wS26M+BV4qWkgFJUO/nfdjeksQBpKCdatzw3Mn5ClGGUwzjXjjVEhA5JH1qWSiJA+8ns2jG+sEoX90JlSxo8U/9PJERoPRKB7RTEDPSyNxXXeoEiQzDrrFZserd+wmQUG5B0fkMv5tiEeJoK7jIF1PCRJYQqZt/AdEAUocZmt7hEjHM2L285nVVSvyp65WLp6bpQKafJZdEZOkeXyEM3qIIeUBXVEEUv6A29o4kzcT6cT+dr3ppx0plTtADn+w/6M5+x</latexit>

g = 5J



Lecture 1 - GP simulations with Runge-Kutta

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d

dt
ψ(x, t) = −i

✓

p̂2

2m
+ V (x) + g|ψ(x, t)|2

◆

ψ(x, t)

Solving it with RK4

1001 grid points

<latexit sha1_base64="NNoLkWJieGFvSXKrV8w+7jZbFY4=">AAACMHicbZDLSgMxFIYz9VbrrepSF8EiuCozRasboeBGXFWwF2hryaRn2tBkZkwyhTLMxqdxa59GV+LWdxBMLwt7ORD4+f9zODmfG3KmtG1/Wqm19Y3NrfR2Zmd3b/8ge3hUVUEkKVRowANZd4kCznyoaKY51EMJRLgcam7/bpzXBiAVC/wnPQyhJUjXZx6jRBurnT19wLe46UlCYyeJC4I8FxLchJeIDbDTzubsvD0pvCycmcihWZXb2d9mJ6CRAF9TTpRqOHaoWzGRmlEOSaYZKQgJ7ZMuNIz0iQDViidXJPjcOB3sBdI8X+OJ+38iJkKpoXBNpyC6pxazsbkycyXpg14VNSLt3bRi5oeRBp9O/+BFHOsAj2nhDpNANR8aQahk5gxMe8TQ0obp/BKRZAwvZ5HOsqgW8k4xf/V4mSsVZ+TS6ASdoQvkoGtUQveojCqIolf0ht7RyBpZH9aX9T1tTVmzmWM0V9bPH6JjqMI=</latexit>

J =
1

2ma2
≡ 1

๏ We kick it stronger

๏ … and kick the system! This can be done by applying a phase-gradient

<latexit sha1_base64="csIdQKxvnP+ou7Aou+wzYtmaf+Q=">AAACHHicdVDLSgMxFM34rPVVdekmWARXQ6Yd+9gV3LisYB/YjiWTZtrQTGZIMkJp+xdu7de4E7eCHyOYPgQr9cCFwzn3cu89fsyZ0gh9WhubW9s7u6m99P7B4dFx5uS0rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cDPzG09UKhaJez2MqRfinmABI1gb6WHcjhXrsPFjrpPJIrtUKueLeYhsx3WR6xqSQyVULkPHRnNkwRLVTuar3Y1IElKhCcdKtRwUa2+EpWaE00m6nSgaYzLAPdoyVOCQKm80v3gCL43ShUEkTQkN5+rviREOlRqGvukMse6rv95MXOv5Eg+oXme1Eh2UvBETcaKpIIsbgoRDHcFZMrDLJCWaDw3BRDLzBiR9LDHRJr/VJeEkbfL6CQX+T+o52ynY13dutlJYJpcC5+ACXAEHFEEF3IIqqAECBHgGL2BqTa1X6816X7RuWMuZM7AC6+MbfZyiwQ==</latexit>

|ψi|
2

<latexit sha1_base64="4NCWV9wu90aGSTAKaZsgc35MFVY=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNFqxuh4EZcVbAPaYeSSdM2NMkMyR2hDP0Kt/Zr3IlbF36MYNrOwj4OXO7hnHvJzQkiwQ247o+T2djc2t7J7ub29g8Oj/LHJ3UTxpqyGg1FqJsBMUxwxWrAQbBmpBmRgWCNYHg/9RuvTBseqmcYRcyXpK94j1MCVnoZPOI77BbdUidfsG0GvEq8lBRQimon/9vuhjSWTAEVxJiW50bgJ0QDp4KNc+3YsIjQIemzlqWKSGb8ZHbwGF9YpYt7obalAM/U/xsJkcaMZGAnJYGBWfam4lov0GTIYJ3ViqF36ydcRTEwRec39GKBIcTTYHCXa0ZBjCwhVHP7DUwHRBMKNr7FR+Q4Z/PyltNZJfVS0SsXr5+uCpVymlwWnaFzdIk8dIMq6AFVUQ1RJNEbekcTZ+J8OJ/O13w046Q7p2gBzvcfWnqgWw==</latexit>

hJ = 0.02

<latexit sha1_base64="ahiJbi3GaxuFQQKGAR/hXNuTgYg=">AAACP3icbZDLSsNAFIYn9VbrrerSzWARKkJJRKvLghuXFWwtNLVMpqft0JkkzEyEEvIQPo1b+xg+gTtx60JwmmZhLwcGPv7/HM6c3ws5U9q2P6zc2vrG5lZ+u7Czu7d/UDw8aqogkhQaNOCBbHlEAWc+NDTTHFqhBCI8Dk/e6G7qP72AVCzwH/U4hI4gA5/1GSXaSN3ihRsq1mXY1QHOMHalwJA8xymwBJdH5BwznHSLJbtip4WXwcmghLKqd4u/bi+gkQBfU06Uajt2qDsxkZpRDknBjRSEhI7IANoGfSJAdeL0qASfGaWH+4E0z9c4Vf9PxEQoNRae6RRED9WiNxVXep4kI9CrrHak+7edmPlhpMGnsz/0I45NONPwcI9JoJqPDRAqmTkD0yGRhGoT8fwSkRRMXs5iOsvQvKw41cr1w1WpVs2Sy6MTdIrKyEE3qIbuUR01EEWv6A29o4k1sT6tL+t71pqzspljNFfWzx9hRq8g</latexit>

ψi → ψie
i(ka)i

<latexit sha1_base64="EAbj9vLXsZand7M9yaeh80xZkmk=">AAACHXicbVDLSsNAFJ3UV62vqks3g0VwFRKp1Y1QcOOygn1AGspkOmmHziPMTIQS+hlu7de4E7fixwhO2yzs48CFwzn3cu89UcKoNp734xS2tnd294r7pYPDo+OT8ulZS8tUYdLEkknViZAmjArSNNQw0kkUQTxipB2NHmd++5UoTaV4MeOEhBwNBI0pRsZKwQjBB+i51W5Ce+WK53pzwHXi56QCcjR65d9uX+KUE2EwQ1oHvpeYMEPKUMzIpNRNNUkQHqEBCSwViBMdZvOTJ/DKKn0YS2VLGDhX/09kiGs95pHt5MgM9ao3Ezd6kUIjYjZZQWri+zCjIkkNEXhxQ5wyaCScRQP7VBFs2NgShBW1b0A8RAphYwNcXsInJZuXv5rOOmnduH7NvX2uVuq1PLkiuACX4Br44A7UwRNogCbAQII38A6mztT5cD6dr0VrwclnzsESnO8/kQKhkA==</latexit>

ka = 0.4π

periodic boundaries

<latexit sha1_base64="tmzcXiZ2qCBQLgWOkGIiMCnEL1E=">AAACGHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKiV6EgBfxFME8IFnC7KSTjJmZXWZmhbDkH7yar/EmXr35MYKTZA/mUdBQVHXT3RVEnGnjuj9OZmNza3snu5vb2z84PMofn9R1GCsKNRryUDUDooEzCTXDDIdmpICIgEMjGN5P/cYrKM1C+WxGEfiC9CXrMUqMlep9fIdLj518wS26M+BV4qWkgFJUO/nfdjeksQBpKCdatzw3Mn5ClGGUwzjXjjVEhA5JH1qWSiJA+8ns2jG+sEoX90JlSxo8U/9PJERoPRKB7RTEDPSyNxXXeoEiQzDrrFZserd+wmQUG5B0fkMv5tiEeJoK7jIF1PCRJYQqZt/AdEAUocZmt7hEjHM2L285nVVSvyp65WLp6bpQKafJZdEZOkeXyEM3qIIeUBXVEEUv6A29o4kzcT6cT+dr3ppx0plTtADn+w/6M5+x</latexit>

g = 5J

Our BEC get’s destroyed!

This is known as dynamical 

instability!



Lecture 1 - GP simulations with Runge-Kutta

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d

dt
ψ(x, t) = −i

✓

p̂2

2m
+ V (x) + g|ψ(x, t)|2

◆

ψ(x, t)

Solving it with RK4

1001 grid points

<latexit sha1_base64="NNoLkWJieGFvSXKrV8w+7jZbFY4=">AAACMHicbZDLSgMxFIYz9VbrrepSF8EiuCozRasboeBGXFWwF2hryaRn2tBkZkwyhTLMxqdxa59GV+LWdxBMLwt7ORD4+f9zODmfG3KmtG1/Wqm19Y3NrfR2Zmd3b/8ge3hUVUEkKVRowANZd4kCznyoaKY51EMJRLgcam7/bpzXBiAVC/wnPQyhJUjXZx6jRBurnT19wLe46UlCYyeJC4I8FxLchJeIDbDTzubsvD0pvCycmcihWZXb2d9mJ6CRAF9TTpRqOHaoWzGRmlEOSaYZKQgJ7ZMuNIz0iQDViidXJPjcOB3sBdI8X+OJ+38iJkKpoXBNpyC6pxazsbkycyXpg14VNSLt3bRi5oeRBp9O/+BFHOsAj2nhDpNANR8aQahk5gxMe8TQ0obp/BKRZAwvZ5HOsqgW8k4xf/V4mSsVZ+TS6ASdoQvkoGtUQveojCqIolf0ht7RyBpZH9aX9T1tTVmzmWM0V9bPH6JjqMI=</latexit>

J =
1

2ma2
≡ 1

๏ We kick it stronger

๏ … and kick the system! This can be done by applying a phase-gradient

<latexit sha1_base64="csIdQKxvnP+ou7Aou+wzYtmaf+Q=">AAACHHicdVDLSgMxFM34rPVVdekmWARXQ6Yd+9gV3LisYB/YjiWTZtrQTGZIMkJp+xdu7de4E7eCHyOYPgQr9cCFwzn3cu89fsyZ0gh9WhubW9s7u6m99P7B4dFx5uS0rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cDPzG09UKhaJez2MqRfinmABI1gb6WHcjhXrsPFjrpPJIrtUKueLeYhsx3WR6xqSQyVULkPHRnNkwRLVTuar3Y1IElKhCcdKtRwUa2+EpWaE00m6nSgaYzLAPdoyVOCQKm80v3gCL43ShUEkTQkN5+rviREOlRqGvukMse6rv95MXOv5Eg+oXme1Eh2UvBETcaKpIIsbgoRDHcFZMrDLJCWaDw3BRDLzBiR9LDHRJr/VJeEkbfL6CQX+T+o52ynY13dutlJYJpcC5+ACXAEHFEEF3IIqqAECBHgGL2BqTa1X6816X7RuWMuZM7AC6+MbfZyiwQ==</latexit>

|ψi|
2

<latexit sha1_base64="4NCWV9wu90aGSTAKaZsgc35MFVY=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNFqxuh4EZcVbAPaYeSSdM2NMkMyR2hDP0Kt/Zr3IlbF36MYNrOwj4OXO7hnHvJzQkiwQ247o+T2djc2t7J7ub29g8Oj/LHJ3UTxpqyGg1FqJsBMUxwxWrAQbBmpBmRgWCNYHg/9RuvTBseqmcYRcyXpK94j1MCVnoZPOI77BbdUidfsG0GvEq8lBRQimon/9vuhjSWTAEVxJiW50bgJ0QDp4KNc+3YsIjQIemzlqWKSGb8ZHbwGF9YpYt7obalAM/U/xsJkcaMZGAnJYGBWfam4lov0GTIYJ3ViqF36ydcRTEwRec39GKBIcTTYHCXa0ZBjCwhVHP7DUwHRBMKNr7FR+Q4Z/PyltNZJfVS0SsXr5+uCpVymlwWnaFzdIk8dIMq6AFVUQ1RJNEbekcTZ+J8OJ/O13w046Q7p2gBzvcfWnqgWw==</latexit>

hJ = 0.02

<latexit sha1_base64="ahiJbi3GaxuFQQKGAR/hXNuTgYg=">AAACP3icbZDLSsNAFIYn9VbrrerSzWARKkJJRKvLghuXFWwtNLVMpqft0JkkzEyEEvIQPo1b+xg+gTtx60JwmmZhLwcGPv7/HM6c3ws5U9q2P6zc2vrG5lZ+u7Czu7d/UDw8aqogkhQaNOCBbHlEAWc+NDTTHFqhBCI8Dk/e6G7qP72AVCzwH/U4hI4gA5/1GSXaSN3ihRsq1mXY1QHOMHalwJA8xymwBJdH5BwznHSLJbtip4WXwcmghLKqd4u/bi+gkQBfU06Uajt2qDsxkZpRDknBjRSEhI7IANoGfSJAdeL0qASfGaWH+4E0z9c4Vf9PxEQoNRae6RRED9WiNxVXep4kI9CrrHak+7edmPlhpMGnsz/0I45NONPwcI9JoJqPDRAqmTkD0yGRhGoT8fwSkRRMXs5iOsvQvKw41cr1w1WpVs2Sy6MTdIrKyEE3qIbuUR01EEWv6A29o4k1sT6tL+t71pqzspljNFfWzx9hRq8g</latexit>

ψi → ψie
i(ka)i

<latexit sha1_base64="EAbj9vLXsZand7M9yaeh80xZkmk=">AAACHXicbVDLSsNAFJ3UV62vqks3g0VwFRKp1Y1QcOOygn1AGspkOmmHziPMTIQS+hlu7de4E7fixwhO2yzs48CFwzn3cu89UcKoNp734xS2tnd294r7pYPDo+OT8ulZS8tUYdLEkknViZAmjArSNNQw0kkUQTxipB2NHmd++5UoTaV4MeOEhBwNBI0pRsZKwQjBB+i51W5Ce+WK53pzwHXi56QCcjR65d9uX+KUE2EwQ1oHvpeYMEPKUMzIpNRNNUkQHqEBCSwViBMdZvOTJ/DKKn0YS2VLGDhX/09kiGs95pHt5MgM9ao3Ezd6kUIjYjZZQWri+zCjIkkNEXhxQ5wyaCScRQP7VBFs2NgShBW1b0A8RAphYwNcXsInJZuXv5rOOmnduH7NvX2uVuq1PLkiuACX4Br44A7UwRNogCbAQII38A6mztT5cD6dr0VrwclnzsESnO8/kQKhkA==</latexit>

ka = 0.4π

periodic boundaries

<latexit sha1_base64="tmzcXiZ2qCBQLgWOkGIiMCnEL1E=">AAACGHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKiV6EgBfxFME8IFnC7KSTjJmZXWZmhbDkH7yar/EmXr35MYKTZA/mUdBQVHXT3RVEnGnjuj9OZmNza3snu5vb2z84PMofn9R1GCsKNRryUDUDooEzCTXDDIdmpICIgEMjGN5P/cYrKM1C+WxGEfiC9CXrMUqMlep9fIdLj518wS26M+BV4qWkgFJUO/nfdjeksQBpKCdatzw3Mn5ClGGUwzjXjjVEhA5JH1qWSiJA+8ns2jG+sEoX90JlSxo8U/9PJERoPRKB7RTEDPSyNxXXeoEiQzDrrFZserd+wmQUG5B0fkMv5tiEeJoK7jIF1PCRJYQqZt/AdEAUocZmt7hEjHM2L285nVVSvyp65WLp6bpQKafJZdEZOkeXyEM3qIIeUBXVEEUv6A29o4kzcT6cT+dr3ppx0plTtADn+w/6M5+x</latexit>

g = 5J

Our BEC get’s destroyed!

This is known as dynamical 

instability!

See e.g.

New J. Phys. 12, 025014 (2010)

Problem: It’
s wrong! 

…the mean-field approximation is 

terrible in 1D. We will come back to 

this in
 lecture 3.



Lecture 1 - Recap

0 1 0 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d

dt
ψ(x, t) = −i

✓

p̂2

2m
+ V (x) + g|ψ(x, t)|2

◆

ψ(x, t)

<latexit sha1_base64="Tse1OSF2IZpocSaJfc6bpOYDcE0=">AAAB83icbVDLSsNAFL2pr1pfVZdugkWom5KIVpcFNy4r2Ae0oUymk3boZBJnboQS+h0u3Ki49WNc+jdO2iy09cDA4Zx7uWeOHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YlmgkvWQo6CdWPFSOgL1vEnt5nfeWJK80g+4DRmXkhGkgecEjSS1w8Jjv0gnc6qeD4oV5yaM4e9StycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1K/USzmNAJGbGeoZKETHvpPPTMPjPK0A4iZZ5Ee67+3khJqPU09M1kFlIve5n4n9dLMLjxUi7jBJmki0NBImyM7KwBe8gVoyimhhCquMlq0zFRhKLpyXTgLv94lbQvam69dnV/WWnU8zaKcAKnUAUXrqEBd9CEFlB4hGd4hTcrsV6sd+tjMVqw8p1j+APr8wceD5Hu</latexit>

y(t)

<latexit sha1_base64="tbI5ZOCwuQ8INvVOSaf5golOwZE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjrZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVq4bV+VaNY+jAKdwBhfgwQ3U4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A382M9g==</latexit>

t
<latexit sha1_base64="M97AT9mAc5Ahq7g9bXCN0GzrAMo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9WrVq/vLSr2Wx1GEEziFc/DgGupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2Gwjdc=</latexit>

tn

<latexit sha1_base64="XyAY32EoEQpONGwOZGXTsS48L7s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiWj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtbGfqQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw1s/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq16tev1wVanX8jiKcAKncA4e3EAd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wf/049T</latexit>

tn+1

<latexit sha1_base64="A4jEVcmO/KgG351Z6UNgE/3tMXM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSbdR95r164erWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxetkbI=</latexit>

k2
<latexit sha1_base64="tUY3yzRhek6xsZjKpAoC0on+MBI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi1WXBjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy0emDgcM693DMnSATXxnW/nNLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBIcRHQsecgZNVby/YiaSRBm0/nQG1Zrbt1dgPwlXkFqUKA1rH76o5ilEUrDBNW677mJGWRUGc4Ezit+qjGhbErH2LdU0gj1IFtknpMzq4xIGCv7pCEL9edGRiOtZ1FgJ/OMetXLxf+8fmrCm0HGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uW/pHNR9xr1q/vLWrNR1FGGEziFc/DgGppwBy1oA4MEnuAFXp3UeXbenPflaMkpdo7hF5yPbxYpkbE=</latexit>

k1

<latexit sha1_base64="Qn4TDIFafCi7ZAmEhCpKKWr1oG0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4qC4LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3OV+94kqzWL5aKYJDQQeSRYxgo2VfF9gMw6jbDIbXA6qNbfuzoFWiVeQGhRoDapf/jAmqaDSEI617ntuYoIMK8MIp7OKn2qaYDLBI9q3VGJBdZDNM8/QmVWGKIqVfdKgufp7I8NC66kI7WSeUS97ufif109NdBtkTCapoZIsDkUpRyZGeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6jfv1wVWs2ijrKcAKncA4e3EAT7qEFbSCQwDO8wpuTOi/Ou/OxGC05xc4x/IHz+QMZMZGz</latexit>

k3

<latexit sha1_base64="YVHC38EaCNY54DAsRAIzG1kjBFE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSfeq7jXr1w+NWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxq1kbQ=</latexit>

k4

<latexit sha1_base64="w+JhqispOb9TFO6i4mQad7VY+3U="></latexit>

k1 = f(tn,yn)

k2 = f

✓

tn +
h

2
,yn +

h

2
k1

◆

k3 = f

✓

tn +
h

2
,yn +

h

2
k2

◆

k4 = f (tn + h,yn + hk3)

yn+1 ≈ yn +
h

6
(k1 + 2k2 + 2k3 + k4)

๏ We discussed how to represent numbers as bits. We describe systems with state-vectors (not only in QM). If 

the problem is linear (QM), an exact diagonalization of the Hamiltonian solves everything, and is easily doable 

numerically for small systems.

๏ Not all problems are linear. Also in quantum mechanics, 

when making a mean-field approximation (e.g. Gross-

Pitaevskii equations for ultra-cold bosonic gases) the 

problem becomes non-linear. However the state-space 

drastically decreases in this case (from exponential to linear 

growth with system size).

๏ Runge-Kutta methods are a general tool to simulate 

dynamics of linear and non-linear problems. Formally 

derived from Taylor expansions using multiple steps. In 

particular the 4-th order method is a good compromise 

(stable, small error for reasonable time-step).

๏ We looked at a kicked bosonic condensate as example 

application, using the GP approximation, and re-produced 

the effect of an dynamics instability with a few lines of 

codes. However, this physics is actually wrong in 1D as we 

will see later. Mean-field approximations can drastically 

increase the treatable system size but are also strong 

approximations neglecting any entanglement.

<latexit sha1_base64="0eRg/V+1PC64LyxGgs52JuDwtmc=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRLR6kYouHHZgn1AG8pketMOnUzCzEQoIV/gVr/Anbj1Y/wA/8Npm4VtPXDhcM693HuPH3OmtON8W4WNza3tneJuaW//4PCofHzSVlEiKbZoxCPZ9YlCzgS2NNMcu7FEEvocO/7kYeZ3nlEqFoknPY3RC8lIsIBRoo3UvB+UK07VmcNeJ25OKpCjMSj/9IcRTUIUmnKiVM91Yu2lRGpGOWalfqIwJnRCRtgzVJAQlZfOD83sC6MM7SCSpoS25+rfiZSESk1D33SGRI/VqjcT//N6iQ7uvJSJONEo6GJRkHBbR/bsa3vIJFLNp4YQKpm51aZjIgnVJpulLb4kE9SZycVdTWGdtK+qbq1607yu1Gt5QkU4g3O4BBduoQ6P0IAWUEB4gVd4szLr3fqwPhetBSufOYUlWF+/E++VFw==</latexit>

=


