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A tour through some numerical methods for simulating large quantum many-body 

non-equilibrium dynamics, with examples. Learning physics by simulating it.

Goal:

Lecture 1: Foundations (QM on a computer),  Runge-Kutta, Applications to ultra-cold bosonic systems

Lecture 2: Spin-model physics, Krylov space approaches, Open system methods

Lecture 3: Large systems: Matrix Product States (DMRG), Applications to spin-models and Bose-Hubbard

- Complete: Many techniques are not discussed (e.g. Monte-Carlo, Fermions, Phase space methods, …)

- Computer science class: No proofs of complexity etc.

- Numerical tutorial: There will be code snippets … incentive to do it yourself

๏ Some text recommendations:

๏ Language recommendation (used for examples): Julia, https://julialang.org/ (open source, easy, fast linear algebra)

๏ What these lectures are not:

- Numerical recipes - The Art of Scientific Computing (a classic), on-line: https://numerical.recipes

- General references to openly available publications in class
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๏ We discussed how to represent numbers as bits. We describe systems with state-vectors (not only in QM). If 

the problem is linear (QM), an exact diagonalization of the Hamiltonian solves everything, and is easily doable 

numerically for small systems.

๏ Not all problems are linear. Also in quantum mechanics, 

when making a mean-field approximation (e.g. Gross-

Pitaevskii equations for ultra-cold bosonic gases) the 

problem becomes non-linear. However the state-space 

drastically decreases in this case (from exponential to linear 

growth with system size).

๏ Runge-Kutta methods are a general tool to simulate 

dynamics of linear and non-linear problems. Formally 

derived from Taylor expansions using multiple steps. In 

particular the 4-th order method is a good compromise 

(stable, small error for reasonable time-step).

๏ We looked at a kicked bosonic condensate as example 

application, using the GP approximation, and re-produced 

the effect of an dynamics instability with a few lines of 

codes. However, this physics is actually wrong in 1D as we 

will see later. Mean-field approximations can drastically 

increase the treatable system size but are also strong 

approximations neglecting any entanglement.
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Plan for today

๏ Part 2.1: The many-body problem of the day: Long-range spin model 

dynamics. How to numerically construct Hamiltonians.

๏ Part 2.2: Simulation of dynamics with sparse Hamiltonians: Krylov space 

methods. Applications to spin-model dynamics.

๏ Part 2.3: Methods for open system dynamics: Density matrix linearization 

and quantum trajectories.

System Bath



Lecture 2 - Motivation: Setup of the day

Long-range transverse Ising model
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๏ Experiments implementing long-range spin-models effectively (e.g. with trapped ions)

P. Richerme, et al. Nature 511, 198 (2014) 

JQI Maryland

P. Jurcevic, et al. Nature 511, 202 (2014) 

Innsbruck

Long-range XY model
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Porras, D. & Cirac, J. I., Phys. Rev. Lett. 92, 207901 (2004)



Lecture 2 - Reminder Linear algebra of quantum mechanics

๏ The state-vector can be anything:

๏ Let’s define a state-vector as a general concept (not limited to linear quantum mechanics)

State = Vector Operators = Matrix

Hamiltonian, Observables, Time-

evolution operator
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In general: Complex elements
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ẏ(t) = f(t,y(t))

<latexit sha1_base64="FpftDbYvHgDs5xJT8qM7skVDotE=">AAACB3icbVDLSsNAFJ3UV62vqks3g0Wom5KIVpcFNy4r2Ae0oUymk3boZBJnboQQ+gF+gVv9Anfi1s/wA/wPJ20WtvXAhcM593IPx4sE12Db31ZhbX1jc6u4XdrZ3ds/KB8etXUYK8paNBSh6npEM8ElawEHwbqRYiTwBOt4k9vM7zwxpXkoHyCJmBuQkeQ+pwSM5PYDAmPPT5NpFc4H5Ypds2fAq8TJSQXlaA7KP/1hSOOASaCCaN1z7AjclCjgVLBpqR9rFhE6ISPWM1SSgGk3nYWe4jOjDLEfKjMS8Ez9e5GSQOsk8MxmFlIve5n4n9eLwb9xUy6jGJik80d+LDCEOGsAD7liFERiCKGKm6yYjokiFExPC188RSYMpqYXZ7mFVdK+qDn12tX9ZaVRzxsqohN0iqrIQdeoge5QE7UQRY/oBb2iN+vZerc+rM/5asHKb47RAqyvX4ikmlY=</latexit>

y(t)

Schrödinger equation

<latexit sha1_base64="FSY8dir+vXLwWM9JvID9UCOx1yk=">AAACMHicbZDNSgMxFIUz/tb6N+rSTbAIbiwzoq0boeCmywrWCp1SMplMG0wyQ3JHKOM8ii/hK7jVva5Elz6Fae3CqhcCh3Pu5d58YSq4Ac97debmFxaXlksr5dW19Y1Nd2v7yiSZpqxNE5Ho65AYJrhibeAg2HWqGZGhYJ3w5nycd26ZNjxRlzBKWU+SgeIxpwSs1XfrQawJzaMij6C4C1LDA03UQDB8hg/zQEvMCxwMCeAm/hn33YpX9SaF/wp/KipoWq2++xFECc0kU0AFMabreyn0cqKBU8GKcpAZlhJ6Qwasa6UikplePvlggfetE+E40fYpwBP350ROpDEjGdpOSWBofmdj87+sm0F82su5SjNgin4vijOBIcFjWjjimlEQIysI1dzeiumQWGJgmc5sCWVRtlD83wj+iqujql+rnlwcVxq1KZ4S2kV76AD5qI4aqIlaqI0oukeP6Ak9Ow/Oi/PmvH+3zjnTmR00U87nF6gKqjI=</latexit>

d

dt
|ψi = −iĤ|ψi

<latexit sha1_base64="wOjtTRdBEZg9mTkk5+JqhuAy04g=">AAACI3icbVDLSsNAFJ34rPUVdeHCzWARXJVEtLoRCm5cVrAPaEKZTCft0JlJmJkIIeRrxJ1+iTtx48LPcO+kzcK2Hhg495x7uXdOEDOqtON8WSura+sbm5Wt6vbO7t6+fXDYUVEiMWnjiEWyFyBFGBWkralmpBdLgnjASDeY3BV+94lIRSPxqNOY+ByNBA0pRtpIA/vY40iPgzBLc3gLvQnRmRcrmg/smlN3poDLxC1JDZRoDewfbxjhhBOhMUNK9V0n1n6GpKaYkbzqJYrECE/QiPQNFYgT5WfTD+TwzChDGEbSPKHhVP07kSGuVMoD01mcqxa9QvzP6yc6vPEzKuJEE4Fni8KEQR3BIg04pJJgzVJDEJbU3ArxGEmEtclsbkvA8/laIhNWkZO7mMoy6VzU3Ub96uGy1myUiVXACTgF58AF16AJ7kELtAEGOXgGr+DNerHerQ/rc9a6YpUzR2AO1vcvO3CliQ==</latexit>

y = |ψi
<latexit sha1_base64="GbApKR8yBsLt7b5qDssEo+yIgrc=">AAACI3icbZDLSsNAFIYn9VbrrerSzWARW5CSiFY3QsFNlxWsLTShTKaTdujkwsyJUEIfwcfwCdzqE7gTNy5c+h5O2ixs6w8DP/85h3PmcyPBFZjml5FbWV1b38hvFra2d3b3ivsHDyqMJWUtGopQdlyimOABawEHwTqRZMR3BWu7o9u03n5kUvEwuIdxxByfDALucUpAR73iqVeGM2z7BIaul4wnZahU8A22hwRwA9sjBokdKT7pFUtm1ZwKLxsrMyWUqdkr/tj9kMY+C4AKolTXMiNwEiKBU8EmBTtWLCJ0RAasq21AfKacZPqhCT7RSR97odQvADxN/04kxFdq7Lu6M71cLdbS8L9aNwbv2kl4EMXAAjpb5MUCQ4hTOrjPJaMgxtoQKrm+FdMhkYSCZji3xZVEw0m5WIsUls3DedWqVS/vLkr1WkYoj47QMSojC12hOmqgJmohip7QC3pFb8az8W58GJ+z1pyRzRyiORnfv+AIo+A=</latexit>

f(t,y(t)) = Ĥ |ψi (linear)

Ordinary differential equation

Linearized density matrix Two classical particles

<latexit sha1_base64="4HlXt6k84PSdIuNwibPKyRurU/A=">AAACH3icbVDLSsNAFJ34rPVVdelmsAgupCRFqxuh4MZlhb6gjWEynbRDJ5MwM5GGkA/wM/wCt/oF7sRtP8D/cNJmYVsvzHA451zuvccNGZXKNKfG2vrG5tZ2Yae4u7d/cFg6Om7LIBKYtHDAAtF1kSSMctJSVDHSDQVBvstIxx3fZ3rnmQhJA95UcUhsHw059ShGSlNOqdz3kRq5XhKn8A72Jo51CcPsmzjVDFXtp6Z2mRVzVnAVWDkog7waTumnPwhw5BOuMENS9iwzVHaChKKYkbTYjyQJER6jIelpyJFPpJ3MjknhuWYG0AuEflzBGfu3I0G+lLHvame2ulzWMvI/rRcp79ZOKA8jRTieD/IiBlUAs2TggAqCFYs1QFhQvSvEIyQQVjq/hSmuQGOiUp2LtZzCKmhXK1atcv14Va7X8oQK4BScgQtggRtQBw+gAVoAgxfwBt7Bh/FqfBpfxvfcumbkPSdgoYzpL5HboXs=</latexit>

y = [x1, p1, x2, p2]
T

<latexit sha1_base64="Nvzx6Bg9jlzscmN/QYWaIdsolmw="></latexit>

y = [ρ1,1, ρ1,2, ρ2,1, ρ2,2]
T

<latexit sha1_base64="MRPfNOa9epHBRJiqUzLc2X4GaEM="></latexit>

D × (2× 64)Bits = D × 16Bytes

<latexit sha1_base64="swPteWmSXAYf0rz+mhguS2p4Uo4=">AAAB/3icbVDLTgIxFO3gC/GFunTTSExckRmj6JLEjUtMHCCBCemUCzR0OpP2jgmZsPAL3OoXuDNu/RQ/wP+wwCwEPUmTk3Puyb09YSKFQdf9cgpr6xubW8Xt0s7u3v5B+fCoaeJUc/B5LGPdDpkBKRT4KFBCO9HAolBCKxzfzvzWI2gjYvWAkwSCiA2VGAjO0Ep+tx+j6ZUrbtWdg/4lXk4qJEejV/62OZ5GoJBLZkzHcxMMMqZRcAnTUjc1kDA+ZkPoWKpYBCbI5sdO6ZlV+nQQa/sU0rn6O5GxyJhJFNrJiOHIrHoz8T+vk+LgJsiESlIExReLBqmkGNPZz2lfaOAoJ5YwroW9lfIR04yj7WdpS6jZGHBqe/FWW/hLmhdVr1a9ur+s1Gt5Q0VyQk7JOfHINamTO9IgPuFEkGfyQl6dJ+fNeXc+FqMFJ88ckyU4nz+b8ZcY</latexit>

. . .



Lecture 2 - Hilbert space construction in a many-body system

๏ In a many-body system, how do we construct Hamiltonian matrices for such spin model?

Transverse Ising model

๏ What Hamiltonian terms actually mean: All terms are matrices:

spin #i spin #j

spin #i spin #i

<latexit sha1_base64="7DkSofWaBXimTPQukQ1CX6OTcX8=">AAACG3icbVDLSsNAFJ34rPVVdelmsAiuSlK0uiy4cSUV7APatEwmk3boJBNmboQS8h9uXOivuBO3LvwTl07bLGzrgQuHc+7lXI4XC67Btr+ttfWNza3twk5xd2//4LB0dNzSMlGUNakUUnU8opngEWsCB8E6sWIk9ARre+Pbqd9+YkpzGT3CJGZuSIYRDzglYKR+tX+Pe8BDprGhg1LZrtgz4FXi5KSMcjQGpZ+eL2kSsgioIFp3HTsGNyUKOBUsK/YSzWJCx2TIuoZGxAS56ezrDJ8bxceBVGYiwDP170VKQq0noWc2QwIjvexNxf+8bgLBjZvyKE6ARXQeFCQCg8TTCrDPFaMgJoYQqrj5FdMRUYSCKWohxVNkzCBb1Dwp/MxU5SwXs0pa1YpTq1w9XJbrtby0AjpFZ+gCOega1dEdaqAmokihZ/SK3qwX6936sD7nq2tWfnOCFmB9/QIE1qHC</latexit>

2
N
× 2

N

“tensor product” = “Kronecker product”

๏ Then, e.g. easy to construct a spin-lowering for spin i:

<latexit sha1_base64="8moOeldeLRxkgFXoUGNZ8s/IOGA="></latexit>

σ̂
−

i
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0

B
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1

1

. . .

1

C

A
⊗

✓

0 1

0 0

◆

⊗

0

B
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1

1

. . .

1

C

A

<latexit sha1_base64="6f/Aw5vy/n2qAOUlvAT8ZGFtJx8="></latexit>

σ̂
−

=

✓

0 1

0 0

◆

<latexit sha1_base64="nuai/NoD+VHCftcq4OSnlbuhqzc="></latexit>

|#i =

✓

1

0

◆

<latexit sha1_base64="5hTMI8H1Wy885XMV+I8y+ZNmEho=">AAACJXicbVDLSsNAFJ3UV62vqODGzWAR3FiSotVlwY3LCvYBbSyTybQdOnkwcyOUmJ9x40J/xZ0IrvwNl07aLGzrgYEz59zLuRw3ElyBZX0ZhZXVtfWN4mZpa3tnd8/cP2ipMJaUNWkoQtlxiWKCB6wJHATrRJIR3xWs7Y5vMr/9yKTiYXAPk4g5PhkGfMApAS31zaPqQ8LP7RT3gPtM4fzbN8tWxZoCLxM7J2WUo9E3f3peSGOfBUAFUaprWxE4CZHAqWBpqRcrFhE6JkPW1TQgOsxJpven+FQrHh6EUr8A8FT9u5EQX6mJ7+pJn8BILXqZ+J/XjWFw7SQ8iGJgAZ0FDWKBIcRZGdjjklEQE00IlVzfiumISEJBVzaX4koyZpDOa24ovKwqe7GYZdKqVuxa5fLuolyv5aUV0TE6QWfIRleojm5RAzURRU/oGb2iN+PFeDc+jM/ZaMHIdw7RHIzvX6e3pSU=</latexit>

2
i−1

× 2
i−1

<latexit sha1_base64="2Ipfal0k2yMeujuu3hzGFyJpJhY=">AAACK3icbVDLSgMxFM3UV62vUZe6CBbBjWWmaHVZcONKKtgHtLVk0rQNzUyG5I5Qhtn4NW5c6K+4Utz6Dy5N2wFt64HA4Zx7OTfHCwXX4DjvVmZpeWV1Lbue29jc2t6xd/dqWkaKsiqVQqqGRzQTPGBV4CBYI1SM+J5gdW94NfbrD0xpLoM7GIWs7ZN+wHucEjBSxz4s3sc3+BRznOAWcJ9p/Kt07LxTcCbAi8RNSR6lqHTs71ZX0shnAVBBtG66TgjtmCjgVLAk14o0Cwkdkj5rGhoQk9eOJ79I8LFRurgnlXkB4In6dyMmvtYj3zOTPoGBnvfG4n9eM4LeZTvmQRgBC+g0qBcJDBKPK8FdrhgFMTKEUMXNrZgOiCIUTHEzKZ4iQwbJrOZJ0R1X5c4Xs0hqxYJbKpzfnuXLpbS0LDpAR+gEuegCldE1qqAqougRPaEX9Go9W2/Wh/U5Hc1Y6c4+moH19QNLk6Zb</latexit>

2
N−i

× 2
N−i

<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j σ̂
z
i σ̂

z
j + hx

X

i
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x
i

<latexit sha1_base64="1klj1CIsJkqikze/mwCGD3AO3go="></latexit>

σ̂
x
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1 0
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1 0

0 1

◆

⊗ . . .

<latexit sha1_base64="YySmxUV3lRg8k5sXTN+BF1suRY0="></latexit>

σ̂
z
i σ̂

z
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z
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z
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◆
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◆
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✓

1 0

0 1

◆

⊗ . . .

<latexit sha1_base64="mg/c+HaKd8tzsRK+qvlyYnlC5Lk="></latexit>

|"i =

✓

0

1

◆



Lecture 2 - Hilbert space construction in a many-body system

๏ In a many-body system we deal with Hamiltonians like (here: spin-model)

Transverse Ising model

๏ Then, e.g. easy to construct a spin-lowering for spin i:

<latexit sha1_base64="8moOeldeLRxkgFXoUGNZ8s/IOGA="></latexit>

σ̂
−

i
=

0

B

@

1

1

. . .

1

C

A
⊗

✓

0 1

0 0

◆
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. . .

1
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A

<latexit sha1_base64="6f/Aw5vy/n2qAOUlvAT8ZGFtJx8="></latexit>

σ̂
−

=

✓

0 1

0 0

◆

<latexit sha1_base64="nuai/NoD+VHCftcq4OSnlbuhqzc="></latexit>

|#i =

✓

1

0

◆

<latexit sha1_base64="/kbkRgv0ZQtgcye1n1v4sCjIamI="></latexit>

|"i =

✓

1

0

◆

<latexit sha1_base64="5hTMI8H1Wy885XMV+I8y+ZNmEho=">AAACJXicbVDLSsNAFJ3UV62vqODGzWAR3FiSotVlwY3LCvYBbSyTybQdOnkwcyOUmJ9x40J/xZ0IrvwNl07aLGzrgYEz59zLuRw3ElyBZX0ZhZXVtfWN4mZpa3tnd8/cP2ipMJaUNWkoQtlxiWKCB6wJHATrRJIR3xWs7Y5vMr/9yKTiYXAPk4g5PhkGfMApAS31zaPqQ8LP7RT3gPtM4fzbN8tWxZoCLxM7J2WUo9E3f3peSGOfBUAFUaprWxE4CZHAqWBpqRcrFhE6JkPW1TQgOsxJpven+FQrHh6EUr8A8FT9u5EQX6mJ7+pJn8BILXqZ+J/XjWFw7SQ8iGJgAZ0FDWKBIcRZGdjjklEQE00IlVzfiumISEJBVzaX4koyZpDOa24ovKwqe7GYZdKqVuxa5fLuolyv5aUV0TE6QWfIRleojm5RAzURRU/oGb2iN+PFeDc+jM/ZaMHIdw7RHIzvX6e3pSU=</latexit>

2
i−1

× 2
i−1

<latexit sha1_base64="2Ipfal0k2yMeujuu3hzGFyJpJhY=">AAACK3icbVDLSgMxFM3UV62vUZe6CBbBjWWmaHVZcONKKtgHtLVk0rQNzUyG5I5Qhtn4NW5c6K+4Utz6Dy5N2wFt64HA4Zx7OTfHCwXX4DjvVmZpeWV1Lbue29jc2t6xd/dqWkaKsiqVQqqGRzQTPGBV4CBYI1SM+J5gdW94NfbrD0xpLoM7GIWs7ZN+wHucEjBSxz4s3sc3+BRznOAWcJ9p/Kt07LxTcCbAi8RNSR6lqHTs71ZX0shnAVBBtG66TgjtmCjgVLAk14o0Cwkdkj5rGhoQk9eOJ79I8LFRurgnlXkB4In6dyMmvtYj3zOTPoGBnvfG4n9eM4LeZTvmQRgBC+g0qBcJDBKPK8FdrhgFMTKEUMXNrZgOiCIUTHEzKZ4iQwbJrOZJ0R1X5c4Xs0hqxYJbKpzfnuXLpbS0LDpAR+gEuegCldE1qqAqougRPaEX9Go9W2/Wh/U5Hc1Y6c4+moH19QNLk6Zb</latexit>

2
N−i

× 2
N−i

Vector of lowering operators, all 

that’s needed!

<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>
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i



๏ In a many-body system we deal with Hamiltonians like (here: spin-model)

<latexit sha1_base64="Am8bP/ANOpnODxzN4kT0/ITBebo="></latexit>

ĤTI =

X

i,j

Ji,j σ̂
z
i σ̂

z
j + hx

X

i

σ̂
x
i Transverse Ising model

๏ Then, full Hamiltonian:

๏ Problem: Inefficient!

Lecture 2 - Hilbert space construction in a many-body system

<latexit sha1_base64="yU0FzzosSEMbOPacF3GCu+Lw3TY=">AAACQnicbZDJSgNBEIZ7XGPcoh69NAZBCIYZl+hFCHjxGMEskImhptNJmvQsdNeIIeRBfBovHvQRfAVv4sWDBzvLwUn8oeHnqyqq+vciKTTa9ru1sLi0vLKaWkuvb2xubWd2dis6jBXjZRbKUNU80FyKgJdRoOS1SHHwPcmrXu96VK8+cKVFGNxhP+INHzqBaAsGaFAzc+p2AamrRceHprh/pFc0SY5pbobkmpmsnbfHovPGmZosmarUzHy7rZDFPg+QSdC67tgRNgagUDDJh2k31jwC1oMOrxsbgM91YzD+3JAeGtKi7VCZFyAd078TA/C17vue6fQBu3q2NoL/1eoxti8bAxFEMfKATRa1Y0kxpKOkaEsozlD2jQGmhLmVsi4oYGjyTGzxFPQ4DpPMC2VraKJyZoOZN5WTvFPIn9+eZYuFaWgpsk8OyBFxyAUpkhtSImXCyBN5Jq/kzXqxPqxP62vSumBNZ/ZIQtbPL2dFsIc=</latexit>

σ̂
x

i
= σ̂

−

i
+ σ̂

+

i

<latexit sha1_base64="725EMeZPqDBFPHWeSrcGDJPKy+s=">AAACYnicbZDLSgMxFIbT8VbrrbVLXQSLIEjLjGh1IxTcuKxoL9AZy5k0bUMzF5IzQi19MB/FlRsX+gYuTS8L23og8Oc75+ckvx9LodG231PW2vrG5lZ6O7Ozu7d/kM0d1nWUKMZrLJKRavqguRQhr6FAyZux4hD4kjf8wd2k33jhSosofMJhzL0AeqHoCgZoUDv76PYBqatFL4C2eH6lt3SRnC/di7S4QpYc7WzBLtnToqvCmYsCmVe1nf1xOxFLAh4ik6B1y7Fj9EagUDDJxxk30TwGNoAebxkZQsC1N5p+fkxPDenQbqTMCZFO6V/HCAKth4FvJgPAvl7uTeB/vVaC3RtvJMI4QR6y2aJuIilGdJIk7QjFGcqhEcCUMG+lrA8KGJq8F7b4CgYcx4vMj2RnbKJyloNZFfWLklMuXT1cFirleWhpckROyBlxyDWpkHtSJTXCyBv5IF/kO/VpZayclZ+NWqm5J08Wyjr+BT+FuP8=</latexit>
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i
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i
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i
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−

i
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+

i



Lecture 2 - Sparse Matrices!

๏ In a many-body system we deal with Hamiltonians like (here: spin-model)

<latexit sha1_base64="Am8bP/ANOpnODxzN4kT0/ITBebo="></latexit>

ĤTI =

X

i,j

Ji,j σ̂
z
i σ̂

z
j + hx

X

i

σ̂
x
i Transverse Ising model

๏ Even for a full coupling matrix, the 

Hamiltonian is very sparse!

๏ Problem: Inefficient!

Most elements are zero!

๏ Elements in matrix:
<latexit sha1_base64="E/V/S0kPUawDWXVjcRVZeEIGZS8=">AAACAHicbVDLSgNBEJz1GeMr6tHLYBA8hd2g0WPAiyeJYB6QrGF20puMmX0w0yuEJRe/wKt+gTfx6p/4Af6Hs0kOJrGgoajqprvLi6XQaNvf1srq2vrGZm4rv72zu7dfODhs6ChRHOo8kpFqeUyDFCHUUaCEVqyABZ6Epje8zvzmEygtovAeRzG4AeuHwhecoZEa5Ye0fDvuFop2yZ6ALhNnRopkhlq38NPpRTwJIEQumdZtx47RTZlCwSWM851EQ8z4kPWhbWjIAtBuOrl2TE+N0qN+pEyFSCfq34mUBVqPAs90BgwHetHLxP+8doL+lZuKME4QQj5d5CeSYkSz12lPKOAoR4YwroS5lfIBU4yjCWhui6fYEDDLxVlMYZk0yiWnUrq4Oy9WK7OEcuSYnJAz4pBLUiU3pEbqhJNH8kJeyZv1bL1bH9bntHXFms0ckTlYX7+rVZcU</latexit>

2
2N

๏ Non-zero elements:
<latexit sha1_base64="Ykv81p5nxwrEj9K6CsWoIdGiAqs=">AAACDHicbVBLSgNBFOyJvxh/oy7dNAYhbsJM0Ogy4MaVRjAfSMbwptOTNOn50N0TCEOu4Anc6gnciVvv4AG8hz3JLExiwYOi6j1eUW7EmVSW9W3k1tY3Nrfy24Wd3b39A/PwqCnDWBDaICEPRdsFSTkLaEMxxWk7EhR8l9OWO7pJ/daYCsnC4FFNIur4MAiYxwgoLfVMs+uDGhLgyf20VHm6O++ZRatszYBXiZ2RIspQ75k/3X5IYp8GinCQsmNbkXISEIoRTqeFbixpBGQEA9rRNACfSieZJZ/iM630sRcKPYHCM/XvRQK+lBPf1ZtpTrnspeJ/XidW3rWTsCCKFQ3I/JEXc6xCnNaA+0xQovhEEyCC6ayYDEEAUbqshS+ugBFVU92LvdzCKmlWyna1fPlwUaxVs4by6ASdohKy0RWqoVtURw1E0Bi9oFf0Zjwb78aH8TlfzRnZzTFagPH1C4w3m00=</latexit>

O(2N )

This example:

Only 1% filled … let’s use Sparse Matrices!

<latexit sha1_base64="fz29S/YUjFoyhI+ydh+dxig6xQU=">AAAB+3icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kaBohYGMlEcwHJEfY2+wlS3b3jt09IRz5C7ba24mtP8bWX+JecoVJfDDweG+GmXlBzJk2rvvtFDY2t7Z3irulvf2Dw6Py8UlbR4kitEUiHqlugDXlTNKWYYbTbqwoFgGnnWByl/mdZ6o0i+STmcbUF3gkWcgINpn0cOu5g3LFrbpzoHXi5aQCOZqD8k9/GJFEUGkIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNUYkG1n85vnaELqwxRGClb0qC5+ncixULrqQhsp8BmrFe9TPzP6yUmrPspk3FiqCSLRWHCkYlQ9jgaMkWJ4VNLMFHM3orIGCtMjI1naUsgZiUbircawTppX1W962rtsVZp1PN4inAG53AJHtxAA+6hCS0gMIYXeIU3Z+a8Ox/O56K14OQzp7AE5+sXPBaUMw==</latexit>

N = 10



Lecture 2 - Sparse Matrices!

๏ Minimal modifications

Full vs. sparse version



Lecture 2 - Hilbert space construction in a many-body system

๏ Remark: For a system of bosons in a lattice, very similar construction possible

๏ Remark: We want to compute expectation values, this can e.g. again be easily achieved using our sparse operators

๏ Remark: Initial product states can also easily produced with Kronecker products

… or even more simply:

<latexit sha1_base64="JozTkHoZ3jA1FEULhlyUybuYD20="></latexit>

|ψ0i = |#"#"i = |#i ⌦ |"i ⌦ |#i ⌦ |"i ,

<latexit sha1_base64="TBoh2XNnGbFeu0pGwxqq4RnbBH0="></latexit>

|ψ0i = |####i ,

<latexit sha1_base64="zadSIEdt+2uxDESC3k+1VYmpAqI="></latexit>

hψ(t)| σ̂z

i
|ψ(t)i ,

Introduce cutoff of bosons per site
J

U

<latexit sha1_base64="ecJjVX61vmXiK9OqZLk/oVoCfZA="></latexit>

Ĥ = −J

X

i

(b̂ib̂
†
i+1

+ b̂
†
i
b̂i+1) +

U

2

X

i

b̂
†
i
b̂
†
i
b̂ib̂i

Define bosonic field operators and 

use Kroneckers as before

But: Number not conserved!

<latexit sha1_base64="a0i/FQPp2oikBpSJaB5Y+ds8zxk=">AAACDXicbVDLSgMxFM3UV62vqS7dBIvgqsyIVjdCQReupIJ9QDsOmTRtQ5PMkGTUMsw3+AVu9QvciVu/wQ/wP0zbWdjWAxcO59zLuZwgYlRpx/m2ckvLK6tr+fXCxubW9o5d3G2oMJaY1HHIQtkKkCKMClLXVDPSiiRBPGCkGQwvx37zgUhFQ3GnRxHxOOoL2qMYaSP5dvEKXkDhJx3JIUdP6f2Nb5ecsjMBXCRuRkogQ823fzrdEMecCI0ZUqrtOpH2EiQ1xYykhU6sSITwEPVJ21CBOFFeMnk9hYdG6cJeKM0IDSfq34sEcaVGPDCbHOmBmvfG4n9eO9a9cy+hIoo1EXga1IsZ1CEc9wC7VBKs2cgQhCU1v0I8QBJhbdqaSQkkGhKdml7c+RYWSeO47FbKp7cnpWolaygP9sEBOAIuOANVcA1qoA4weAQv4BW8Wc/Wu/VhfU5Xc1Z2swdmYH39Auq7m34=</latexit>

D = n
N

max



Plan for today

๏ Part 2.2: Simulation of dynamics with sparse Hamiltonians: Krylov space 

methods. Applications to spin-model dynamics.

๏ Part 2.3: Methods for open system dynamics: Density matrix linearization 

and quantum trajectories.

System Bath

๏ Part 2.1: The many-body problem of the day: Long-range spin model 

dynamics. How to numerically construct Hamiltonians.



Krylov space methods

๏ The goal is to compute dynamics of some initial state

… with a generally very sparse matrix

๏ We could just use Runge-Kutta for this, but it can be overkill:

๏ A more efficient method can be to  compute the matrix exponential directly!

<latexit sha1_base64="FSY8dir+vXLwWM9JvID9UCOx1yk=">AAACMHicbZDNSgMxFIUz/tb6N+rSTbAIbiwzoq0boeCmywrWCp1SMplMG0wyQ3JHKOM8ii/hK7jVva5Elz6Fae3CqhcCh3Pu5d58YSq4Ac97debmFxaXlksr5dW19Y1Nd2v7yiSZpqxNE5Ho65AYJrhibeAg2HWqGZGhYJ3w5nycd26ZNjxRlzBKWU+SgeIxpwSs1XfrQawJzaMij6C4C1LDA03UQDB8hg/zQEvMCxwMCeAm/hn33YpX9SaF/wp/KipoWq2++xFECc0kU0AFMabreyn0cqKBU8GKcpAZlhJ6Qwasa6UikplePvlggfetE+E40fYpwBP350ROpDEjGdpOSWBofmdj87+sm0F82su5SjNgin4vijOBIcFjWjjimlEQIysI1dzeiumQWGJgmc5sCWVRtlD83wj+iqujql+rnlwcVxq1KZ4S2kV76AD5qI4aqIlaqI0oukeP6Ak9Ow/Oi/PmvH+3zjnTmR00U87nF6gKqjI=</latexit>

d

dt
|ψi = −iĤ|ψi

<latexit sha1_base64="ScTe2eQMaNbpPcQGlsl8ku0Uj7U="></latexit>

|ψ(t)i = e−iĤt |ψ0i

i) The problem is linear

ii) The Hamiltonian is time-independent

๏ Problem: A full matrix exponentiation turns the sparse Hamiltonian into a full matrix

<latexit sha1_base64="SABlqxERFD1yj9B52txKlmGTDYk=">AAACHHicbVDLSgMxFM3UV62vUZdugkVwVWZEqxuhIEKXFewDOqVk0rQNzWSG5I5Qhm79DL/ArX6BO3Er+AH+h5l2QNt6IOTknHu5N8ePBNfgOF9WbmV1bX0jv1nY2t7Z3bP3Dxo6jBVldRqKULV8opngktWBg2CtSDES+II1/dFN6jcfmNI8lPcwjlgnIAPJ+5wSMFLXxt6QAK5ib8Qgue3KCb7G5vp9d+2iU3KmwMvEzUgRZah17W+vF9I4YBKoIFq3XSeCTkIUcCrYpODFmkWEjsiAtQ2VJGC6k0x/MsEnRunhfqjMkYCn6t+OhARajwPfVAYEhnrRS8X/vHYM/atOwmUUA5N0NqgfCwwhTmPBPa4YBTE2hFDFza6YDokiFEx4c1N8RUw2aS7uYgrLpHFWcsuli7vzYqWcJZRHR+gYnSIXXaIKqqIaqiOKHtEzekGv1pP1Zr1bH7PSnJX1HKI5WJ8/C9WhZQ==</latexit>

Ĥ |Eni = En |Eni

sparse ~D elements D energy eigenstates

E.g.: Compute matrix exponential by full diagonalization

<latexit sha1_base64="U1Iumh7RGe8NRaARg0lgc8KOqLs=">AAACI3icbZDLSsNAFIYn9VbrLerSzWARXZVEtLoRCiJ0WcFeoAlhMp22QyeTMHMilNBH8DF8Arf6BO7EjQuXvofTy8K2/nDg4z/ncGb+MBFcg+N8WbmV1bX1jfxmYWt7Z3fP3j9o6DhVlNVpLGLVColmgktWBw6CtRLFSBQK1gwHt+N+85EpzWP5AMOE+RHpSd7llICxAvvU6xPAVXyDPZ1GgcR3prwBg8zACHuhIhMK7KJTcibCy+DOoIhmqgX2j9eJaRoxCVQQrduuk4CfEQWcCjYqeKlmCaED0mNtg5JETPvZ5EMjfGKcDu7GypQEPHH/bmQk0noYhWYyItDXi72x+V+vnUL32s+4TFJgkk4PdVOBIcbjdHCHK0ZBDA0Qqrh5K6Z9oggFk+HcFROMSWmci7uYwjI0zktuuXR5f1GslGcJ5dEROkZnyEVXqIKqqIbqiKIn9IJe0Zv1bL1bH9bndDRnzXYO0Zys719xy6Q6</latexit>

Ĥ =

X

n

En |Eni hEn|

๏ On the other hand: We’re only interested in the state after applying the matrix exponential

<latexit sha1_base64="R11WNGxARYuhcwfnDm1mKX89dck="></latexit>

e−iĤt =
X

k=0

(−itĤ)k

k!
=

X

n

e−itEn |Eni hEn|

Maybe we only need a few 

terms in this sum?

each ~D elements in general: Full DxD matrix :(

<latexit sha1_base64="gy4ErBdzvZS0PupfH6KtsEtJNSg="></latexit>

e−iĤt |ψ0i =
X

k=0

(−itĤ)k

k!
|ψ0i ⌘

X

k=0

Âk

k!
|ψ0i



Krylov space methods

๏ Starting from the initial state, a good idea seems to be using the following space:

๏ Krylov space:

(here formulated in bra/ket notation, but concept is general) Aleksey Nikolaevich Krylov

(1863 - 1945)

๏ Problem: The states are not orthogonal (in fact with increasing k they become more and more parallel)

Maybe we only need a few 

terms in this sum?<latexit sha1_base64="gy4ErBdzvZS0PupfH6KtsEtJNSg="></latexit>

e−iĤt |ψ0i =
X

k=0

(−itĤ)k

k!
|ψ0i ⌘

X

k=0

Âk

k!
|ψ0i

<latexit sha1_base64="tFo19LRysCx699sK2IiLv84qw/A="></latexit>

span

⇣

Â0 |ψ0i , Â
1 |ψ0i , Â

2 |ψ0i , . . . , Â
m−1 |ψ0i

⌘

<latexit sha1_base64="+X6um4r4LFSpNjvYryRg2dxAI3A=">AAACH3icbVDLSgMxFM3UV62vqks3wSK4KjOi1Y1QEMFlBfuAzjBk0kwbmmSGJCOUoR/gZ/gFbvUL3InbfoD/YWY6C9t64MLhnHO5yQliRpW27ZlVWlvf2Nwqb1d2dvf2D6qHRx0VJRKTNo5YJHsBUoRRQdqaakZ6sSSIB4x0g/Fd5nefiVQ0Ek96EhOPo6GgIcVIG8mv1twx0akbK+rbU3gLXZVwX0BsJnfufTE1Kbtu54CrxClIDRRo+dUfdxDhhBOhMUNK9R071l6KpKaYkWnFTRSJER6jIekbKhAnykvzz0zhmVEGMIykGaFhrv7dSBFXasIDk+RIj9Syl4n/ef1EhzdeSkWcaCLw/FCYMKgjmDUDB1QSrNnEEIQlNW+FeIQkwtr0t3AlkMh0k/XiLLewSjoXdadRv3q8rDUbRUNlcAJOwTlwwDVoggfQAm2AwQt4A+/gw3q1Pq0v63seLVnFzjFYgDX7BXeWo0M=</latexit>

|ψ0i =
X

n

cn |Eni
<latexit sha1_base64="SABlqxERFD1yj9B52txKlmGTDYk=">AAACHHicbVDLSgMxFM3UV62vUZdugkVwVWZEqxuhIEKXFewDOqVk0rQNzWSG5I5Qhm79DL/ArX6BO3Er+AH+h5l2QNt6IOTknHu5N8ePBNfgOF9WbmV1bX0jv1nY2t7Z3bP3Dxo6jBVldRqKULV8opngktWBg2CtSDES+II1/dFN6jcfmNI8lPcwjlgnIAPJ+5wSMFLXxt6QAK5ib8Qgue3KCb7G5vp9d+2iU3KmwMvEzUgRZah17W+vF9I4YBKoIFq3XSeCTkIUcCrYpODFmkWEjsiAtQ2VJGC6k0x/MsEnRunhfqjMkYCn6t+OhARajwPfVAYEhnrRS8X/vHYM/atOwmUUA5N0NqgfCwwhTmPBPa4YBTE2hFDFza6YDokiFEx4c1N8RUw2aS7uYgrLpHFWcsuli7vzYqWcJZRHR+gYnSIXXaIKqqIaqiOKHtEzekGv1pP1Zr1bH7PSnJX1HKI5WJ8/C9WhZQ==</latexit>

Ĥ |Eni = En |Eni

๏ When renormalizing:

Example, let’s for a sec take the matrix to be a hermitian Hamiltonian

<latexit sha1_base64="NOP78KmtqCAMRnVIXy48QYfzeSE="></latexit>

|ψki ⌘ Ĥk |ψ0i =
X

n

cnE
k

n
|Eni

<latexit sha1_base64="zYp7AhIXea56UpR51OG/0AMW36k=">AAACE3icbVDLSsNAFJ3UV62vqAsXbgaL4KokVasrKUjBZQVbC20Ik+mkHTp5MHMjlJLP8Avc6he4E7d+gB/gfzhNs7CtB+ZyOPce7p3jxYIrsKxvo7Cyura+UdwsbW3v7O6Z+wdtFSWSshaNRCQ7HlFM8JC1gINgnVgyEniCPXqj22n/8YlJxaPwAcYxcwIyCLnPKQEtueZRw7XxDW641aye69rrR6Bcs2xVrAx4mdg5KaMcTdf80T6aBCwEKohSXduKwZkQCZwKlpZ6iWIxoSMyYF1NQxIw5UyyD6T4VCt97EdSvxBwpv51TEig1Djw9GRAYKgWe1Pxv143Af/amfAwToCFdLbITwSGCE/TwH0uGQUx1oRQyfWtmA6JJBR0ZnNbPElGDFKdi72YwjJpVyt2rXJ5f1Gu1/KEiugYnaAzZKMrVEd3qIlaiKIUvaBX9GY8G+/Gh/E5Gy0YuecQzcH4+gU/yJv5</latexit>

E1 > E2 > E3 > . . .

<latexit sha1_base64="L253YYX5lhjreTXszyTYkjTPwoQ="></latexit>

|ψki

k |ψki k
⇡ |E1i

<latexit sha1_base64="4pwU7G3Iilp7yqL+i/gJxDcrcG4=">AAACAXicbVDLSgNBEJz1GeMr6tHLYBA8hV3R6DHgxWME84BkCbOT3s2wsw9meoWw5OQXeNUv8CZe/RI/wP9wkuzBJBY0FFXddHd5qRQabfvbWlvf2NzaLu2Ud/f2Dw4rR8dtnWSKQ4snMlFdj2mQIoYWCpTQTRWwyJPQ8cK7qd95AqVFEj/iOAU3YkEsfMEZGqkT0n4QUGdQqdo1ewa6SpyCVEmB5qDy0x8mPIsgRi6Z1j3HTtHNmULBJUzK/UxDynjIAugZGrMItJvPzp3Qc6MMqZ8oUzHSmfp3ImeR1uPIM50Rw5Fe9qbif14vQ//WzUWcZggxny/yM0kxodPf6VAo4CjHhjCuhLmV8hFTjKNJaGGLp1gIODG5OMsprJL2Zc2p164frqqNepFQiZySM3JBHHJDGuSeNEmLcBKSF/JK3qxn6936sD7nrWtWMXNCFmB9/QLPSJcc</latexit>

k ! 1
Repeated application gives the highest energy state!

Known as power method <latexit sha1_base64="/sAvlu+i4KNVAa6E1oGKAUySZ/k=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BLx4jmAcmS5iddJIhs7PrTK8Qllz9Aq/6Bd7Eq//hB/gfTpI9mGhBQ1HVTXdXEEth0HW/nNzK6tr6Rn6zsLW9s7tX3D9omCjRHOo8kpFuBcyAFArqKFBCK9bAwkBCMxhdT/3mI2gjInWH4xj8kA2U6AvO0Er3vOvRjoIH6naLJbfszkD/Ei8jJZKh1i1+d3oRT0JQyCUzpu25Mfop0yi4hEmhkxiIGR+xAbQtVSwE46eziyf0xCo92o+0LYV0pv6eSFlozDgMbGfIcGiWvan4n9dOsH/lp0LFCYLi80X9RFKM6PR92hMaOMqxJYxrYW+lfMg042hDWtgSaDYCnNhcvOUU/pLGWdmrlC9uz0vVSpZQnhyRY3JKPHJJquSG1EidcKLIM3khr86T8+a8Ox/z1pyTzRySBTifP9g6mDc=</latexit>

c1 6= 0

<latexit sha1_base64="B787xkUmFzKg1+Y1QTnoFZFtkPA=">AAACC3icbZDLSsNAFIYn9VbrpVGXbgaL4KokotWNUHHTZQV7gTaUyXTSDp1MwsyJUEIfwSdwq0/gTtz6ED6A7+E0zcJWfzjw8Z9zOIffjwXX4DhfVmFtfWNzq7hd2tnd2y/bB4dtHSWKshaNRKS6PtFMcMlawEGwbqwYCX3BOv7kbt7vPDKleSQfYBozLyQjyQNOCRhrYJf7YwL4Ft/gDBoDu+JUnUz4L7g5VFCu5sD+7g8jmoRMAhVE657rxOClRAGngs1K/USzmNAJGbGeQUlCpr00e3yGT40zxEGkTEnAmft7IyWh1tPQN5MhgbFe7c3N/3q9BIJrL+UyToBJujgUJAJDhOcp4CFXjIKYGiBUcfMrpmOiCAWT1dIVX5EJg5nJxV1N4S+0z6turXp5f1Gp1/KEiugYnaAz5KIrVEcN1EQtRFGCntELerWerDfr3fpYjBasfOcILcn6/AFu4JoP</latexit>

Â = Ĥ



Krylov space methods - Arnoldi iteration

๏ Problem: The states are not orthogonal (in fact with increasing k they become more and more parallel)

๏ Arnoldi iteration: Create an orthonormal basis from the Krylov vectors (using improved Gram-Schmidt)

Walter Edwin Arnoldi

(1917 - 1995)

<latexit sha1_base64="mSdS/yjKtHjA6t2hesz5OpRJPqE=">AAACLHicbZDLSsNAFIYnXmu9RV26GSyCq5qIVjdCwY3LCvYCTQiT6bQdOrkwcyKUNK/hY/gEbvUJ3Ii41Odw2mbRiz8M/HznHM6Z348FV2BZn8bK6tr6xmZhq7i9s7u3bx4cNlSUSMrqNBKRbPlEMcFDVgcOgrViyUjgC9b0B3fjevOJScWj8BGGMXMD0gt5l1MCGnmm5QwYpE6suGdlGN9iPAvOsTOaA87IM0tW2ZoILxs7NyWUq+aZP04noknAQqCCKNW2rRjclEjgVLCs6CSKxYQOSI+1tQ1JwJSbTn6W4VNNOrgbSf1CwBM6O5GSQKlh4OvOgEBfLdbG8L9aO4HujZvyME6AhXS6qJsIDBEex4Q7XDIKYqgNoZLrWzHtE0ko6DDntviS6IAynYu9mMKyaVyU7Ur56uGyVK3kCRXQMTpBZ8hG16iK7lEN1RFFz+gVvaF348X4ML6M72nripHPHKE5Gb9/D9ioKg==</latexit>

|ψ0i = |ψ0i /k |ψ0i k (normalization just in case)

1st iteration

<latexit sha1_base64="swPteWmSXAYf0rz+mhguS2p4Uo4=">AAAB/3icbVDLTgIxFO3gC/GFunTTSExckRmj6JLEjUtMHCCBCemUCzR0OpP2jgmZsPAL3OoXuDNu/RQ/wP+wwCwEPUmTk3Puyb09YSKFQdf9cgpr6xubW8Xt0s7u3v5B+fCoaeJUc/B5LGPdDpkBKRT4KFBCO9HAolBCKxzfzvzWI2gjYvWAkwSCiA2VGAjO0Ep+tx+j6ZUrbtWdg/4lXk4qJEejV/62OZ5GoJBLZkzHcxMMMqZRcAnTUjc1kDA+ZkPoWKpYBCbI5sdO6ZlV+nQQa/sU0rn6O5GxyJhJFNrJiOHIrHoz8T+vk+LgJsiESlIExReLBqmkGNPZz2lfaOAoJ5YwroW9lfIR04yj7WdpS6jZGHBqe/FWW/hLmhdVr1a9ur+s1Gt5Q0VyQk7JOfHINamTO9IgPuFEkGfyQl6dJ+fNeXc+FqMFJ88ckyU4nz+b8ZcY</latexit>

. . .

๏ Krylov space:

(here formulated in bra/ket notation, but concept is general)

<latexit sha1_base64="tFo19LRysCx699sK2IiLv84qw/A="></latexit>

span

⇣

Â0 |ψ0i , Â
1 |ψ0i , Â

2 |ψ0i , . . . , Â
m−1 |ψ0i

⌘

ith - iteration

<latexit sha1_base64="nO7W4DiA34ZvdqL3qTnKWAsxI84=">AAACHnicbZDLSsNAFIYn9VbrrerSzdAiuCqJaHUjVNy4rGAv0IQwmU7boZNJmDkRSujex/AJ3OoTuBO3+gC+h9M2oG39YeDnP+dwznxBLLgG2/6yciura+sb+c3C1vbO7l5x/6Cpo0RR1qCRiFQ7IJoJLlkDOAjWjhUjYSBYKxjeTOqtB6Y0j+Q9jGLmhaQveY9TAibyiyV3yCB1Y819Z4yvsDsggK/xb2qP/WLZrthT4WXjZKaMMtX94rfbjWgSMglUEK07jh2DlxIFnAo2LriJZjGhQ9JnHWMlCZn20ulfxvjYJF3ci5R5EvA0/TuRklDrURiYzpDAQC/WJuF/tU4CvUsv5TJOgEk6W9RLBIYIT8DgLleMghgZQ6ji5lZMB0QRCgbf3JZAEYNnwsVZpLBsmqcVp1o5vzsr16oZoTw6QiV0ghx0gWroFtVRA1H0iJ7RC3q1nqw36936mLXmrGzmEM3J+vwBLOuiiw==</latexit>

|ψ1i = Â |ψ0i

<latexit sha1_base64="fTiOUqrfif4pgw0FiPozv/Rwwf4="></latexit>

hi,i ⌘ hψi−1|ψii |ψii = |ψii − hi+1,i |ψi−1i

<latexit sha1_base64="p+8/i/SYD216a79Xl75eSO6Y+V0=">AAACInicbZDLSsNAFIYnXmu9RV26GSyKG0siWt0IFTcuK9gLNKVMptN26GQSZk6EEvIGPoZP4FafwJ24Etz6Hk7agrb1h4Gf/5zDOfP5keAaHOfTWlhcWl5Zza3l1zc2t7btnd2aDmNFWZWGIlQNn2gmuGRV4CBYI1KMBL5gdX9wk9XrD0xpHsp7GEasFZCe5F1OCZiobR95AwaJF2ne5im+wl6fAL7Gv2nCT9w0bdsFp+iMhOeNOzEFNFGlbX97nZDGAZNABdG66ToRtBKigFPB0rwXaxYROiA91jRWkoDpVjL6T4oPTdLB3VCZJwGP0r8TCQm0Hga+6QwI9PVsLQv/qzVj6F62Ei6jGJik40XdWGAIcQYHd7hiFMTQGEIVN7di2ieKUDAIp7b4ihhEGRd3lsK8qZ0W3VLx/O6sUC5NCOXQPjpAx8hFF6iMblEFVRFFj+gZvaBX68l6s96tj3HrgjWZ2UNTsr5+AM8ypHo=</latexit>

|ψii = Â |ψi−1i

<latexit sha1_base64="dZyNnBSnkKJRhDsSXxEMrmk3Q5I="></latexit>

h2,1 ⌘ k |ψ1i k |ψ1i = |ψ1i /h2,1

<latexit sha1_base64="+yukDYpyaVtdsrVYAF/SVXt5bUQ="></latexit>

h1,1 ⌘ hψ0|ψ1i |ψ1i = |ψ1i − h1,1 |ψ0i

<latexit sha1_base64="2ZAjUFzktCHut5WmLP1F4NlIelk="></latexit>

hi+1,1 ⌘ k |ψii k |ψii = |ψii /hi+1,1

<latexit sha1_base64="Z+yS6JugNqvDxBDa/5sdaEwIg1A="></latexit>

h1,i ⌘ hψ0|ψii |ψii = |ψii − h1,i |ψ0i
<latexit sha1_base64="rWwu/dExHXs7/DPWWMzpV9luwMU="></latexit>

h2,i ⌘ hψ1|ψii |ψii = |ψii − h2,i |ψ1i



Krylov space methods - Arnoldi iteration

<latexit sha1_base64="swPteWmSXAYf0rz+mhguS2p4Uo4=">AAAB/3icbVDLTgIxFO3gC/GFunTTSExckRmj6JLEjUtMHCCBCemUCzR0OpP2jgmZsPAL3OoXuDNu/RQ/wP+wwCwEPUmTk3Puyb09YSKFQdf9cgpr6xubW8Xt0s7u3v5B+fCoaeJUc/B5LGPdDpkBKRT4KFBCO9HAolBCKxzfzvzWI2gjYvWAkwSCiA2VGAjO0Ep+tx+j6ZUrbtWdg/4lXk4qJEejV/62OZ5GoJBLZkzHcxMMMqZRcAnTUjc1kDA+ZkPoWKpYBCbI5sdO6ZlV+nQQa/sU0rn6O5GxyJhJFNrJiOHIrHoz8T+vk+LgJsiESlIExReLBqmkGNPZz2lfaOAoJ5YwroW9lfIR04yj7WdpS6jZGHBqe/FWW/hLmhdVr1a9ur+s1Gt5Q0VyQk7JOfHINamTO9IgPuFEkGfyQl6dJ+fNeXc+FqMFJ88ckyU4nz+b8ZcY</latexit>

. . .

๏ Krylov space:

<latexit sha1_base64="tFo19LRysCx699sK2IiLv84qw/A="></latexit>

span

⇣

Â0 |ψ0i , Â
1 |ψ0i , Â

2 |ψ0i , . . . , Â
m−1 |ψ0i

⌘

ith - iteration

<latexit sha1_base64="fTiOUqrfif4pgw0FiPozv/Rwwf4="></latexit>

hi,i ⌘ hψi−1|ψii |ψii = |ψii − hi+1,i |ψi−1i

<latexit sha1_base64="p+8/i/SYD216a79Xl75eSO6Y+V0=">AAACInicbZDLSsNAFIYnXmu9RV26GSyKG0siWt0IFTcuK9gLNKVMptN26GQSZk6EEvIGPoZP4FafwJ24Etz6Hk7agrb1h4Gf/5zDOfP5keAaHOfTWlhcWl5Zza3l1zc2t7btnd2aDmNFWZWGIlQNn2gmuGRV4CBYI1KMBL5gdX9wk9XrD0xpHsp7GEasFZCe5F1OCZiobR95AwaJF2ne5im+wl6fAL7Gv2nCT9w0bdsFp+iMhOeNOzEFNFGlbX97nZDGAZNABdG66ToRtBKigFPB0rwXaxYROiA91jRWkoDpVjL6T4oPTdLB3VCZJwGP0r8TCQm0Hga+6QwI9PVsLQv/qzVj6F62Ei6jGJik40XdWGAIcQYHd7hiFMTQGEIVN7di2ieKUDAIp7b4ihhEGRd3lsK8qZ0W3VLx/O6sUC5NCOXQPjpAx8hFF6iMblEFVRFFj+gZvaBX68l6s96tj3HrgjWZ2UNTsr5+AM8ypHo=</latexit>

|ψii = Â |ψi−1i

<latexit sha1_base64="2ZAjUFzktCHut5WmLP1F4NlIelk="></latexit>

hi+1,1 ⌘ k |ψii k |ψii = |ψii /hi+1,1

<latexit sha1_base64="Z+yS6JugNqvDxBDa/5sdaEwIg1A="></latexit>

h1,i ⌘ hψ0|ψii |ψii = |ψii − h1,i |ψ0i
<latexit sha1_base64="rWwu/dExHXs7/DPWWMzpV9luwMU="></latexit>

h2,i ⌘ hψ1|ψii |ψii = |ψii − h2,i |ψ1i

(exercise: show)

๏ Qi is a projection matrix to the Krylov basis

The iteration can be written in the matrix form:
๏ What is the matrix h?

Example: i=1

<latexit sha1_base64="lZ4MdyLsVAvsvthFOTiFkA/+ypY="></latexit>

Â(|ψ0i) =
(

|ψ0i |ψ1i
)

✓

h1,1

h2,1

◆

<latexit sha1_base64="sjY7Bdn3LOpibevvmYuI0az/E2o="></latexit>

|ψ1i =
⇣

Â |ψ0i − h1,1 |ψ0i
⌘

/h2,1

<latexit sha1_base64="CxQ9SayEAAPtdzroJuqODRXREMw="></latexit>

Â |ψ0i = h1,1 |ψ0i+ h2,1 |ψ1i

after i iterations, we have i+1 

orthogonal vectors, i.e. we have 

the “semi-unitary” matrix

<latexit sha1_base64="3FlWOsE7t2fNRvT7AJM00audZck="></latexit>

Qi =

(

|ψ0i |ψ1i . . . |ψii
)

<latexit sha1_base64="abfJGuzdoMMwsdBWJZGynIWXoPs=">AAACB3icbVBLSgNBFOyJvxh/UZduGoMQEcKMaHQZ0IXLCOYDyRB6Om+SJj0fu98IIeQAnsCtnsCduPUYHsB72ElmYRILHhRV71GP8mIpNNr2t5VZWV1b38hu5ra2d3b38vsHdR0likONRzJSTY9pkCKEGgqU0IwVsMCT0PAGNxO/8QRKiyh8wGEMbsB6ofAFZ2gk97aNIgBNi+LMOe3kC3bJnoIuEyclBZKi2sn/tLsRTwIIkUumdcuxY3RHTKHgEsa5dqIhZnzAetAyNGQmyh1Nnx7TE6N0qR8pMyHSqfr3YsQCrYeBZzYDhn296E3E/7xWgv61OxJhnCCEfBbkJ5JiRCcN0K5QwFEODWFcCfMr5X2mGEfT01yKp9gAcGx6cRZbWCb185JTLl3eXxQq5bShLDkix6RIHHJFKuSOVEmNcPJIXsgrebOerXfrw/qcrWas9OaQzMH6+gXZ+ZlK</latexit>

D × (i+ 1)
<latexit sha1_base64="80OqDQL0ka3vhrQ13La9bgb2qTQ=">AAACPXicbVDLSsNAFJ34rPUVdelmsAiuQiJa3QgFNy5bsA9oYpiZTNqhkwczE6GE/IVf48aF/oQf4E7c6tKkzcK0Hhg495x7uXcOjjmTyjTftZXVtfWNzdpWfXtnd29fPzjsySgRhHZJxCMxwEhSzkLaVUxxOogFRQHmtI8nt4Xff6RCsii8V9OYOgEahcxnBKlccnXDDpAaYz/tZG7Ksmr1YHtoBG/gXMWplbl6wzTMGeAysUrSACXarv5jexFJAhoqwpGUQ8uMlZMioRjhNKvbiaQxIhM0osOchiig0kln/8rgaa540I9E/kIFZ+rfiRQFUk4DnHcWF8pFrxD/84aJ8q+dlIVxomhI5ov8hEMVwSIk6DFBieLTnCAiWH4rJGMkEFF5lJUtWKAJVVlVwxH3iqisxWCWSe/csJrGZeei0WqWodXAMTgBZ8ACV6AF7kAbdAEBT+AZvII37UX70D61r3nrilbOHIEKtO9fO0mwvQ==</latexit>

QiQ
†
i
= 1

<latexit sha1_base64="VfVBwxdR50F2cCBOPcmLA6HaezQ=">AAACCHicbVBLSgNBFHzjN8Zf1KWbxiBEhDAjGl0G3LiMYD6QjKGn05M06fnQ/UYIQy7gCdzqCdyJW2/hAbyHnWQWJrHgQVH1HvUoL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3vJ34zSeutIjCBxzF3A1oPxS+YBSN9FgS584Z6aAIuCaiWyjaZXsKskycjBQhQ61b+On0IpYEPEQmqdZtx47RTalCwSQf5zuJ5jFlQ9rnbUNDamLcdPr1mJwapUf8SJkJkUzVvxcpDbQeBZ7ZDCgO9KI3Ef/z2gn6N24qwjhBHrJZkJ9IghGZVEB6QnGGcmQIZUqYXwkbUEUZmqLmUjxFhxzHphdnsYVl0rgoO5Xy1f1lsVrJGsrBMZxACRy4hircQQ3qwEDBC7zCm/VsvVsf1udsdcXKbo5gDtbXL2nomZk=</latexit>

(i+ 1)× i

<latexit sha1_base64="JMBKMZI36yxge1HfYAuoAeNLXZ4="></latexit>

hi =















h1,1 h1,2 . . . h1,i

h2,1 h2,2 . . . h2,i

0 h3,2 . . . h3,i

.

.

.
.
.
.

. . .
.
.
.

0 0 . . . hi+1,i















<latexit sha1_base64="Fx+uigel1CuCwzYEvhbONw+bS9Q=">AAACM3icbVDLSsNAFJ3UV62vqks3g0UQhJKItm6EihuXLdgHNCFMppN26OTBzI1QQj7Fz/AL3OoHiDvRpf9gkhaxrQcGDuecy71znFBwBbr+phVWVtfWN4qbpa3tnd298v5BRwWRpKxNAxHInkMUE9xnbeAgWC+UjHiOYF1nfJv53QcmFQ/8e5iEzPLI0OcupwRSyS7XzREBfINNj8DIceNWYsc8wdfzwpmR/AqjPGGXK3pVz4GXiTEjFTRD0y5/mYOARh7zgQqiVN/QQ7BiIoFTwZKSGSkWEjomQ9ZPqU88pqw4/2CCT1JlgN1Aps8HnKt/J2LiKTXxnDSZXakWvUz8z+tH4F5ZMffDCJhPp4vcSGAIcNYWHnDJKIhJSgiVPL0V0xGRhELa6dwWR5Ixg6wXY7GFZdI5rxq16mXrotKozRoqoiN0jE6Rgeqoge5QE7URRY/oGb2gV+1Je9c+tM9ptKDNZg7RHLTvHwmKq9Y=</latexit>

ÂQi = Qi+1hi

Upper Hessenberg form



<latexit sha1_base64="mcVVvFYb2DR6M0cqc0rnIqjHRk0="></latexit>

h̃i =















h1,1 h1,2 . . . h1,i

h2,1 h2,2 . . . h2,i

0 h3,2 . . . h3,i

.

.

.
.
.
.

. . .
.
.
.

0 0 . . . hi+1,i















Krylov space methods - Arnoldi iteration

<latexit sha1_base64="swPteWmSXAYf0rz+mhguS2p4Uo4=">AAAB/3icbVDLTgIxFO3gC/GFunTTSExckRmj6JLEjUtMHCCBCemUCzR0OpP2jgmZsPAL3OoXuDNu/RQ/wP+wwCwEPUmTk3Puyb09YSKFQdf9cgpr6xubW8Xt0s7u3v5B+fCoaeJUc/B5LGPdDpkBKRT4KFBCO9HAolBCKxzfzvzWI2gjYvWAkwSCiA2VGAjO0Ep+tx+j6ZUrbtWdg/4lXk4qJEejV/62OZ5GoJBLZkzHcxMMMqZRcAnTUjc1kDA+ZkPoWKpYBCbI5sdO6ZlV+nQQa/sU0rn6O5GxyJhJFNrJiOHIrHoz8T+vk+LgJsiESlIExReLBqmkGNPZz2lfaOAoJ5YwroW9lfIR04yj7WdpS6jZGHBqe/FWW/hLmhdVr1a9ur+s1Gt5Q0VyQk7JOfHINamTO9IgPuFEkGfyQl6dJ+fNeXc+FqMFJ88ckyU4nz+b8ZcY</latexit>

. . .

๏ Krylov space:

<latexit sha1_base64="tFo19LRysCx699sK2IiLv84qw/A="></latexit>

span

⇣

Â0 |ψ0i , Â
1 |ψ0i , Â

2 |ψ0i , . . . , Â
m−1 |ψ0i

⌘

ith - iteration

<latexit sha1_base64="fTiOUqrfif4pgw0FiPozv/Rwwf4="></latexit>

hi,i ⌘ hψi−1|ψii |ψii = |ψii − hi+1,i |ψi−1i

<latexit sha1_base64="p+8/i/SYD216a79Xl75eSO6Y+V0=">AAACInicbZDLSsNAFIYnXmu9RV26GSyKG0siWt0IFTcuK9gLNKVMptN26GQSZk6EEvIGPoZP4FafwJ24Etz6Hk7agrb1h4Gf/5zDOfP5keAaHOfTWlhcWl5Zza3l1zc2t7btnd2aDmNFWZWGIlQNn2gmuGRV4CBYI1KMBL5gdX9wk9XrD0xpHsp7GEasFZCe5F1OCZiobR95AwaJF2ne5im+wl6fAL7Gv2nCT9w0bdsFp+iMhOeNOzEFNFGlbX97nZDGAZNABdG66ToRtBKigFPB0rwXaxYROiA91jRWkoDpVjL6T4oPTdLB3VCZJwGP0r8TCQm0Hga+6QwI9PVsLQv/qzVj6F62Ei6jGJik40XdWGAIcQYHd7hiFMTQGEIVN7di2ieKUDAIp7b4ihhEGRd3lsK8qZ0W3VLx/O6sUC5NCOXQPjpAx8hFF6iMblEFVRFFj+gZvaBX68l6s96tj3HrgjWZ2UNTsr5+AM8ypHo=</latexit>

|ψii = Â |ψi−1i

<latexit sha1_base64="2ZAjUFzktCHut5WmLP1F4NlIelk="></latexit>

hi+1,1 ⌘ k |ψii k |ψii = |ψii /hi+1,1

<latexit sha1_base64="Z+yS6JugNqvDxBDa/5sdaEwIg1A="></latexit>

h1,i ⌘ hψ0|ψii |ψii = |ψii − h1,i |ψ0i
<latexit sha1_base64="rWwu/dExHXs7/DPWWMzpV9luwMU="></latexit>

h2,i ⌘ hψ1|ψii |ψii = |ψii − h2,i |ψ1i

The iteration can be written in the matrix form:

<latexit sha1_base64="Fx+uigel1CuCwzYEvhbONw+bS9Q=">AAACM3icbVDLSsNAFJ3UV62vqks3g0UQhJKItm6EihuXLdgHNCFMppN26OTBzI1QQj7Fz/AL3OoHiDvRpf9gkhaxrQcGDuecy71znFBwBbr+phVWVtfWN4qbpa3tnd298v5BRwWRpKxNAxHInkMUE9xnbeAgWC+UjHiOYF1nfJv53QcmFQ/8e5iEzPLI0OcupwRSyS7XzREBfINNj8DIceNWYsc8wdfzwpmR/AqjPGGXK3pVz4GXiTEjFTRD0y5/mYOARh7zgQqiVN/QQ7BiIoFTwZKSGSkWEjomQ9ZPqU88pqw4/2CCT1JlgN1Aps8HnKt/J2LiKTXxnDSZXakWvUz8z+tH4F5ZMffDCJhPp4vcSGAIcNYWHnDJKIhJSgiVPL0V0xGRhELa6dwWR5Ixg6wXY7GFZdI5rxq16mXrotKozRoqoiN0jE6Rgeqoge5QE7URRY/oGb2gV+1Je9c+tM9ptKDNZg7RHLTvHwmKq9Y=</latexit>

ÂQi = Qi+1hi

after i iterations, we have i+1 

orthogonal vectors, i.e. we have 

the “semi-unitary” matrix

<latexit sha1_base64="3FlWOsE7t2fNRvT7AJM00audZck="></latexit>

Qi =

(

|ψ0i |ψ1i . . . |ψii
)

<latexit sha1_base64="abfJGuzdoMMwsdBWJZGynIWXoPs=">AAACB3icbVBLSgNBFOyJvxh/UZduGoMQEcKMaHQZ0IXLCOYDyRB6Om+SJj0fu98IIeQAnsCtnsCduPUYHsB72ElmYRILHhRV71GP8mIpNNr2t5VZWV1b38hu5ra2d3b38vsHdR0likONRzJSTY9pkCKEGgqU0IwVsMCT0PAGNxO/8QRKiyh8wGEMbsB6ofAFZ2gk97aNIgBNi+LMOe3kC3bJnoIuEyclBZKi2sn/tLsRTwIIkUumdcuxY3RHTKHgEsa5dqIhZnzAetAyNGQmyh1Nnx7TE6N0qR8pMyHSqfr3YsQCrYeBZzYDhn296E3E/7xWgv61OxJhnCCEfBbkJ5JiRCcN0K5QwFEODWFcCfMr5X2mGEfT01yKp9gAcGx6cRZbWCb185JTLl3eXxQq5bShLDkix6RIHHJFKuSOVEmNcPJIXsgrebOerXfrw/qcrWas9OaQzMH6+gXZ+ZlK</latexit>

D × (i+ 1)
<latexit sha1_base64="80OqDQL0ka3vhrQ13La9bgb2qTQ=">AAACPXicbVDLSsNAFJ34rPUVdelmsAiuQiJa3QgFNy5bsA9oYpiZTNqhkwczE6GE/IVf48aF/oQf4E7c6tKkzcK0Hhg495x7uXcOjjmTyjTftZXVtfWNzdpWfXtnd29fPzjsySgRhHZJxCMxwEhSzkLaVUxxOogFRQHmtI8nt4Xff6RCsii8V9OYOgEahcxnBKlccnXDDpAaYz/tZG7Ksmr1YHtoBG/gXMWplbl6wzTMGeAysUrSACXarv5jexFJAhoqwpGUQ8uMlZMioRjhNKvbiaQxIhM0osOchiig0kln/8rgaa540I9E/kIFZ+rfiRQFUk4DnHcWF8pFrxD/84aJ8q+dlIVxomhI5ov8hEMVwSIk6DFBieLTnCAiWH4rJGMkEFF5lJUtWKAJVVlVwxH3iqisxWCWSe/csJrGZeei0WqWodXAMTgBZ8ACV6AF7kAbdAEBT+AZvII37UX70D61r3nrilbOHIEKtO9fO0mwvQ==</latexit>

QiQ
†
i
= 1

<latexit sha1_base64="0wK7Wjr9uz0zQLWNo0x+a7AJuMA="></latexit>

Â ≈ Qih̃iQ
†
i

<latexit sha1_base64="K/yipckAurXRJjku7lt1LLsoIPI="></latexit>

Qi+1 =

(

|ψ0i |ψ1i . . . |ψii |ψi+1i
)

๏ Terminating means: <latexit sha1_base64="6+qdGOtfE0DsMa5u/KbuBPcqQtE=">AAACSnicbZDLSgMxFIYztd7qrerSTbAIglBmxNtScONKFOwF2mHIpGfa0MyF5IxYhr6Vj+EL6FZ9AXfixkwtalsPBP585z+c5PcTKTTa9pNVmCvOLywuLZdWVtfWN8qbW3Udp4pDjccyVk2faZAighoKlNBMFLDQl9Dw+xd5v3EHSos4usVBAm7IupEIBGdokFe+ou2QYc8Pspuhl4kDZ/gDejkwV5YkKr6f9BmMQnYg+zWPsFeu2FV7VHRWOGNRIeO69spv7U7M0xAi5JJp3XLsBN2MKRRcwrDUTjUkjPdZF1pGRiwE7Wajfw/pniEdGsTKnAjpiP6dyFio9SD0jTN/pp7u5fC/XivF4MzNRJSkCBH/XhSkkmJM8xBpRyjgKAdGMK6EeSvlPaYYRxP1xBZfsT5gnoszncKsqB9WnZPq8c1R5fxknNAS2SG7ZJ845JSck0tyTWqEkwfyTF7Iq/VovVsf1ue3tWCNZ7bJRBWKXwgotfA=</latexit>

Qi+1hi ≈ Qih̃i

๏ Then:

๏ What is the matrix h?

๏ The matrix h is an approximation of the matrix A in (the much smaller) Krylov space!

<latexit sha1_base64="pLB9jP4P56sStFEq+mylp185n5o=">AAACP3icbZBNS8NAEIY3ftbvqkcvi0XwVBIR9aj04rEFq4WmlMl2YpduPtidiCXkB/kz/AVe7Q8Qb+LVm0lbQVtfWHh5ZoaZfb1YSUO2PbIWFpeWV1ZLa+sbm1vbO+XdvVsTJVpgU0Qq0i0PDCoZYpMkKWzFGiHwFN55g1pRv3tAbWQU3tAwxk4A96H0pQDKUbdcc/tA/Iq7AVDf89NG1k1lxl2IYx09zmGSqofpD+1nY9wtV+yqPRafN87UVNhU9W75ze1FIgkwJKHAmLZjx9RJQZMUCrN1NzEYgxjAPbZzG0KAppOOP5vxo5z0uB/p/IXEx/T3RAqBMcPAyzuLM81srYD/1doJ+RedVIZxQhiKySI/UZwiXiTHe1KjIDXMDQgt81u56IMGQXm+f7Z4GgZIRS7ObArz5vak6pxVTxunlcuzaUIldsAO2TFz2Dm7ZNeszppMsCf2wl7ZyHq23q0P63PSumBNZ/bZH1lf3yHQshA=</latexit>

ÂQi ≈ Qih̃i

<latexit sha1_base64="LwiJuRU7i035RPil57Dbmq6RuoE="></latexit>

h̃i ≈ Q
†
i
ÂQi



Krylov space methods - Arnoldi iteration

๏ Krylov space:

<latexit sha1_base64="tFo19LRysCx699sK2IiLv84qw/A="></latexit>

span

⇣

Â0 |ψ0i , Â
1 |ψ0i , Â

2 |ψ0i , . . . , Â
m−1 |ψ0i

⌘

<latexit sha1_base64="swPteWmSXAYf0rz+mhguS2p4Uo4=">AAAB/3icbVDLTgIxFO3gC/GFunTTSExckRmj6JLEjUtMHCCBCemUCzR0OpP2jgmZsPAL3OoXuDNu/RQ/wP+wwCwEPUmTk3Puyb09YSKFQdf9cgpr6xubW8Xt0s7u3v5B+fCoaeJUc/B5LGPdDpkBKRT4KFBCO9HAolBCKxzfzvzWI2gjYvWAkwSCiA2VGAjO0Ep+tx+j6ZUrbtWdg/4lXk4qJEejV/62OZ5GoJBLZkzHcxMMMqZRcAnTUjc1kDA+ZkPoWKpYBCbI5sdO6ZlV+nQQa/sU0rn6O5GxyJhJFNrJiOHIrHoz8T+vk+LgJsiESlIExReLBqmkGNPZz2lfaOAoJ5YwroW9lfIR04yj7WdpS6jZGHBqe/FWW/hLmhdVr1a9ur+s1Gt5Q0VyQk7JOfHINamTO9IgPuFEkGfyQl6dJ+fNeXc+FqMFJ88ckyU4nz+b8ZcY</latexit>

. . .

ith - iteration

<latexit sha1_base64="fTiOUqrfif4pgw0FiPozv/Rwwf4="></latexit>

hi,i ⌘ hψi−1|ψii |ψii = |ψii − hi+1,i |ψi−1i

<latexit sha1_base64="p+8/i/SYD216a79Xl75eSO6Y+V0=">AAACInicbZDLSsNAFIYnXmu9RV26GSyKG0siWt0IFTcuK9gLNKVMptN26GQSZk6EEvIGPoZP4FafwJ24Etz6Hk7agrb1h4Gf/5zDOfP5keAaHOfTWlhcWl5Zza3l1zc2t7btnd2aDmNFWZWGIlQNn2gmuGRV4CBYI1KMBL5gdX9wk9XrD0xpHsp7GEasFZCe5F1OCZiobR95AwaJF2ne5im+wl6fAL7Gv2nCT9w0bdsFp+iMhOeNOzEFNFGlbX97nZDGAZNABdG66ToRtBKigFPB0rwXaxYROiA91jRWkoDpVjL6T4oPTdLB3VCZJwGP0r8TCQm0Hga+6QwI9PVsLQv/qzVj6F62Ei6jGJik40XdWGAIcQYHd7hiFMTQGEIVN7di2ieKUDAIp7b4ihhEGRd3lsK8qZ0W3VLx/O6sUC5NCOXQPjpAx8hFF6iMblEFVRFFj+gZvaBX68l6s96tj3HrgjWZ2UNTsr5+AM8ypHo=</latexit>

|ψii = Â |ψi−1i

<latexit sha1_base64="2ZAjUFzktCHut5WmLP1F4NlIelk="></latexit>

hi+1,1 ⌘ k |ψii k |ψii = |ψii /hi+1,1

<latexit sha1_base64="Z+yS6JugNqvDxBDa/5sdaEwIg1A="></latexit>

h1,i ⌘ hψ0|ψii |ψii = |ψii − h1,i |ψ0i
<latexit sha1_base64="rWwu/dExHXs7/DPWWMzpV9luwMU="></latexit>

h2,i ⌘ hψ1|ψii |ψii = |ψii − h2,i |ψ1i

after i iterations, we have i+1 

orthogonal vectors, i.e. we have 

the “semi-unitary” matrix

<latexit sha1_base64="3FlWOsE7t2fNRvT7AJM00audZck="></latexit>

Qi =

(

|ψ0i |ψ1i . . . |ψii
)

<latexit sha1_base64="abfJGuzdoMMwsdBWJZGynIWXoPs=">AAACB3icbVBLSgNBFOyJvxh/UZduGoMQEcKMaHQZ0IXLCOYDyRB6Om+SJj0fu98IIeQAnsCtnsCduPUYHsB72ElmYRILHhRV71GP8mIpNNr2t5VZWV1b38hu5ra2d3b38vsHdR0likONRzJSTY9pkCKEGgqU0IwVsMCT0PAGNxO/8QRKiyh8wGEMbsB6ofAFZ2gk97aNIgBNi+LMOe3kC3bJnoIuEyclBZKi2sn/tLsRTwIIkUumdcuxY3RHTKHgEsa5dqIhZnzAetAyNGQmyh1Nnx7TE6N0qR8pMyHSqfr3YsQCrYeBZzYDhn296E3E/7xWgv61OxJhnCCEfBbkJ5JiRCcN0K5QwFEODWFcCfMr5X2mGEfT01yKp9gAcGx6cRZbWCb185JTLl3eXxQq5bShLDkix6RIHHJFKuSOVEmNcPJIXsgrebOerXfrw/qcrWas9OaQzMH6+gXZ+ZlK</latexit>

D × (i+ 1)
<latexit sha1_base64="80OqDQL0ka3vhrQ13La9bgb2qTQ=">AAACPXicbVDLSsNAFJ34rPUVdelmsAiuQiJa3QgFNy5bsA9oYpiZTNqhkwczE6GE/IVf48aF/oQf4E7c6tKkzcK0Hhg495x7uXcOjjmTyjTftZXVtfWNzdpWfXtnd29fPzjsySgRhHZJxCMxwEhSzkLaVUxxOogFRQHmtI8nt4Xff6RCsii8V9OYOgEahcxnBKlccnXDDpAaYz/tZG7Ksmr1YHtoBG/gXMWplbl6wzTMGeAysUrSACXarv5jexFJAhoqwpGUQ8uMlZMioRjhNKvbiaQxIhM0osOchiig0kln/8rgaa540I9E/kIFZ+rfiRQFUk4DnHcWF8pFrxD/84aJ8q+dlIVxomhI5ov8hEMVwSIk6DFBieLTnCAiWH4rJGMkEFF5lJUtWKAJVVlVwxH3iqisxWCWSe/csJrGZeei0WqWodXAMTgBZ8ACV6AF7kAbdAEBT+AZvII37UX70D61r3nrilbOHIEKtO9fO0mwvQ==</latexit>

QiQ
†
i
= 1

๏ The idea is to now do exact diagonalization on this matrix and then to transform it back to the full space

๏ Remark: For hermitian matrices, e.g.                the matrix h is even only tri-

diagonal. Then the iteration to obtain h is even simpler, it’s called Lanczos 

iteration. It’s very useful to compute a few eigenvalues and eigenstates of very 

large sparse Hamiltonians.

<latexit sha1_base64="B787xkUmFzKg1+Y1QTnoFZFtkPA=">AAACC3icbZDLSsNAFIYn9VbrpVGXbgaL4KokotWNUHHTZQV7gTaUyXTSDp1MwsyJUEIfwSdwq0/gTtz6ED6A7+E0zcJWfzjw8Z9zOIffjwXX4DhfVmFtfWNzq7hd2tnd2y/bB4dtHSWKshaNRKS6PtFMcMlawEGwbqwYCX3BOv7kbt7vPDKleSQfYBozLyQjyQNOCRhrYJf7YwL4Ft/gDBoDu+JUnUz4L7g5VFCu5sD+7g8jmoRMAhVE657rxOClRAGngs1K/USzmNAJGbGeQUlCpr00e3yGT40zxEGkTEnAmft7IyWh1tPQN5MhgbFe7c3N/3q9BIJrL+UyToBJujgUJAJDhOcp4CFXjIKYGiBUcfMrpmOiCAWT1dIVX5EJg5nJxV1N4S+0z6turXp5f1Gp1/KEiugYnaAz5KIrVEcN1EQtRFGCntELerWerDfr3fpYjBasfOcILcn6/AFu4JoP</latexit>

Â = Ĥ

<latexit sha1_base64="NIkhBgXVz9T02dMpbXxcZ2IAwbo="></latexit>

hi =















h1,1 h1,2 0 0 . . .

h2,1 h2,2 h2,3 0 . . .

0 h3,2 h3,2 h3,2 . . .

0 0 h4,3 h4,3 . . .

.

.

.
.
.
.

.

.

.
.
.
.

. . .















๏ The matrix h is an approximation of the matrix A in (the much smaller) Krylov space!



Matrix exponential on Krylov space

<latexit sha1_base64="swPteWmSXAYf0rz+mhguS2p4Uo4=">AAAB/3icbVDLTgIxFO3gC/GFunTTSExckRmj6JLEjUtMHCCBCemUCzR0OpP2jgmZsPAL3OoXuDNu/RQ/wP+wwCwEPUmTk3Puyb09YSKFQdf9cgpr6xubW8Xt0s7u3v5B+fCoaeJUc/B5LGPdDpkBKRT4KFBCO9HAolBCKxzfzvzWI2gjYvWAkwSCiA2VGAjO0Ep+tx+j6ZUrbtWdg/4lXk4qJEejV/62OZ5GoJBLZkzHcxMMMqZRcAnTUjc1kDA+ZkPoWKpYBCbI5sdO6ZlV+nQQa/sU0rn6O5GxyJhJFNrJiOHIrHoz8T+vk+LgJsiESlIExReLBqmkGNPZz2lfaOAoJ5YwroW9lfIR04yj7WdpS6jZGHBqe/FWW/hLmhdVr1a9ur+s1Gt5Q0VyQk7JOfHINamTO9IgPuFEkGfyQl6dJ+fNeXc+FqMFJ88ckyU4nz+b8ZcY</latexit>

. . .

<latexit sha1_base64="fTiOUqrfif4pgw0FiPozv/Rwwf4="></latexit>

hi,i ⌘ hψi−1|ψii |ψii = |ψii − hi+1,i |ψi−1i

<latexit sha1_base64="p+8/i/SYD216a79Xl75eSO6Y+V0=">AAACInicbZDLSsNAFIYnXmu9RV26GSyKG0siWt0IFTcuK9gLNKVMptN26GQSZk6EEvIGPoZP4FafwJ24Etz6Hk7agrb1h4Gf/5zDOfP5keAaHOfTWlhcWl5Zza3l1zc2t7btnd2aDmNFWZWGIlQNn2gmuGRV4CBYI1KMBL5gdX9wk9XrD0xpHsp7GEasFZCe5F1OCZiobR95AwaJF2ne5im+wl6fAL7Gv2nCT9w0bdsFp+iMhOeNOzEFNFGlbX97nZDGAZNABdG66ToRtBKigFPB0rwXaxYROiA91jRWkoDpVjL6T4oPTdLB3VCZJwGP0r8TCQm0Hga+6QwI9PVsLQv/qzVj6F62Ei6jGJik40XdWGAIcQYHd7hiFMTQGEIVN7di2ieKUDAIp7b4ihhEGRd3lsK8qZ0W3VLx/O6sUC5NCOXQPjpAx8hFF6iMblEFVRFFj+gZvaBX68l6s96tj3HrgjWZ2UNTsr5+AM8ypHo=</latexit>

|ψii = Â |ψi−1i

<latexit sha1_base64="2ZAjUFzktCHut5WmLP1F4NlIelk="></latexit>

hi+1,1 ⌘ k |ψii k |ψii = |ψii /hi+1,1

<latexit sha1_base64="Z+yS6JugNqvDxBDa/5sdaEwIg1A="></latexit>

h1,i ⌘ hψ0|ψii |ψii = |ψii − h1,i |ψ0i
<latexit sha1_base64="rWwu/dExHXs7/DPWWMzpV9luwMU="></latexit>

h2,i ⌘ hψ1|ψii |ψii = |ψii − h2,i |ψ1i

z

๏ For the matrix exponential applied to
<latexit sha1_base64="0C41v3wOHyszh/ddGFxS3NTmK1Q=">AAACBnicbZDLSsNAFIZPvNZ6q7p0M1gEVyURrS4LblxWsBdoQplMJ+3QyWSYmQgldO8TuNUncCdufQ0fwPdw0mZhW3848POfcziHL5ScaeO6387a+sbm1nZpp7y7t39wWDk6buskVYS2SMIT1Q2xppwJ2jLMcNqViuI45LQTju/yfueJKs0S8WgmkgYxHgoWMYKNjXx/TE3mS8367rRfqbo1dya0arzCVKFQs1/58QcJSWMqDOFY657nShNkWBlGOJ2W/VRTickYD2nPWoFjqoNs9vMUndtkgKJE2RIGzdK/GxmOtZ7EoZ2MsRnp5V4e/tfrpSa6DTImZGqoIPNDUcqRSVAOAA2YosTwiTWYKGZ/RWSEFSbGYlq4Eips8eRcvGUKq6Z9WfPqteuHq2qjXhAqwSmcwQV4cAMNuIcmtICAhBd4hTfn2Xl3PpzP+eiaU+ycwIKcr18KmJoX</latexit>

|ψ0i

… approximation is formally
<latexit sha1_base64="lCIhF0El+ky9ry7oSywFoteSDZI="></latexit>

e
Â |ψ0i ⇡ Qme

hQ†
m |ψ0i

… but since        is the first row in        , 

and all other rows are orthogonal, we just 

need to take the first column of      

<latexit sha1_base64="0C41v3wOHyszh/ddGFxS3NTmK1Q=">AAACBnicbZDLSsNAFIZPvNZ6q7p0M1gEVyURrS4LblxWsBdoQplMJ+3QyWSYmQgldO8TuNUncCdufQ0fwPdw0mZhW3848POfcziHL5ScaeO6387a+sbm1nZpp7y7t39wWDk6buskVYS2SMIT1Q2xppwJ2jLMcNqViuI45LQTju/yfueJKs0S8WgmkgYxHgoWMYKNjXx/TE3mS8367rRfqbo1dya0arzCVKFQs1/58QcJSWMqDOFY657nShNkWBlGOJ2W/VRTickYD2nPWoFjqoNs9vMUndtkgKJE2RIGzdK/GxmOtZ7EoZ2MsRnp5V4e/tfrpSa6DTImZGqoIPNDUcqRSVAOAA2YosTwiTWYKGZ/RWSEFSbGYlq4Eips8eRcvGUKq6Z9WfPqteuHq2qjXhAqwSmcwQV4cAMNuIcmtICAhBd4hTfn2Xl3PpzP+eiaU+ycwIKcr18KmJoX</latexit>

|ψ0i
<latexit sha1_base64="llP9mYBdhiWv03W2brdazxnw0Yk=">AAACDnicbVDLSsNAFJ34rPUV69LNYBFclUS0uiy4cdmCfUATw2QyaYfOJGFmIpaQf/AL3OoXuBO3/oIf4H84abOwrQcuHM65l3s4fsKoVJb1baytb2xubVd2qrt7+weH5lGtJ+NUYNLFMYvFwEeSMBqRrqKKkUEiCOI+I31/clv4/UciJI2jezVNiMvRKKIhxUhpyTNrDkdq7IdZJ/f4gxOgEfTMutWwZoCrxC5JHZRoe+aPE8Q45SRSmCEph7aVKDdDQlHMSF51UkkShCdoRIaaRogT6Waz7Dk800oAw1joiRScqX8vMsSlnHJfbxZJ5bJXiP95w1SFN25GoyRVJMLzR2HKoIphUQQMqCBYsakmCAuqs0I8RgJhpeta+OILNCEq173Yyy2skt5Fw242rjqX9VazbKgCTsApOAc2uAYtcAfaoAsweAIv4BW8Gc/Gu/FhfM5X14zy5hgswPj6Bd2CnJ4=</latexit>

Q†
m

<latexit sha1_base64="BYohtDcdSUWHzGMzrxrl6Zm+KV0=">AAACEHicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIVpcFNy4r2Ac0sUymN+3QySTMTIQa8hN+gVv9Anfi1j/wA/wPkzYL23rgwuGce7mH40WcKW1Z30ZpZXVtfaO8Wdna3tndM/cP2iqMJYUWDXkoux5RwJmAlmaaQzeSQAKPQ8cb3+R+5xGkYqG415MI3IAMBfMZJTqT+uZR4sgAQ/qQOAHRI89PRmnaN6tWzZoCLxO7IFVUoNk3f5xBSOMAhKacKNWzrUi7CZGaUQ5pxYkVRISOyRB6GRUkAOUm0/QpPs2UAfZDmY3QeKr+vUhIoNQk8LLNPKJa9HLxP68Xa//aTZiIYg2Czh75Mcc6xHkVeMAkUM0nGSFUsiwrpiMiCdVZYXNfPEnGoPNe7MUWlkn7vGbXa5d3F9VGvWiojI7RCTpDNrpCDXSLmqiFKHpCL+gVvRnPxrvxYXzOVktGcXOI5mB8/QJRTJ4F</latexit>

e
h



Matrix exponential on Krylov space

๏ Test with full random Hamiltonian

z

Krylov approximation is already exact up to 

machine precision with m ~ 20. Speed-up of 

two orders of magnitude. For sparse matrices 

even more! 

<latexit sha1_base64="GNkwSNrNOhEBIDL6+yymD+zpiBs=">AAACAHicbVDLSgNBEJz1GeMr6tHLYBA8hV3R6DHgJccI5gHJEnons8mY2dllplcIIRe/wKt+gTfx6p/4Af6Hk2QPJrGgoajqprsrSKQw6Lrfztr6xubWdm4nv7u3f3BYODpumDjVjNdZLGPdCsBwKRSvo0DJW4nmEAWSN4Ph3dRvPnFtRKwecJRwP4K+EqFggFZqdAaAtNotFN2SOwNdJV5GiiRDrVv46fRilkZcIZNgTNtzE/THoFEwySf5Tmp4AmwIfd62VEHEjT+eXTuh51bp0TDWthTSmfp3YgyRMaMosJ0R4MAse1PxP6+dYnjrj4VKUuSKzReFqaQY0+nrtCc0ZyhHlgDTwt5K2QA0MLQBLWwJNAw5Tmwu3nIKq6RxWfLKpev7q2KlnCWUI6fkjFwQj9yQCqmSGqkTRh7JC3klb86z8+58OJ/z1jUnmzkhC3C+fgGhNpcN</latexit>

Ĥ

<latexit sha1_base64="L2oefwX64PzM05Wn5mz+ieJ1Zb4=">AAACH3icbVBLSgNBFOzx/zfq0k1jENwYZkSjGyGiC5cKxgQyIbzpvCRNej50vxHCkAN4DE/gVk/gTtx6AO9hT8zCGAsaiqp6vNcVJEoact1PZ2Z2bn5hcWl5ZXVtfWOzsLV9b+JUC6yKWMW6HoBBJSOskiSF9UQjhIHCWtC/zP3aA2oj4+iOBgk2Q+hGsiMFkJVahaLfA+IX/Jxnh5mvQy6H3L9CRcCJj7zroU25JXcEPk28MSmyMW5ahS+/HYs0xIiEAmManptQMwNNUigcrvipwQREH7rYsDSCEE0zG31myPet0uadWNsXER+pvycyCI0ZhIFNhkA989fLxf+8Rkqds2YmoyQljMTPok6qOMU8b4a3pUZBamAJCC3trVz0QIMg29/ElkBDHynvxfvbwjS5Pyp55dLJ7XGxUh43tMR22R47YB47ZRV2zW5YlQn2yJ7ZC3t1npw35935+InOOOOZHTYB5/MbEE+h0g==</latexit>

Â = −i∆tĤ



Matrix exponential on Krylov space

z

<latexit sha1_base64="Z6e3wDDwRUWYGMctlIl6rRsoZDg="></latexit>

F = | hψ0| (e
Â)†QmehQ†

m |ψ0i |
2

<latexit sha1_base64="9/y9tKEIpk8D2+6J0XcB3nveLsc=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBA8hVnR6EUI6MFjBPOAZAmzk04yZPbBzKwQltz8Aq/6Bd7Eqz/iB/gfTpI9mMSChqKqm+4uP5ZCG0q/nZXVtfWNzdxWfntnd2+/cHBY11GiONZ4JCPV9JlGKUKsGWEkNmOFLPAlNvzh7cRvPKHSIgofzShGL2D9UPQEZ8ZKzTtyQ1xKaadQpCU6BVkmbkaKkKHaKfy0uxFPAgwNl0zrlktj46VMGcEljvPtRGPM+JD1sWVpyALUXjq9d0xOrdIlvUjZCg2Zqn8nUhZoPQp82xkwM9CL3kT8z2slpnftpSKME4Mhny3qJZKYiEyeJ12hkBs5soRxJeythA+YYtzYiOa2+IoN0YxtLu5iCsukfl5yy6XLh4tipZwllINjOIEzcOEKKnAPVagBBwkv8ApvzrPz7nw4n7PWFSebOYI5OF+/ISqWog==</latexit>

D = 1000

๏ Test with full random Hermitian matrix
<latexit sha1_base64="GNkwSNrNOhEBIDL6+yymD+zpiBs=">AAACAHicbVDLSgNBEJz1GeMr6tHLYBA8hV3R6DHgJccI5gHJEnons8mY2dllplcIIRe/wKt+gTfx6p/4Af6Hk2QPJrGgoajqprsrSKQw6Lrfztr6xubWdm4nv7u3f3BYODpumDjVjNdZLGPdCsBwKRSvo0DJW4nmEAWSN4Ph3dRvPnFtRKwecJRwP4K+EqFggFZqdAaAtNotFN2SOwNdJV5GiiRDrVv46fRilkZcIZNgTNtzE/THoFEwySf5Tmp4AmwIfd62VEHEjT+eXTuh51bp0TDWthTSmfp3YgyRMaMosJ0R4MAse1PxP6+dYnjrj4VKUuSKzReFqaQY0+nrtCc0ZyhHlgDTwt5K2QA0MLQBLWwJNAw5Tmwu3nIKq6RxWfLKpev7q2KlnCWUI6fkjFwQj9yQCqmSGqkTRh7JC3klb86z8+58OJ/z1jUnmzkhC3C+fgGhNpcN</latexit>

Ĥ

A larger “time-step” will need  a larger Krylov 

space dimension.

<latexit sha1_base64="L2oefwX64PzM05Wn5mz+ieJ1Zb4=">AAACH3icbVBLSgNBFOzx/zfq0k1jENwYZkSjGyGiC5cKxgQyIbzpvCRNej50vxHCkAN4DE/gVk/gTtx6AO9hT8zCGAsaiqp6vNcVJEoact1PZ2Z2bn5hcWl5ZXVtfWOzsLV9b+JUC6yKWMW6HoBBJSOskiSF9UQjhIHCWtC/zP3aA2oj4+iOBgk2Q+hGsiMFkJVahaLfA+IX/Jxnh5mvQy6H3L9CRcCJj7zroU25JXcEPk28MSmyMW5ahS+/HYs0xIiEAmManptQMwNNUigcrvipwQREH7rYsDSCEE0zG31myPet0uadWNsXER+pvycyCI0ZhIFNhkA989fLxf+8Rkqds2YmoyQljMTPok6qOMU8b4a3pUZBamAJCC3trVz0QIMg29/ElkBDHynvxfvbwjS5Pyp55dLJ7XGxUh43tMR22R47YB47ZRV2zW5YlQn2yJ7ZC3t1npw35935+InOOOOZHTYB5/MbEE+h0g==</latexit>

Â = −i∆tĤ



Matrix exponential on Krylov space

z

๏ Remark: The implementation on the right is very 

simple, we did not implement any stopping 

condition and didn’t discuss any (smart) error 

estimation

๏ There are many implementations out there, e.g. 

KrylovKit for Julia (or ExpoKit), etc.



Applying Krylov space evolution

๏ Long-range transverse Ising model:
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j σ̂
z
i σ̂

z
j + hx

X

i

σ̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i− j|α

๏ Initial state (highly excited, not an eigenstate)
Néel state

… sparse, as discussed earlier

<latexit sha1_base64="CxqwXnFHMMLyRPvJShEoH0lyiYo=">AAACTXicjVDLSgMxFM3UR2t9VV26CRbBVZkRrW6EghuXLdgHtEPJpGkNzWSG5I6lDPNdfoZrFy7VL3AnYtqZhW1deCDk5Nx7uDfHCwXXYNsvVm5tfWMzX9gqbu/s7u2XDg5bOogUZU0aiEB1PKKZ4JI1gYNgnVAx4nuCtb3x7azefmRK80DewzRkrk9Gkg85JWCkfqnRGzOIe6HmfTvBNzh9DoKJJEoFk14Upvc/FGwk0Em/VLYr9hx4lTgZKaMM9X7pzRhp5DMJVBCtu44dghsTBZwKlhR7kWYhoWMyYl1DJfGZduP51xN8apQBHgbKHAl4rv52xMTXeup7ptMn8KCXazPxr1o3guG1G3MZRsAkTQcNI4EhwLMc8YArRkFMDSFUcbMrpg9EEQom7YUpniIm1FkuznIKq6R1XnGqlcvGRblWzRIqoGN0gs6Qg65QDd2hOmoiip7QK3pHH9az9Wl9Wd9pa87KPEdoAbn8D5HPuEc=</latexit>

|ψ0i = |#"#"#" . . .i

๏ Then, applying Krylov time-evolution steps



Spin-model evolution with Krylov space matrix exponential

๏ Evolution of local spin-z component
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j σ̂
z
i σ̂

z
j + hx

X

i

σ̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i− j|α

๏ N = 22 spins

<latexit sha1_base64="IfpP5ObSk0rjRtmesF4ceuhJHy4=">AAACG3icbVDLSgNBEJz1GeMr6tGDg0HwFHbF11Hw4jGCUSEbQ++kkwyZnV1meoUYcvQz/AKv+gXexKsHP8D/cBJzMIkFDUVVN91dUaqkJd//8mZm5+YXFnNL+eWV1bX1wsbmtU0yI7AiEpWY2wgsKqmxQpIU3qYGIY4U3kSd84F/c4/GykRfUTfFWgwtLZtSADmpXtgJFeiWQh62gXhoZSuGurx74KEZ6vVC0S/5Q/BpEoxIkY1Qrhe+w0Yishg1CQXWVgM/pVoPDEmhsJ8PM4spiA60sOqohhhtrTd8pM/3nNLgzcS40sSH6t+JHsTWduPIdcZAbTvpDcT/vGpGzdNaT+o0I9Tid1EzU5wSPkiFN6RBQarrCAgj3a1ctMGAIJfd2JbIQAep73IJJlOYJtcHpeC4dHR5WDw7HiWUY9tsl+2zgJ2wM3bByqzCBHtkz+yFvXpP3pv37n38ts54o5ktNgbv8wfBEqHh</latexit>

hσ̂z

i
i

<latexit sha1_base64="ZoFcBvkVJwb7dnlB2ES4Ca+lwe4=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKez6iF6EgBePEcwDkxB6J51kyOzsMjMrhCVXv8CrfoE38ep/+AH+h5NkDyaxoKGo6qa7y48E18Z1v53Myura+kZ2M7e1vbO7l98/qOkwVgyrLBShavigUXCJVcONwEakEAJfYN0f3k78+hMqzUP5YEYRtgPoS97jDIyVHlsgogHQG3reyRfcojsFXSZeSgokRaWT/2l1QxYHKA0ToHXTcyPTTkAZzgSOc61YYwRsCH1sWiohQN1OpheP6YlVurQXKlvS0Kn6dyKBQOtR4NvOAMxAL3oT8T+vGZvedTvhMooNSjZb1IsFNSGdvE+7XCEzYmQJMMXtrZQNQAEzNqS5Lb6CIZqxzcVbTGGZ1M6KXql4eX9RKJfShLLkiByTU+KRK1Imd6RCqoQRSV7IK3lznp1358P5nLVmnHTmkMzB+foF8jKYRg==</latexit>

α = 3 short-range

For the short range case, correlation build-up 

leads to local mixed states. For example, for 

sufficiently long times, the reduced density 

matrices will become fully mixed.
<latexit sha1_base64="AAWVYAzzf5LLureZyMVnpUoC1C0="></latexit>

ρ̂i = trj 6=i(|ψ(t)i hψ(t)|) ⇡

✓

1/2 0
0 1/2

◆

<latexit sha1_base64="N+XaGZ3i0qCF1ocOrhlZM4h6BEs=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRi9CwIvHCOaByRJ6J51kyOzsMjMrhCVXv8CrfoE38ep/+AH+h5NkDyZa0FBUddPdFcSCa+O6X05uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQLQKLjEuuFGYCtWCGEgsBmMbqZ+8xGV5pG8N+MY/RAGkvc5A2Olhw6IeAj0mnrdYsktuzPQv8TLSIlkqHWL351exJIQpWECtG57bmz8FJThTOCk0Ek0xsBGMMC2pRJC1H46u3hCT6zSo/1I2ZKGztTfEymEWo/DwHaGYIZ62ZuK/3ntxPSv/JTLODEo2XxRPxHURHT6Pu1xhcyIsSXAFLe3UjYEBczYkBa2BApGaCY2F285hb+kcVb2KuWLu/NStZIllCdH5JicEo9ckiq5JTVSJ4xI8kxeyKvz5Lw5787HvDXnZDOHZAHO5w/vBJhE</latexit>

α = 1

<latexit sha1_base64="YDmw5QtEONVvjpih0eB5/p8vkx0=">AAACK3icbZDLSgMxFIYz3q23qks3wSLops6It6XgxqWCtUKnDmfStA1NJkNyRqxDH8PH8Anc6hO4Utz6HqaXhbX+EPj4zzmckz9OpbDo+x/e1PTM7Nz8wmJhaXllda24vnFjdWYYrzAttbmNwXIpEl5BgZLfpoaDiiWvxp3zfr16z40VOrnGbsrrClqJaAoG6KyouJ+HRlE0vd2wDUhD09aRoEO2oqXg7jESezSENDX6gfpRseSX/YHoJAQjKJGRLqPid9jQLFM8QSbB2lrgp1jPwaBgkvcKYWZ5CqwDLV5zmIDitp4PPtajO85p0KY27iVIB+7viRyUtV0Vu04F2LZ/a33zv1otw+ZpPRdJmiFP2HBRM5MUNe2nRBvCcIay6wCYEe5WytpggKHLcmxLbKDDsedyCf6mMAk3B+XguHx0dVg6Ox4ltEC2yDbZJQE5IWfkglySCmHkibyQV/LmPXvv3qf3NWyd8kYzm2RM3vcPbkmn0w==</latexit>

tr(ρ̂iσ̂
z

i
) ≈ 0

<latexit sha1_base64="InAF/1aFgpkpAy+r/JQMYzWrcBM=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0lEq8uCG3FVwT6giWUynaRDJ5MwcyOU0L1f4Fa/wJ249Tf8AP/DSduFbT1w4XDOvZzL8RPBNdj2t1VYWV1b3yhulra2d3b3yvsHLR2nirImjUWsOj7RTHDJmsBBsE6iGIl8wdr+8Cb3209MaR7LBxglzItIKHnAKQEjuYDdMMR3j9mZM+6VK3bVngAvE2dGKmiGRq/84/ZjmkZMAhVE665jJ+BlRAGngo1LbqpZQuiQhKxrqCQR0142+XmMT4zSx0GszEjAE/XvRUYirUeRbzYjAgO96OXif143heDay7hMUmCSToOCVGCIcV4A7nPFKIiRIYQqbn7FdEAUoWBqmkvxFRkyyHtxFltYJq3zqlOrXt5fVOq1WUNFdISO0Sly0BWqo1vUQE1EUYJe0Ct6s56td+vD+pyuFqzZzSGag/X1C4JTmSQ=</latexit>

t ! J
−1

long-range

In the long-range case, 

dynamics is more collective

<latexit sha1_base64="ngg9s8nyDUDASlj4/wpAXYfFiSE=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIt4imAekCxhdjKbDJl9MNMrhiUnv8CrfoE38eqX+AH+h5NkDyaxoKGo6qa7y4ul0Gjb31ZuZXVtfSO/Wdja3tndK+4fNHSUKMbrLJKRanlUcylCXkeBkrdixWngSd70hjcTv/nIlRZR+ICjmLsB7YfCF4yikZqD7hO5JnfdYsku21OQZeJkpAQZat3iT6cXsSTgITJJtW47doxuShUKJvm40Ek0jykb0j5vGxrSgGs3nZ47JidG6RE/UqZCJFP170RKA61HgWc6A4oDvehNxP+8doL+lZuKME6Qh2y2yE8kwYhMfic9oThDOTKEMiXMrYQNqKIMTUJzWzxFhxzHJhdnMYVl0jgrO5Xyxf15qVrJEsrDERzDKThwCVW4hRrUgcEQXuAV3qxn6936sD5nrTkrmzmEOVhfv8+4lxw=</latexit>

hx = J

<latexit sha1_base64="jQU7jvA9ob6O2c8sQuH3M8Wgvqc="></latexit>

α = 0

<latexit sha1_base64="GQzDmblYbfkwPTTfss27FR0iFAU="></latexit>

ĤTI = J

X

i<j

σ̂
z
i σ̂

z
j + hx

X

i

σ̂
x
i



๏ Evolution of two-spin correlations
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j σ̂
z
i σ̂

z
j + hx

X

i

σ̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i− j|α

๏ N = 22 spins

<latexit sha1_base64="qx9XYrU+JbdncjAYkKD8PMdpIh0="></latexit>

Ci,j = hσ̂z
i σ̂

z
j i − hσ̂z

i ihσ̂
z
j i

<latexit sha1_base64="ZoFcBvkVJwb7dnlB2ES4Ca+lwe4=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKez6iF6EgBePEcwDkxB6J51kyOzsMjMrhCVXv8CrfoE38ep/+AH+h5NkDyaxoKGo6qa7y48E18Z1v53Myura+kZ2M7e1vbO7l98/qOkwVgyrLBShavigUXCJVcONwEakEAJfYN0f3k78+hMqzUP5YEYRtgPoS97jDIyVHlsgogHQG3reyRfcojsFXSZeSgokRaWT/2l1QxYHKA0ToHXTcyPTTkAZzgSOc61YYwRsCH1sWiohQN1OpheP6YlVurQXKlvS0Kn6dyKBQOtR4NvOAMxAL3oT8T+vGZvedTvhMooNSjZb1IsFNSGdvE+7XCEzYmQJMMXtrZQNQAEzNqS5Lb6CIZqxzcVbTGGZ1M6KXql4eX9RKJfShLLkiByTU+KRK1Imd6RCqoQRSV7IK3lznp1358P5nLVmnHTmkMzB+foF8jKYRg==</latexit>

α = 3 short-range “connected correlation”, subtract classical part

<latexit sha1_base64="AF1ZSutoFJsP4M/Tvg8gKcT91zs=">AAACA3icbVDLSsNAFJ34rPVVdelmsAiCUhKr1WWhG5cV7EPaUCaTSTt0JgkzN0IJXfoFbvUL3IlbP8QP8D+ctF3Y1gMXDufcy733eLHgGmz721pZXVvf2Mxt5bd3dvf2CweHTR0lirIGjUSk2h7RTPCQNYCDYO1YMSI9wVresJb5rSemNI/CBxjFzJWkH/KAUwJGeqz10vJF+dwf9wpFu2RPgJeJMyNFNEO9V/jp+hFNJAuBCqJ1x7FjcFOigFPBxvluollM6JD0WcfQkEim3XRy8BifGsXHQaRMhYAn6t+JlEitR9IznZLAQC96mfif10kguHVTHsYJsJBOFwWJwBDh7Hvsc8UoiJEhhCpubsV0QBShYDKa2+IpMmSQ5eIsprBMmpclp1K6vr8qViuzhHLoGJ2gM+SgG1RFd6iOGogiiV7QK3qznq1368P6nLauWLOZIzQH6+sXPRGX5Q==</latexit>

C3,3+d

There is a spreading out in a “light-cone”. Even the two-spin 

correlations become very small over long-distances.

<latexit sha1_base64="jEx++QlJ31qI/hbPfIcctvyc9Pw=">AAACEnicbVDLSsNAFJ3UV62vqODGzWARKkpJrFaXhW5cVrAPaEOYTCZ16GQSZiZCSfMXfoFb/QJ34tYf8AP8D6ePhW09cOFwzr2cy/FiRqWyrG8jt7K6tr6R3yxsbe/s7pn7By0ZJQKTJo5YJDoekoRRTpqKKkY6sSAo9Bhpe4P62G8/ESFpxB/UMCZOiPqcBhQjpSXXPOqxqO+mtpWVRnU3rVxUzv1sdOaaRatsTQCXiT0jRTBDwzV/en6Ek5BwhRmSsmtbsXJSJBTFjGSFXiJJjPAA9UlXU45CIp108n8GT7XiwyASeriCE/XvRYpCKYehpzdDpB7lojcW//O6iQpunZTyOFGE42lQkDCoIjguA/pUEKzYUBOEBdW/QvyIBMJKVzaX4gk0ICrTvdiLLSyT1mXZrpav76+KteqsoTw4BiegBGxwA2rgDjRAE2AwAi/gFbwZz8a78WF8TldzxuzmEMzB+PoFObadNw==</latexit>

log10(|C3,3+d|)

Spin-model evolution with Krylov space matrix exponential



๏ Evolution of two-spin correlations
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j σ̂
z
i σ̂

z
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i
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<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i− j|α

๏ N = 22 spins
<latexit sha1_base64="qx9XYrU+JbdncjAYkKD8PMdpIh0="></latexit>

Ci,j = hσ̂z
i σ̂

z
j i − hσ̂z

i ihσ̂
z
j i

“connected correlation”, subtract classical part

<latexit sha1_base64="AF1ZSutoFJsP4M/Tvg8gKcT91zs=">AAACA3icbVDLSsNAFJ34rPVVdelmsAiCUhKr1WWhG5cV7EPaUCaTSTt0JgkzN0IJXfoFbvUL3IlbP8QP8D+ctF3Y1gMXDufcy733eLHgGmz721pZXVvf2Mxt5bd3dvf2CweHTR0lirIGjUSk2h7RTPCQNYCDYO1YMSI9wVresJb5rSemNI/CBxjFzJWkH/KAUwJGeqz10vJF+dwf9wpFu2RPgJeJMyNFNEO9V/jp+hFNJAuBCqJ1x7FjcFOigFPBxvluollM6JD0WcfQkEim3XRy8BifGsXHQaRMhYAn6t+JlEitR9IznZLAQC96mfif10kguHVTHsYJsJBOFwWJwBDh7Hvsc8UoiJEhhCpubsV0QBShYDKa2+IpMmSQ5eIsprBMmpclp1K6vr8qViuzhHLoGJ2gM+SgG1RFd6iOGogiiV7QK3qznq1368P6nLauWLOZIzQH6+sXPRGX5Q==</latexit>

C3,3+d

For long-range couplings the light-cone disappears

<latexit sha1_base64="jEx++QlJ31qI/hbPfIcctvyc9Pw=">AAACEnicbVDLSsNAFJ3UV62vqODGzWARKkpJrFaXhW5cVrAPaEOYTCZ16GQSZiZCSfMXfoFb/QJ34tYf8AP8D6ePhW09cOFwzr2cy/FiRqWyrG8jt7K6tr6R3yxsbe/s7pn7By0ZJQKTJo5YJDoekoRRTpqKKkY6sSAo9Bhpe4P62G8/ESFpxB/UMCZOiPqcBhQjpSXXPOqxqO+mtpWVRnU3rVxUzv1sdOaaRatsTQCXiT0jRTBDwzV/en6Ek5BwhRmSsmtbsXJSJBTFjGSFXiJJjPAA9UlXU45CIp108n8GT7XiwyASeriCE/XvRYpCKYehpzdDpB7lojcW//O6iQpunZTyOFGE42lQkDCoIjguA/pUEKzYUBOEBdW/QvyIBMJKVzaX4gk0ICrTvdiLLSyT1mXZrpav76+KteqsoTw4BiegBGxwA2rgDjRAE2AwAi/gFbwZz8a78WF8TldzxuzmEMzB+PoFObadNw==</latexit>

log10(|C3,3+d|)

<latexit sha1_base64="N+XaGZ3i0qCF1ocOrhlZM4h6BEs=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRi9CwIvHCOaByRJ6J51kyOzsMjMrhCVXv8CrfoE38ep/+AH+h5NkDyZa0FBUddPdFcSCa+O6X05uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQLQKLjEuuFGYCtWCGEgsBmMbqZ+8xGV5pG8N+MY/RAGkvc5A2Olhw6IeAj0mnrdYsktuzPQv8TLSIlkqHWL351exJIQpWECtG57bmz8FJThTOCk0Ek0xsBGMMC2pRJC1H46u3hCT6zSo/1I2ZKGztTfEymEWo/DwHaGYIZ62ZuK/3ntxPSv/JTLODEo2XxRPxHURHT6Pu1xhcyIsSXAFLe3UjYEBczYkBa2BApGaCY2F285hb+kcVb2KuWLu/NStZIllCdH5JicEo9ckiq5JTVSJ4xI8kxeyKvz5Lw5787HvDXnZDOHZAHO5w/vBJhE</latexit>

α = 1 long-range

Spin-model evolution with Krylov space matrix exponential

๏ Complex information spreading physics as competition between long and short-range terms … further reading:

P. Calabrese and J. Cardy, J. Stat. Mech, P04010 (2005) 

J. Eisert, M. van den Worm, S. R. Manmana, M. Kastner, Phys. Rev. Lett. 111, 260401 (2013)

J. Schachenmayer, B. P. Lanyon, C. F. Roos, A. J. Daley, Phys. Rev. X 3, 031015 (2013)

Z.-X. Gong, M. Foss-Feig, Fernando G. S. L. Brandão, and A. V. Gorshkov, Phys. Rev. Lett. 119 050501 (2017)

L. Cevolani, J. Despres, G. Carleo, L. Tagliacozzo, L. Sanchez-Palencia, Phys. Rev. B 98, 024302 (2018)



Methods - Comparison

๏ Evolution of two-spin correlations
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j σ̂
z
i σ̂

z
j + hx

X

i
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x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i− j|α

๏ For fair comparison:

๏ Simulation up to
<latexit sha1_base64="CxqwXnFHMMLyRPvJShEoH0lyiYo=">AAACTXicjVDLSgMxFM3UR2t9VV26CRbBVZkRrW6EghuXLdgHtEPJpGkNzWSG5I6lDPNdfoZrFy7VL3AnYtqZhW1deCDk5Nx7uDfHCwXXYNsvVm5tfWMzX9gqbu/s7u2XDg5bOogUZU0aiEB1PKKZ4JI1gYNgnVAx4nuCtb3x7azefmRK80DewzRkrk9Gkg85JWCkfqnRGzOIe6HmfTvBNzh9DoKJJEoFk14Upvc/FGwk0Em/VLYr9hx4lTgZKaMM9X7pzRhp5DMJVBCtu44dghsTBZwKlhR7kWYhoWMyYl1DJfGZduP51xN8apQBHgbKHAl4rv52xMTXeup7ptMn8KCXazPxr1o3guG1G3MZRsAkTQcNI4EhwLMc8YArRkFMDSFUcbMrpg9EEQom7YUpniIm1FkuznIKq6R1XnGqlcvGRblWzRIqoGN0gs6Qg65QDd2hOmoiip7QK3pHH9az9Wl9Wd9pa87KPEdoAbn8D5HPuEc=</latexit>

|ψ0i = |#"#"#" . . .i
<latexit sha1_base64="AArS3RkocBaZM32pv4U3ErM5MRQ=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0x0WPAi3iKYB6SLGF2MpsMmZ1dZ3qFEPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSKFQdf9dlZW19Y3NnNb+e2d3b39wsFhw8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJ76zSeujYjVPY4S7ke0r0QoGEUrPeAt6Uj+SMrdQtEtuTOQZeJlpAgZat3CV6cXszTiCpmkxrQ9N0F/TDUKJvkk30kNTygb0j5vW6poxI0/nh08IadW6ZEw1rYUkpn6e2JMI2NGUWA7I4oDs+hNxf+8dorhlT8WKkmRKzZfFKaSYEym35Oe0JyhHFlCmRb2VsIGVFOGNqO8DcFbfHmZNM5LXqVUvrsoVitZHDk4hhM4Aw8uoQo3UIM6MIjgGV7hzdHOi/PufMxbV5xs5gj+wPn8Aah3j6M=</latexit>

tJ ≤ 5

<latexit sha1_base64="N+XaGZ3i0qCF1ocOrhlZM4h6BEs=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRi9CwIvHCOaByRJ6J51kyOzsMjMrhCVXv8CrfoE38ep/+AH+h5NkDyZa0FBUddPdFcSCa+O6X05uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQLQKLjEuuFGYCtWCGEgsBmMbqZ+8xGV5pG8N+MY/RAGkvc5A2Olhw6IeAj0mnrdYsktuzPQv8TLSIlkqHWL351exJIQpWECtG57bmz8FJThTOCk0Ek0xsBGMMC2pRJC1H46u3hCT6zSo/1I2ZKGztTfEymEWo/DwHaGYIZ62ZuK/3ntxPSv/JTLODEo2XxRPxHURHT6Pu1xhcyIsSXAFLe3UjYEBczYkBa2BApGaCY2F285hb+kcVb2KuWLu/NStZIllCdH5JicEo9ckiq5JTVSJ4xI8kxeyKvz5Lw5787HvDXnZDOHZAHO5w/vBJhE</latexit>

α = 1

… on Apple M2 Macbook (on battery)

Krylov

RK4

ED (no time-step)

<latexit sha1_base64="Rq/kbkCbdT+cdByDoWqBzPzJ6iU="></latexit>

∆tJ = 0.1 , |1− k |ψ(t)i k| < 10−13

<latexit sha1_base64="knJlBq8KX2Es27WzNU+d9+DBkj4="></latexit>

∆tJ = 0.005 , |1− k |ψ(t)i k| < 10−5

<latexit sha1_base64="NxRvA0lbIxASY4eM1qkOxJ4pCh4="></latexit>

|1− k |ψ(t)i k| < 10−14



Plan for today

๏ Part 2.2: Simulation of dynamics with sparse Hamiltonians: Krylov space 

methods. Applications to spin-model dynamics.

๏ Part 2.3: Methods for open system dynamics: Density matrix linearization 

and quantum trajectories.

System Bath

๏ Part 2.1: The many-body problem of the day: Long-range spin model 

dynamics. How to numerically construct Hamiltonians.



Lecture 2 - Lindblad master equations - Review

๏ Here we will focus on Lindblad master equations: We have a System and a large bath:

System 

(Atom)

Bath 

(EM modes)
Laser 

drive

|gi
<latexit sha1_base64="opnZD8VSC9Oc0kJs8JYVK7hZ7XY=">AAACEnicbVDLSgMxFL1TX7W+qi7dBIvgqsxoQZcFNy4r2Ae0Q8mkmTZMkhmSjFCG+QjBlf6JO3HrD/gjrk3bWdjWA4GTc+6Fc0+QcKaN6347pY3Nre2d8m5lb//g8Kh6fNLRcaoIbZOYx6oXYE05k7RtmOG0lyiKRcBpN4juZn73iSrNYvlopgn1BR5LFjKCjZW6g4iabJwPqzW37s6B1olXkBoUaA2rP4NRTFJBpSEca9333MT4GVaGEU7zyiDVNMEkwmPat1RiQbWfzePm6MIqIxTGyj5p0Fz9u5FhofVUBHZSYDPRq95M/NcLRL78V9jet5LGhLd+xmSSGirJIkyYcmRiNOsHjZiixPCpJZgoZu9BZIIVJsa2WLFFeau1rJPOVd27rnsPjVqzUVRWhjM4h0vw4AaacA8taAOBCJ7hFd6cF+fd+XA+F6Mlp9g5hSU4X7/cIJ7C</latexit>

|ei
<latexit sha1_base64="Ls1LQqTj6Mp4uHnZJHAQrm4rdA0=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjNa0GXBjcsK9gHtUDLpnTZMkhmSjFCG+QjBlf6JO3HrD/gjrk3bWdjWA4GTc+6Fc0+QcKaN6347pY3Nre2d8m5lb//g8Kh6fNLRcaootGnMY9ULiAbOJLQNMxx6iQIiAg7dILqb+d0nUJrF8tFME/AFGUsWMkqMlbqDCEwG+bBac+vuHHideAWpoQKtYfVnMIppKkAayonWfc9NjJ8RZRjlkFcGqYaE0IiMoW+pJAK0n83j5vjCKiMcxso+afBc/buREaH1VAR2UhAz0aveTPzXC0S+/FfE3reSxoS3fsZkkhqQdBEmTDk2MZ71g0dMATV8agmhitl7MJ0QRaixLVZsUd5qLeukc1X3ruveQ6PWbBSVldEZOkeXyEM3qInuUQu1EUURekav6M15cd6dD+dzMVpyip1TtATn6xfYzp7A</latexit>

∆
<latexit sha1_base64="pSxEbgLyEQ0cJc8uDH5W9h1S5Ig=">AAACEXicbVDLSgMxFM3UV62vqks3g0VwVWa0oMuCLlxWsA9oh5JJ77SxSWZI7gil9B8EV/on7sStX+CPuDZtZ2FbDwTOPedeODlhIrhBz/t2cmvrG5tb+e3Czu7e/kHx8Khh4lQzqLNYxLoVUgOCK6gjRwGtRAOVoYBmOLyZ+s0n0IbH6gFHCQSS9hWPOKNopUbnFgTSbrHklb0Z3FXiZ6REMtS6xZ9OL2apBIVMUGPavpdgMKYaORMwKXRSAwllQ9qHtqWKSjDBeJZ24p5ZpedGsbZPoTtT/16MqTRmJEO7KSkOzLI3Ff/1QjlZnDUdAi6lweg6GHOVpAiKzcNEqXAxdqf1uD2ugaEYWUKZ5vY/LhtQTRnaEgu2KH+5llXSuCj7l2X/vlKqVrLK8uSEnJJz4pMrUiV3pEbqhJFH8kxeyZvz4rw7H87nfDXnZDfHZAHO1y+BYp3/</latexit>

Ω
<latexit sha1_base64="PMkvbwQ8vq3QZmEKF1HwS7LV/8I=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4KjO1oMuCG3dWsK3QDuVOeqeNTWaGJCOU0n8QXOmfuBO3foE/4tq0nYVtPRA495x74eQEieDauO63k1tb39jcym8Xdnb39g+Kh0dNHaeKYYPFIlYPAWgUPMKG4UbgQ6IQZCCwFQyvp37rCZXmcXRvRgn6EvoRDzkDY6Vm51ZiH7rFklt2Z6CrxMtIiWSod4s/nV7MUomRYQK0bntuYvwxKMOZwEmhk2pMgA2hj21LI5Co/fEs7YSeWaVHw1jZFxk6U/9ejEFqPZKB3ZRgBnrZm4r/eoGcLM4KhmiW0pjwyh/zKEkNRmweJkwFNTGd1kN7XCEzYmQJMMXtfygbgAJmbIkFW5S3XMsqaVbK3kW5clct1apZZXlyQk7JOfHIJamRG1InDcLII3kmr+TNeXHenQ/nc76ac7KbY7IA5+sXgDWd/w==</latexit>

Γ
<latexit sha1_base64="PNjbQXyI9VZkPB4c2oNjQO/tSoE=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4KjO1oMuCC11WsK3QDuVOetvGJjNDkhHK0H8QXOmfuBO3foE/4tq0nYVtPRA495x74eQEseDauO63k1tb39jcym8Xdnb39g+Kh0dNHSWKYYNFIlIPAWgUPMSG4UbgQ6wQZCCwFYyup37rCZXmUXhvxjH6EgYh73MGxkrNzg1ICd1iyS27M9BV4mWkRDLUu8WfTi9iicTQMAFatz03Nn4KynAmcFLoJBpjYCMYYNvSECRqP52lndAzq/RoP1L2hYbO1L8XKUitxzKwmxLMUC97U/FfL5CTxVnBCM1SGtO/8lMexonBkM3D9BNBTUSn9dAeV8iMGFsCTHH7H8qGoIAZW2LBFuUt17JKmpWyd1Gu3FVLtWpWWZ6ckFNyTjxySWrkltRJgzDySJ7JK3lzXpx358P5nK/mnOzmmCzA+foFdhed+Q==</latexit>

Example: Consider an atom coupled to the electromagnetic vacuum modes

๏ Several approximations on the way:

“Optical Bloch equations”

Open quantum 

system lectureFor the atomic decay problem: Dipole approximation, Rotating wave 

approximation, Markov approximation, …

Lindblad jump operators๏ E.g. for a single decaying atom

<latexit sha1_base64="OJGTXjWlKjXnV2rsxMAS7ziEz04="></latexit>

ρ̂s

๏ Effectively a Lindblad master equation describes the dynamics of the system only (the bath is traced out), the system 

needs to be described by a density matrix
<latexit sha1_base64="OJGTXjWlKjXnV2rsxMAS7ziEz04="></latexit>

ρ̂s

L̂ =

r

Γ

2
σ̂
−

<latexit sha1_base64="m7quDZ4ciA2+nD65qMEu8zyKu+k="></latexit>

d

dt
ρ̂S = −i

h

Ĥ0A, ρ̂S

i

+
Γ

2

(

−σ̂+σ̂−ρ̂S − ρ̂S σ̂
+σ̂−

+ 2σ̂−ρ̂S σ̂
+
)

<latexit sha1_base64="TaaWtId5r/jGrG0ILzHJ8TXUV3A="></latexit>

Free atomic Hamiltonian (e.g. with drive)

… decay of atom with rate
<latexit sha1_base64="KKLbyHEMIgCWYD2mynmbjxORD0w=">AAACAHicbVDLSgNBEJz1GeMr6tHLYhA8hV3R6DHgQY8RzAOSJfROOsmYmdllZlYISy5+gVf9Am/i1T/xA/wPJ8keTGJBQ1HVTXdXGHOmjed9Oyura+sbm7mt/PbO7t5+4eCwrqNEUazRiEeqGYJGziTWDDMcm7FCECHHRji8mfiNJ1SaRfLBjGIMBPQl6zEKxkr19i0IAZ1C0St5U7jLxM9IkWSodgo/7W5EE4HSUA5at3wvNkEKyjDKcZxvJxpjoEPoY8tSCQJ1kE6vHbunVum6vUjZksadqn8nUhBaj0RoOwWYgV70JuJ/XisxvesgZTJODEo6W9RLuGsid/K622UKqeEjS4AqZm916QAUUGMDmtsSKhiiGdtc/MUUlkn9vOSXS5f3F8VKOUsoR47JCTkjPrkiFXJHqqRGKHkkL+SVvDnPzrvz4XzOWlecbOaIzMH5+gUDkpdL</latexit>

Γ

<latexit sha1_base64="QihD7hdGVraLND3GdXc9I0bDr0I="></latexit>

d

dt
ρ̂S = L(ρ̂S) = −i

h

ĤS , ρ̂
i

+
X

η

⇣

2L̂ηρ̂SL̂
†
η − L̂†

ηL̂ηρ̂S − ρ̂SL̂
†
ηL̂η

⌘



Lecture 2 - Lindblad master equations - Review

๏ General form of Lindblad master equation

๏ Alternative equivalent forms

<latexit sha1_base64="QihD7hdGVraLND3GdXc9I0bDr0I="></latexit>

d

dt
ρ̂S = L(ρ̂S) = −i

h

ĤS , ρ̂
i

+
X

η

⇣

2L̂ηρ̂SL̂
†
η − L̂†

ηL̂ηρ̂S − ρ̂SL̂
†
ηL̂η

⌘

<latexit sha1_base64="Y8lcvuP2aLivKhDEvZ/fNJrSimU="></latexit>

Ĥeff = ĤS − i

X

η

L̂
†
ηL̂η

effective non-hermitian Hamiltonian
recycling term (fixes trace)

non-trace preserving

๏ In fact, the Lindblad form is the simplest way to write an linear evolution equation which is trace preserving

<latexit sha1_base64="6ZUvBmoY/+lEmddIZkMod3UNmrU="></latexit>

tr



d

dt
ρ̂S

]

= tr {L(ρ̂S)}
<latexit sha1_base64="eyY8UA9lCJ/3nLrpEBXNvPiKYzw="></latexit>

=

X

η

tr

⇣

2L̂ηρ̂SL̂
†
η

⌘

− tr

⇣

L̂†
ηL̂ηρ̂S

⌘

− tr

⇣

ρ̂SL̂
†
ηL̂η

⌘

= 0

cyclic invariance of trace

<latexit sha1_base64="uMdHGfgMbG5RKtxruUUuKLXPDcQ="></latexit>

d

dt
ρ̂S = −i

⇣

Ĥeff ρ̂S − ρ̂SĤ
†
eff

⌘

+

X

η

2L̂ηρ̂SL̂
†
η



Lecture 2 - Lindblad master equation dynamics

๏ The right hand side of the master equation is just a function of the density matrix (“super-operator”)

๏ We can simply define a statevector of matrix elements, and implement the super-operator as function

<latexit sha1_base64="QihD7hdGVraLND3GdXc9I0bDr0I="></latexit>

d

dt
ρ̂S = L(ρ̂S) = −i

h

ĤS , ρ̂
i

+
X

η

⇣

2L̂ηρ̂SL̂
†
η − L̂†

ηL̂ηρ̂S − ρ̂SL̂
†
ηL̂η

⌘

<latexit sha1_base64="6u+xMJcsnk8L1JUZbnCTt96NyYA="></latexit>

d

dt
ρ̂S = L(ρ̂S)

<latexit sha1_base64="cW53zJBxizQXNFW7FoKhxxbCwsc=">AAACD3icbVDLSsNAFJ34rPUVdelmsCjtpiSi1Y1QcOOygn1AG8pkOmmHTh7M3Agl5A/c+CtuXCji1q07/8ZJG1BbDwwczrn3zr3HjQRXYFlfxtLyyuraemGjuLm1vbNr7u23VBhLypo0FKHsuEQxwQPWBA6CdSLJiO8K1nbH15nfvmdS8TC4g0nEHJ8MA+5xSkBLffOkNwgh6fkERq6XTNK0DBV8hb3yj6SVSt8sWVVrCrxI7JyUUI5G3/zUg2nsswCoIEp1bSsCJyESOBUsLfZixSJCx2TIupoGxGfKSab3pPhYKwPshVK/APBU/d2REF+pie/qymxLNe9l4n9eNwbv0kl4EMXAAjr7yIsFhhBn4eABl4yCmGhCqOR6V0xHRBIKOsKiDsGeP3mRtE6rdq16fntWqtfyOAroEB2hMrLRBaqjG9RATUTRA3pCL+jVeDSejTfjfVa6ZOQ9B+gPjI9vDR2b/A==</latexit>

ẏ(t) = f(y(t))
<latexit sha1_base64="kwO1+9Tg4xgBnbVM9es8qVD6TY4=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJRsuAjYVFBPMByRH2NnvJkr3dY3dOiUd+iY2FIrb+FDv/jZvkCk18MPB4b4aZeWEiuAHP+3ZWVtfWNzYLW8Xtnd29krt/0DQq1ZQ1qBJKt0NimOCSNYCDYO1EMxKHgrXC0fXUbz0wbbiS9zBOWBCTgeQRpwSs1HNL3VsWgeaDIRCt1WPPLXsVbwa8TPyclFGOes/96vYVTWMmgQpiTMf3EggyooFTwSbFbmpYQuiIDFjHUkliZoJsdvgEn1iljyOlbUnAM/X3REZiY8ZxaDtjAkOz6E3F/7xOCtFVkHGZpMAknS+KUoFB4WkKuM81oyDGlhCqub0V0yHRhILNqmhD8BdfXibNs4pfrVzcnZdr1TyOAjpCx+gU+egS1dANqqMGoihFz+gVvTlPzovz7nzMW1ecfOYQ/YHz+QM32pNv</latexit>

⇔

๏ However, the master equation is also linear!

… we could plug this into Runge-Kutta!

We can write it like
<latexit sha1_base64="t9w0TSSKdQHdogaJchxNszkzemw=">AAACMHicbZBLS8NAEMc3Pmt9VT16WSxCvZREtHoRKh70WME+oClls920SzcPdidCCPlIXvwoelFQxKufwk1b0bYODPz5zQwz83dCwRWY5quxsLi0vLKaW8uvb2xubRd2dhsqiCRldRqIQLYcopjgPqsDB8FaoWTEcwRrOsOrrN68Z1LxwL+DOGQdj/R97nJKQKNu4druBZDYHoGB4yZxmpbgCF9gt/SLNMnQD7hMsU31EJ7q6BaKZtkcBZ4X1kQU0SRq3cKT3kwjj/lABVGqbZkhdBIigVPB0rwdKRYSOiR91tbSJx5TnWT0cIoPNelhN5A6fcAj+nciIZ5SsefozuxINVvL4H+1dgTueSfhfhgB8+l4kRsJDAHO3MM9LhkFEWtBqOT6VkwHRBIK2uO8NsGafXleNI7LVqV8entSrFYmduTQPjpAJWShM1RFN6iG6oiiB/SM3tC78Wi8GB/G57h1wZjM7KGpML6+AUQUqRQ=</latexit>

ẏ(t) = f(y(t)) = A · y(t) (next slide)

If we construct the (sparse) matrix representing the whole “Liouvillian” matrix 

A, we can also use our Krylov space method again!

Solution:
<latexit sha1_base64="CYiQUMwRyWXdLhzvlYCnfOEMWLY=">AAACDHicbVDLSsNAFJ34rPVVdelmsAjtpiRSqhuh4sZlBfuAppbJdNIOnTyYuRFCyAe48VfcuFDErR/gzr9x0mahrQcGDuecy9x7nFBwBab5baysrq1vbBa2its7u3v7pYPDjgoiSVmbBiKQPYcoJrjP2sBBsF4oGfEcwbrO9Drzuw9MKh74dxCHbOCRsc9dTgloaVgqxxWo4kuc2NLDLL1PMGDbIzBx3OQqTeOKWcU6ZdbMGfAysXJSRjlaw9KXPQpo5DEfqCBK9S0zhEFCJHAqWFq0I8VCQqdkzPqa+sRjapDMjknxqVZG2A2kfj7gmfp7IiGeUrHn6GS2p1r0MvE/rx+BezFIuB9GwHw6/8iNBIYAZ83gEZeMgog1IVRyvSumEyIJBd1fUZdgLZ68TDpnNatRq9/Wy81GXkcBHaMTVEEWOkdNdINaqI0oekTP6BW9GU/Gi/FufMyjK0Y+c4T+wPj8AfWEmaQ=</latexit>

y(t) = etAy(0)

<latexit sha1_base64="bPJtxJcFt7KGWDbx0P1XEFNn11o="></latexit>

y = [ρ1,1, ρ2,1, ρ3,1, . . . , ρ1,2, ρ1,2, . . . ]
T



Lecture 2 - Lindblad master equation dynamics

๏ How to construct the super-operator matrix? Most common scheme

<latexit sha1_base64="QY6K7Fc3tcuW1efXIvAxrgNDfQc="></latexit>

ρ̂ =

0

@

ρ1,1 ρ1,2 ρ1,3

ρ2,1 ρ2,2 ρ2,3

ρ3,1 ρ3,2 ρ3,3

1

A → y =

(

ρ1,1, ρ2,1, ρ3,1, ρ1,2, ρ2,2, ρ3,2, ρ1,3, ρ2,3, ρ3,3

)T

๏ Now consider an operator

<latexit sha1_base64="PsKRgJ2w3ssxDB3zGDRUgQ/YM8U=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8Bc/AYwTwkWcLsZDYZMrO7zPQKIeQrvHhQxKuf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANlyLiDRQoeTvRnKpA8lYwup35rSeujYijBxwn3Fd0EIlQMIpWeqx1UShuSK1XLLlldw6ySryMlCBDvVf86vZjlioeIZPUmI7nJuhPqEbBJJ8WuqnhCWUjOuAdSyNq1/iT+cFTcmaVPgljbStCMld/T0yoMmasAtupKA7NsjcT//M6KYY3/kRESYo8YotFYSoJxmT2PekLzRnKsSWUaWFvJWxINWVoMyrYELzll1dJ86LsVcpX95elaiWLIw8ncArn4ME1VOEO6tAABgqe4RXeHO28OO/Ox6I152Qzx/AHzucPKpmP+A==</latexit>

D ×D

<latexit sha1_base64="EeszAaX/+k+O0HbzUU3dNIheXLE=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAIETHsikYvQkAPHiOYByRLmJ3MJmNmZ5eZ2UBc8iVePCji1U/x5t84eRw0WtBQVHXT3eXHnCntOF9WZml5ZXUtu57b2Nzazts7u3UVJZLQGol4JJs+VpQzQWuaaU6bsaQ49Dlt+IPrid8YUqlYJO71KKZeiHuCBYxgbaSOnR+iK1R8OHGP0A06RqxjF5ySMwX6S9w5KcAc1Y792e5GJAmp0IRjpVquE2svxVIzwuk4104UjTEZ4B5tGSpwSJWXTg8fo0OjdFEQSVNCo6n6cyLFoVKj0DedIdZ9tehNxP+8VqKDSy9lIk40FWS2KEg40hGapIC6TFKi+cgQTCQztyLSxxITbbLKmRDcxZf/kvppyS2Xzu/OCpXyPI4s7MMBFMGFC6jALVShBgQSeIIXeLUerWfrzXqftWas+cwe/IL18Q24LpCD</latexit>

v = (j − 1)D + i

<latexit sha1_base64="fWhxeDEJFX+MOEDoAXMgXIUeYUs="></latexit>

Â⊗ B̂ =







A1,1B̂ A1,2B̂ . . .

A2,1B̂ A2,2B̂ . . .

.

.

.
.
.
.







<latexit sha1_base64="pyOQCG1kcbcMz2qdLfAMCy8RO1E=">AAACB3icbVDLSgMxFL3js9ZX1aWbYBFclZmi1WVBFy4r2Ae005LJpG1oJhmSjFCGfoB/4FZ/wJ249TPc+yGm7Sxs64ELh3Pu5VxOEHOmjet+O2vrG5tb27md/O7e/sFh4ei4oWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBmMbqd+84kqzaR4NOOY+hEeCNZnBBsrde+6ZdQxLKIaWdorFN2SOwNaJV5GipCh1iv8dEJJkogKQzjWuu25sfFTrAwjnE7ynUTTGJMRHtC2pQLbID+dfT1B51YJUV8qO8Kgmfr3IsWR1uMosJsRNkO97E3F/7x2Yvo3fspEnBgqyDyon3BkJJpWgEKmKDF8bAkmitlfERlihYmxRS2kBIHk4cTW4i2XsEoa5ZJXKV09XBarlaygHJzCGVyAB9dQhXuoQR0IKHiBV3hznp1358P5nK+uOdnNCSzA+foF6zGZRg==</latexit>

D
2
×D

2

<latexit sha1_base64="y8+96yDY41SZV7wayBomQz9jsSE="></latexit>

(1 ⊗ Â)y =

0

@

Â 0 0

0 Â 0

0 0 Â

1

A

0

@

y1

y2

y3

1

A = Â
(

y1 y2 y3

)

= Âρ̂

<latexit sha1_base64="a2QTrcbC1kKRJZbSD0GyK6JJ5xc="></latexit>

(

y1 y2 y3

)

Multiplication from left side

<latexit sha1_base64="EA5vgCqA9Lb9wGJCGlEWsesL57Q=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjx4rGC/YA2lM12067dbMLuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp2R1SJDe9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSuX9xflWjWPowDHcAJn4MEV1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8Ae0xjq4=</latexit>

Â

๏ Equally, it’s easy to show

<latexit sha1_base64="rqZhktWjl9kPtLm7WGDvwPoer9A="></latexit>

(B̂T
⊗ 1)y = ρ̂B̂

(exercise)

Multiplication from right side

<latexit sha1_base64="yzmAANM+8gaKieAF/UI9hCmkj6U="></latexit>

(B̂T
⊗ Â)y = Âρ̂B̂

Multiplication from left and right side

<latexit sha1_base64="EPS0C5LwljNBOfxduQEY3dVyPfM=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRLR6rLgxmWFvqBNy8xk0g6dZMLMRAghH+AfuNUfcCdu/Qz3foiTNgvbeuDC4Zx7uYeDI86Utu1vq7SxubW9U96t7O0fHB5Vj0+6SsSS0A4RXMg+RopyFtKOZprTfiQpCjCnPTy7z/3eE5WKibCtk4i6AZqEzGcEaSONhgHSU+ynSTZ2Ru1xtWbX7TngOnEKUgMFWuPqz9ATJA5oqAlHSg0cO9JuiqRmhNOsMowVjRCZoQkdGBqigCo3nafO4IVRPOgLaSbUcK7+vUhRoFQSYLOZp1SrXi7+5w1i7d+5KQujWNOQLB75MYdawLwC6DFJieaJIYhIZrJCMkUSEW2KWvqCseBeZmpxVktYJ92rutOo3zxe15qNoqAyOAPn4BI44BY0wQNogQ4gQIIX8ArerGfr3fqwPherJau4OQVLsL5+AbSYmmE=</latexit>

y
T

1

<latexit sha1_base64="hDlXr4uMARnkeagv+l8hj5pT5Vk=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJSlaXRbcuKzQF7RpmZlM2qGTmTAzEULIB/gHbvUH3IlbP8O9H+KkzcK2HrhwOOde7uGgiFGlHefb2tjc2t7ZLe2V9w8Oj44rJ6ddJWKJSQcLJmQfQUUY5aSjqWakH0kCQ8RID83uc7/3RKSigrd1EhEvhBNOA4qhNtJoGEI9RUGaZOP6qD2uVJ2aM4e9TtyCVEGB1rjyM/QFjkPCNWZQqYHrRNpLodQUM5KVh7EiEcQzOCEDQzkMifLSeerMvjSKbwdCmuHanqt/L1IYKpWEyGzmKdWql4v/eYNYB3deSnkUa8Lx4lEQM1sLO6/A9qkkWLPEEIglNVltPIUSYm2KWvqCkGB+ZmpxV0tYJ916zW3Ubh6vq81GUVAJnIMLcAVccAua4AG0QAdgIMELeAVv1rP1bn1Yn4vVDau4OQNLsL5+AbYwmmI=</latexit>

y
T

2

<latexit sha1_base64="mcPKrA9hRVyJ5fM7UEMhoJv9Naw=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuSuKjuiy4cVmhL2jTMjOZtEMnkzAzEULIB/gHbvUH3IlbP8O9H+KkzcK2HrhwOOde7uHgiDOlbfvbWlvf2NzaLu2Ud/f2Dw4rR8cdFcaS0DYJeSh7GCnKmaBtzTSnvUhSFGBOu3h6n/vdJyoVC0VLJxF1AzQWzGcEaSMNBwHSE+ynSTa6GrZGlapds2eAq8QpSBUUaI4qPwMvJHFAhSYcKdV37Ei7KZKaEU6z8iBWNEJkisa0b6hAAVVuOkudwXOjeNAPpRmh4Uz9e5GiQKkkwGYzT6mWvVz8z+vH2r9zUyaiWFNB5o/8mEMdwrwC6DFJieaJIYhIZrJCMkESEW2KWviCcci9zNTiLJewSjqXNadeu3m8rjbqRUElcArOwAVwwC1ogAfQBG1AgAQv4BW8Wc/Wu/Vhfc5X16zi5gQswPr6BbfImmM=</latexit>

y
T

3

<latexit sha1_base64="tfG7tr0kZz7NVGQqUiHaa0ZXr/4=">AAACJXicbVDLSsNAFJ34fht16WawCCJSEtHqUnDjwkUFq4UmhMlk0o5OMnHmplJC/8G/8A/c6g+4E8GVGz/EaZuFWg9cOJxzL/feE2aCa3CcD2ticmp6ZnZufmFxaXll1V5bv9IyV5Q1qBRSNUOimeApawAHwZqZYiQJBbsOb08H/nWXKc1legm9jPkJaac85pSAkQJ711MdGRR876aPvbucRNg7ZzEo3u4AUUrel2ov6AZ2xak6Q+Bx4pakgkrUA/vLiyTNE5YCFUTrlutk4BdEAaeC9Re8XLOM0FvSZi1DU5Iw7RfDn/p42ygRjqUylQIeqj8nCpJo3UtC05kQ6Oi/3kD8z2vlEB/7BU+zHFhKR4viXGCQeBAQjrhiFETPEEIVN7di2iGKUDAx/toShlJEfROL+zeEcXK1X3Vr1cOLg8pJrQxoDm2iLbSDXHSETtAZqqMGougBPaFn9GI9Wq/Wm/U+ap2wypkN9AvW5zcWy6Yw</latexit>

ρi,j ⇔ yv

Kronecker product definition:

Liouvillian matrix can be fully constructed with Kronecker products!



Lecture 2 - Lindblad master equation dynamics

<latexit sha1_base64="rqZhktWjl9kPtLm7WGDvwPoer9A="></latexit>

(B̂T
⊗ 1)y = ρ̂B̂

<latexit sha1_base64="yzmAANM+8gaKieAF/UI9hCmkj6U="></latexit>

(B̂T
⊗ Â)y = Âρ̂B̂

<latexit sha1_base64="opNS4BN6XqSOFSpOmgp1lzWXhfg="></latexit>

(1 ⊗ Â)y = Âρ̂

<latexit sha1_base64="QY6K7Fc3tcuW1efXIvAxrgNDfQc="></latexit>

ρ̂ =

0

@

ρ1,1 ρ1,2 ρ1,3

ρ2,1 ρ2,2 ρ2,3

ρ3,1 ρ3,2 ρ3,3

1

A → y =

(

ρ1,1, ρ2,1, ρ3,1, ρ1,2, ρ2,2, ρ3,2, ρ1,3, ρ2,3, ρ3,3

)T

๏ Then:
<latexit sha1_base64="Y8lcvuP2aLivKhDEvZ/fNJrSimU="></latexit>

Ĥeff = ĤS − i

X

η

L̂
†
ηL̂η

<latexit sha1_base64="uMdHGfgMbG5RKtxruUUuKLXPDcQ="></latexit>

d

dt
ρ̂S = −i

⇣

Ĥeff ρ̂S − ρ̂SĤ
†
eff

⌘

+

X

η

2L̂ηρ̂SL̂
†
η

<latexit sha1_base64="Z7bOP67gzk15mA23Sv0UgWvIP+s="></latexit>

−i
h

(1 ⊗ Ĥeff)− (Ĥ∗

eff ⊗ 1)
i

y

element-wise 

conjugate
<latexit sha1_base64="qDJq51UTDLFnPlImlvqN+18mO54="></latexit>

2(L̂∗

η
⊗ L̂η)y

z

Example:
<latexit sha1_base64="FlzqrErTfqJ8xQJYQGvt4q2XV90="></latexit>

L̂η =

r

Γ

2
σ̂
−

η



Lecture 2 - Lindblad master equation dynamics

๏ Evolution of local spin-z component
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j σ̂
z
i σ̂

z
j + hx

X

i

σ̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i− j|α

๏ N = 11 spins

<latexit sha1_base64="ngg9s8nyDUDASlj4/wpAXYfFiSE=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIt4imAekCxhdjKbDJl9MNMrhiUnv8CrfoE38eqX+AH+h5NkDyaxoKGo6qa7y4ul0Gjb31ZuZXVtfSO/Wdja3tndK+4fNHSUKMbrLJKRanlUcylCXkeBkrdixWngSd70hjcTv/nIlRZR+ICjmLsB7YfCF4yikZqD7hO5JnfdYsku21OQZeJkpAQZat3iT6cXsSTgITJJtW47doxuShUKJvm40Ek0jykb0j5vGxrSgGs3nZ47JidG6RE/UqZCJFP170RKA61HgWc6A4oDvehNxP+8doL+lZuKME6Qh2y2yE8kwYhMfic9oThDOTKEMiXMrYQNqKIMTUJzWzxFhxzHJhdnMYVl0jgrO5Xyxf15qVrJEsrDERzDKThwCVW4hRrUgcEQXuAV3qxn6936sD5nrTkrmzmEOVhfv8+4lxw=</latexit>

hx = J

<latexit sha1_base64="lBJcza2HbTY2hunpcmJCHxzYvt4="></latexit>

α = 3

<latexit sha1_base64="doOSQgMLMVJ6SJMaliLEJ/23MnE="></latexit>

Γ =
J

2

๏ Remark: Since we keep the exact full density matrix, we’re now limited to ~half the size than before :(

๏ Remark: The Liouvillian matrix construction is not ideal, an alternative, expand in Pauli basis

<latexit sha1_base64="B9id92puBaJHpesLJEnAlbrfzhg="></latexit>

ρ̂ =

4X

{in}=1

ri1,i2,...,iN σ̂
r1
1

⊗ σ̂
r2
1

⊗ . . . σ̂
rN
N

Major advantage: The “Bloch” 

state vectors are real!

<latexit sha1_base64="YWw8/MEzTlwDLr2DAJKEUUCTJBk="></latexit>

σ̂
0,1,2,3

i = {1i, σ̂
x
i , σ̂

y

i , σ̂
z
i }

<latexit sha1_base64="Xt2kAaV4CdoQ1NXobS8S1ngmCMo="></latexit>

tr (σ̂n
i σ̂

m
i ) = δn,m



Lecture 2 - Quantum Trajectories

๏ We can fix that :)

๏ Remark: Since we keep the exact full density matrix, we’re now limited to ~half the size than before :(

๏ Fundamentally: Every density matrix is a statistical mixture of pure states:

<latexit sha1_base64="ogIyydNP1McKiuXlCqQV10t05Ws="></latexit>

ρ̂ =

X

µ

pµ |ψµi hψµ|

“Quantum trajectories”
<latexit sha1_base64="HZ6yAW/6fRZh1+e3YdTFxTq84a0=">AAACHnicbVC7SgNBFJ2NrxgfiVraLAbBKuyKRsuAjYVFBPOAZAmzs3eTIbM7y8xdJSz5EhsL/RU7sdU/sXTyKEzigQuHc+7lXI6fCK7Rcb6t3Nr6xuZWfruws7u3XywdHDa1TBWDBpNCqrZPNQgeQwM5CmgnCmjkC2j5w5uJ33oEpbmMH3CUgBfRfsxDzigaqVcqdu8gRMX7A6RKyadeqexUnCnsVeLOSZnMUe+VfrqBZGkEMTJBte64ToJeRhVyJmBc6KYaEsqGtA8dQ2Magfay6eNj+9QogR1KZSZGe6r+vchopPUo8s1mRHGgl72J+J/XSTG89jIeJylCzGZBYSpslPakBTvgChiKkSGUKW5+tdmAKsrQdLWQ4is6BBwvar4UwdhU5S4Xs0qa5xW3Wrm8vyjXqvPS8uSYnJAz4pIrUiO3pE4ahJGUPJNX8ma9WO/Wh/U5W81Z85sjsgDr6xeMHKOz</latexit>

⇔ Let’s evolve the state-vectors instead

๏ The standard “Quantum Monte-Carlo wavefunction algorithm”

<latexit sha1_base64="Y8lcvuP2aLivKhDEvZ/fNJrSimU="></latexit>

Ĥeff = ĤS − i

X

η

L̂
†
ηL̂η

<latexit sha1_base64="uMdHGfgMbG5RKtxruUUuKLXPDcQ="></latexit>

d

dt
ρ̂S = −i

⇣

Ĥeff ρ̂S − ρ̂SĤ
†
eff

⌘

+

X

η

2L̂ηρ̂SL̂
†
η

Small time-step
<latexit sha1_base64="tnYLEiIu9YnCYFrmRPTB1FHKdkQ=">AAACFXicbVA9SwNBEN2LXzF+RS1tFoNgFe5Eo2VAC8sI5gOSI+ztzSVL9j7YnRPCkT9hY6F/xU5srf0nlm6SK0zig4HHezPMzPMSKTTa9rdVWFvf2Nwqbpd2dvf2D8qHRy0dp4pDk8cyVh2PaZAigiYKlNBJFLDQk9D2RrdTv/0ESos4esRxAm7IBpEIBGdopE7vDiQyiv1yxa7aM9BV4uSkQnI0+uWfnh/zNIQIuWRadx07QTdjCgWXMCn1Ug0J4yM2gK6hEQtBu9ns3gk9M4pPg1iZipDO1L8TGQu1Hoee6QwZDvWyNxX/87opBjduJqIkRYj4fFGQSooxnT5PfaGAoxwbwrgS5lbKh0wxjiaihS2eYiPAyaLmxdKfmKic5WBWSeui6tSqVw+XlXotD61ITsgpOScOuSZ1ck8apEk4keSZvJI368V6tz6sz3lrwcpnjskCrK9fXvOf5g==</latexit>

∆t Start in:
<latexit sha1_base64="lLenM7ojaltN1DQjEKNgu/H6y2s=">AAACGXicbZDLSsNAFIYnXmu9VV26GSyCq5KIVpcFNy4r2As0oUwmk3boZGaYmQgl5DXcuNBXcSduXfkmLp20WdjWHw78/OcczuELJaPauO63s7a+sbm1Xdmp7u7tHxzWjo67WqQKkw4WTKh+iDRhlJOOoYaRvlQEJSEjvXByV/R7T0RpKvijmUoSJGjEaUwxMjby/QkxmS81Hbr5sFZ3G+5McNV4pamDUu1h7cePBE4Twg1mSOuB50oTZEgZihnJq36qiUR4gkZkYC1HCdFBNvs5h+c2iWAslC1u4Cz9u5GhROtpEtrJBJmxXu4V4X+9QWri2yCjXKaGcDw/FKcMGgELADCiimDDptYgrKj9FeIxUggbi2nhSqiQxZMvZqFgUYHKWwazarqXDa/ZuH64qreaJbQKOAVn4AJ44Aa0wD1ogw7AQIJn8ArenBfn3flwPueja065cwIW5Hz9AkZDogM=</latexit>

|ψ0i

J. Dalibard, Y. Castin, and K. Mølmer, Phys. Rev. Lett. 68, 580 (1992); R. Dum, P. Zoller, and H. Ritsch, Phys. Rev. A 45, 4879 (1992)

1. Evolve the state-vector with the effective Hamiltonian. The norm will decay a bit, compute:

<latexit sha1_base64="sYPLzkSbLrdWduaHaPpFUsF3l6g="></latexit>

∆p = 1− hψ(∆t)|ψ(∆t)i
<latexit sha1_base64="unO53ygG30cFhlC1gvchOe5S4SU="></latexit>

|ψ(∆t)i = e−i∆tĤeff |ψ0i

2. Pick a uniformly distributed random number
<latexit sha1_base64="iw1eMvOSxxevL2XKOuWa4a1ZoU0=">AAACGHicbVA9SwNBEJ2LXzF+RS1tFoNgIeFONFoGbCwjmA+4HGFvb5Ms2ds9dveEcORn2FjoX7ETWzv/iaWb5AqT+GDg8d4MM/PChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWlqkitEkkl6oTYk05E7RpmOG0kyiK45DTdji6m/rtJ6o0k+LRjBMaxHggWJ8RbKzkK9RlAvnuhRf0yhW36s6AVomXkwrkaPTKP91IkjSmwhCOtfY9NzFBhpVhhNNJqZtqmmAywgPqWypwTHWQzU6eoDOrRKgvlS1h0Ez9O5HhWOtxHNrOGJuhXvam4n+en5r+bZAxkaSGCjJf1E85MhJN/0cRU5QYPrYEE8XsrYgMscLE2JQWtoQKj6iZLGqh5NHERuUtB7NKWpdVr1a9friq1Gt5aEU4gVM4Bw9uoA730IAmEJDwDK/w5rw4786H8zlvLTj5zDEswPn6BVp5oFQ=</latexit>

r ∈ [0, 1]

3a. If                 , renormalize and go to 1 for next step
<latexit sha1_base64="yZCwLa7xnSr/Y679fnc/SpW3xmY=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSBYhV3RaCUBLSwjmAdklzA7ezcZMvtg5q4QQn7DxkJ/xU5srfwTSyfJFiZ64MLhnHs5l+OnUmi07S+rsLK6tr5R3Cxtbe/s7pX3D1o6yRSHJk9kojo+0yBFDE0UKKGTKmCRL6HtD2+mfvsRlBZJ/ICjFLyI9WMRCs7QSK6i19S9BYmMpr1yxa7aM9C/xMlJheRo9MrfbpDwLIIYuWRadx07RW/MFAouYVJyMw0p40PWh66hMYtAe+PZzxN6YpSAhokyEyOdqb8vxizSehT5ZjNiONDL3lT8z+tmGF55YxGnGULM50FhJikmdFoADYQCjnJkCONKmF8pHzDFOJqaFlJ8xYaAk0XNT2QwMVU5y8X8Ja2zqlOrXtyfV+q1vLQiOSLH5JQ45JLUyR1pkCbhJCVP5IW8Ws/Wm/VufcxXC1Z+c0gWYH3+AIWJoPo=</latexit>

r > ∆p
<latexit sha1_base64="6+QXp0XUUbKih5lZM5GPuRs1Qus="></latexit>

|ψ0i = |ψi (∆t)/k |ψ(∆t)i k

3b. Else, calculate probability distribution

Pick a jump operator      accordingly and go to  1 with:
<latexit sha1_base64="cMszeyMRl59RHv5GBFaTtgFYU+U=">AAACEHicbVDLSgNBEJyNrxhfUY9eFoPgKeyKRo8BLx4jmgckS5id7U2GzGOZmRXCkk/w4kF/xZt49Q/8E49Okj2YxIKGoqqb7q4wYVQbz/t2CmvrG5tbxe3Szu7e/kH58KilZaoINIlkUnVCrIFRAU1DDYNOogDzkEE7HN1O/fYTKE2leDTjBAKOB4LGlGBjpYceT/vlilf1ZnBXiZ+TCsrR6Jd/epEkKQdhCMNad30vMUGGlaGEwaTUSzUkmIzwALqWCsxBB9ns1Il7ZpXIjaWyJYw7U/9OZJhrPeah7eTYDPWyNxX/87qpiW+CjIokNSDIfFGcMtdId/q3G1EFxLCxJZgoam91yRArTIxNZ2FLqPAIzGRRCyWLJjYqfzmYVdK6qPq16tX9ZaVey0MrohN0is6Rj65RHd2hBmoiggboGb2iN+fFeXc+nM95a8HJZ47RApyvX+7nnhg=</latexit>

µ

<latexit sha1_base64="Ien6532J55j/8RUFEhj0+4k5F0Y="></latexit>

p̃η = hψ0| L̂
†
η
L̂η |ψ0i pη = pη/

X

η

p̃η

<latexit sha1_base64="pAUwST1/vZUmYinCsgvwvKlwGlw=">AAACVXicdZDLSgNBEEU7Y3w/EnXppjEIruKMiLoRBEFcuFAwGsiEoaZTMU16HnTXCGEyf+TXuBHRD3Ej2IlZGB8FDZd7q6jqE6ZKGnLdl5IzU56dm19YXFpeWV2rVNc3bk2SaYENkahEN0MwqGSMDZKksJlqhChUeBf2z0b53QNqI5P4hgYptiO4j2VXCiBrBdVzv4+U+6mRgVvwE+73gPhl4CMBn4r2uD/8L/SHQbXm1t1x8d/Cm4gam9RVUH33O4nIIoxJKDCm5bkptXPQJIXCYsnPDKYg+nCPLStjiNC08/F/C75jnQ7vJtq+mPjY/T6RQ2TMIAptZwTUMz+zkflX1sqoe9zOZZxmhLH4WtTNFKeEj+DxjtQoSA2sAKGlvZWLHmgQZBFPbQk1WEDFtBcmqlNYVN5PML/F7X7dO6wfXB/UTg8n0BbYFttmu8xjR+yUXbAr1mCCPbIn9sreSs+lD6fszH21OqXJzCabKqfyCT7tteg=</latexit>

|ψ0i = L̂η |ψ0i /kL̂η |ψ0i k



Lecture 2 - Quantum Trajectories

๏ Assume we have a pure state sample of          at time t,

๏ Then, after the time step, we have the averaged density matrix

<latexit sha1_base64="ZOXQ07krm9O4h/lgIRYqvAeu7v0=">AAACGXicbVDLSsNAFJ34rPVVdelmsAh1UxLR6rLgxmUF+4AmlMlk0g6dZMLMjVBCfsONC/0Vd+LWlX/i0mmbhW09cOFwzr2cy/ETwTXY9re1tr6xubVd2inv7u0fHFaOjjtapoqyNpVCqp5PNBM8Zm3gIFgvUYxEvmBdf3w39btPTGku40eYJMyLyDDmIacEjOS6IwLYVSNZg4tBpWrX7RnwKnEKUkUFWoPKjxtImkYsBiqI1n3HTsDLiAJOBcvLbqpZQuiYDFnf0JhETHvZ7OccnxslwKFUZmLAM/XvRUYirSeRbzYjAiO97E3F/7x+CuGtl/E4SYHFdB4UpgKDxNMCcMAVoyAmhhCquPkV0xFRhIKpaSHFV2TMIF/UfCmC3FTlLBezSjqXdadRv364qjYbRWkldIrOUA056AY10T1qoTaiKEHP6BW9WS/Wu/Vhfc5X16zi5gQtwPr6BSUDoVc=</latexit>

ρ̂(t)
<latexit sha1_base64="lLenM7ojaltN1DQjEKNgu/H6y2s=">AAACGXicbZDLSsNAFIYnXmu9VV26GSyCq5KIVpcFNy4r2As0oUwmk3boZGaYmQgl5DXcuNBXcSduXfkmLp20WdjWHw78/OcczuELJaPauO63s7a+sbm1Xdmp7u7tHxzWjo67WqQKkw4WTKh+iDRhlJOOoYaRvlQEJSEjvXByV/R7T0RpKvijmUoSJGjEaUwxMjby/QkxmS81Hbr5sFZ3G+5McNV4pamDUu1h7cePBE4Twg1mSOuB50oTZEgZihnJq36qiUR4gkZkYC1HCdFBNvs5h+c2iWAslC1u4Cz9u5GhROtpEtrJBJmxXu4V4X+9QWri2yCjXKaGcDw/FKcMGgELADCiimDDptYgrKj9FeIxUggbi2nhSqiQxZMvZqFgUYHKWwazarqXDa/ZuH64qreaJbQKOAVn4AJ44Aa0wD1ogw7AQIJn8ArenBfn3flwPueja065cwIW5Hz9AkZDogM=</latexit>

|ψ0i

<latexit sha1_base64="eS15f20numtVqodviEr1d11o8Po="></latexit>

ρ̂(t+∆t) = (1−∆p)
|ψ(∆t)i hψ(∆t)|

k |ψ(∆t)i k2
+∆p

X

η

pη
L̂η |ψ0i hψ0| L̂

†
η

kL̂η |ψ0i k2

๏ In linear order:

<latexit sha1_base64="esFeO7h90pDIvXPTLJhuYNUlemg="></latexit>

|ψ(∆t)i ⇡ |ψ0i − iĤeff∆t |ψ0i

<latexit sha1_base64="Y8lcvuP2aLivKhDEvZ/fNJrSimU="></latexit>

Ĥeff = ĤS − i

X

η

L̂
†
ηL̂η

<latexit sha1_base64="BBNDtp10QGYRYI2bJF3DehYzv50="></latexit>

k |ψ(∆t)i k2 = 1−∆p

<latexit sha1_base64="qAebOtW6PgXF2X/5Zn05YDv7N9c="></latexit>

pη = p̃η
2∆t

∆p

<latexit sha1_base64="ul0oO9yUycpcVxYogEMjUOVpjP4="></latexit>

∆p = 2∆t
X

η

p̃η

<latexit sha1_base64="QSuXKfn48LEZiwt/xzZdqh2jFs0="></latexit>

hψ(∆t)|ψ(∆t)i ⇡ 1− i∆t hψ0| Ĥeff |ψ0i+ i∆t hψ0| Ĥ
†
eff

|ψ0i = 1− 2∆t
X

η

hψ0| L̂
†
η
L̂η |ψ0i

1. Evolve the state-vector with the effective Hamiltonian. The norm will decay a bit, compute:

<latexit sha1_base64="sYPLzkSbLrdWduaHaPpFUsF3l6g="></latexit>

∆p = 1− hψ(∆t)|ψ(∆t)i
<latexit sha1_base64="unO53ygG30cFhlC1gvchOe5S4SU="></latexit>

|ψ(∆t)i = e−i∆tĤeff |ψ0i

2. Pick a uniformly distributed random number
<latexit sha1_base64="iw1eMvOSxxevL2XKOuWa4a1ZoU0=">AAACGHicbVA9SwNBEJ2LXzF+RS1tFoNgIeFONFoGbCwjmA+4HGFvb5Ms2ds9dveEcORn2FjoX7ETWzv/iaWb5AqT+GDg8d4MM/PChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWlqkitEkkl6oTYk05E7RpmOG0kyiK45DTdji6m/rtJ6o0k+LRjBMaxHggWJ8RbKzkK9RlAvnuhRf0yhW36s6AVomXkwrkaPTKP91IkjSmwhCOtfY9NzFBhpVhhNNJqZtqmmAywgPqWypwTHWQzU6eoDOrRKgvlS1h0Ez9O5HhWOtxHNrOGJuhXvam4n+en5r+bZAxkaSGCjJf1E85MhJN/0cRU5QYPrYEE8XsrYgMscLE2JQWtoQKj6iZLGqh5NHERuUtB7NKWpdVr1a9friq1Gt5aEU4gVM4Bw9uoA730IAmEJDwDK/w5rw4786H8zlvLTj5zDEswPn6BVp5oFQ=</latexit>

r ∈ [0, 1]

3a. If                 , renormalize and go to 1 for next step
<latexit sha1_base64="yZCwLa7xnSr/Y679fnc/SpW3xmY=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSBYhV3RaCUBLSwjmAdklzA7ezcZMvtg5q4QQn7DxkJ/xU5srfwTSyfJFiZ64MLhnHs5l+OnUmi07S+rsLK6tr5R3Cxtbe/s7pX3D1o6yRSHJk9kojo+0yBFDE0UKKGTKmCRL6HtD2+mfvsRlBZJ/ICjFLyI9WMRCs7QSK6i19S9BYmMpr1yxa7aM9C/xMlJheRo9MrfbpDwLIIYuWRadx07RW/MFAouYVJyMw0p40PWh66hMYtAe+PZzxN6YpSAhokyEyOdqb8vxizSehT5ZjNiONDL3lT8z+tmGF55YxGnGULM50FhJikmdFoADYQCjnJkCONKmF8pHzDFOJqaFlJ8xYaAk0XNT2QwMVU5y8X8Ja2zqlOrXtyfV+q1vLQiOSLH5JQ45JLUyR1pkCbhJCVP5IW8Ws/Wm/VufcxXC1Z+c0gWYH3+AIWJoPo=</latexit>

r > ∆p
<latexit sha1_base64="6+QXp0XUUbKih5lZM5GPuRs1Qus="></latexit>

|ψ0i = |ψi (∆t)/k |ψ(∆t)i k

3b. Else, calculate probability distribution

Pick a jump operator      accordingly and go to  1 with:
<latexit sha1_base64="cMszeyMRl59RHv5GBFaTtgFYU+U=">AAACEHicbVDLSgNBEJyNrxhfUY9eFoPgKeyKRo8BLx4jmgckS5id7U2GzGOZmRXCkk/w4kF/xZt49Q/8E49Okj2YxIKGoqqb7q4wYVQbz/t2CmvrG5tbxe3Szu7e/kH58KilZaoINIlkUnVCrIFRAU1DDYNOogDzkEE7HN1O/fYTKE2leDTjBAKOB4LGlGBjpYceT/vlilf1ZnBXiZ+TCsrR6Jd/epEkKQdhCMNad30vMUGGlaGEwaTUSzUkmIzwALqWCsxBB9ns1Il7ZpXIjaWyJYw7U/9OZJhrPeah7eTYDPWyNxX/87qpiW+CjIokNSDIfFGcMtdId/q3G1EFxLCxJZgoam91yRArTIxNZ2FLqPAIzGRRCyWLJjYqfzmYVdK6qPq16tX9ZaVey0MrohN0is6Rj65RHd2hBmoiggboGb2iN+fFeXc+nM95a8HJZ47RApyvX+7nnhg=</latexit>

µ

<latexit sha1_base64="Ien6532J55j/8RUFEhj0+4k5F0Y="></latexit>

p̃η = hψ0| L̂
†
η
L̂η |ψ0i pη = pη/

X

η

p̃η

<latexit sha1_base64="pAUwST1/vZUmYinCsgvwvKlwGlw=">AAACVXicdZDLSgNBEEU7Y3w/EnXppjEIruKMiLoRBEFcuFAwGsiEoaZTMU16HnTXCGEyf+TXuBHRD3Ej2IlZGB8FDZd7q6jqE6ZKGnLdl5IzU56dm19YXFpeWV2rVNc3bk2SaYENkahEN0MwqGSMDZKksJlqhChUeBf2z0b53QNqI5P4hgYptiO4j2VXCiBrBdVzv4+U+6mRgVvwE+73gPhl4CMBn4r2uD/8L/SHQbXm1t1x8d/Cm4gam9RVUH33O4nIIoxJKDCm5bkptXPQJIXCYsnPDKYg+nCPLStjiNC08/F/C75jnQ7vJtq+mPjY/T6RQ2TMIAptZwTUMz+zkflX1sqoe9zOZZxmhLH4WtTNFKeEj+DxjtQoSA2sAKGlvZWLHmgQZBFPbQk1WEDFtBcmqlNYVN5PML/F7X7dO6wfXB/UTg8n0BbYFttmu8xjR+yUXbAr1mCCPbIn9sreSs+lD6fszH21OqXJzCabKqfyCT7tteg=</latexit>

|ψ0i = L̂η |ψ0i /kL̂η |ψ0i k



Lecture 2 - Quantum Trajectories

๏ Assume we have a pure state sample of          at time t,

๏ Then, after the time step, we have the averaged density matrix

<latexit sha1_base64="ZOXQ07krm9O4h/lgIRYqvAeu7v0=">AAACGXicbVDLSsNAFJ34rPVVdelmsAh1UxLR6rLgxmUF+4AmlMlk0g6dZMLMjVBCfsONC/0Vd+LWlX/i0mmbhW09cOFwzr2cy/ETwTXY9re1tr6xubVd2inv7u0fHFaOjjtapoqyNpVCqp5PNBM8Zm3gIFgvUYxEvmBdf3w39btPTGku40eYJMyLyDDmIacEjOS6IwLYVSNZg4tBpWrX7RnwKnEKUkUFWoPKjxtImkYsBiqI1n3HTsDLiAJOBcvLbqpZQuiYDFnf0JhETHvZ7OccnxslwKFUZmLAM/XvRUYirSeRbzYjAiO97E3F/7x+CuGtl/E4SYHFdB4UpgKDxNMCcMAVoyAmhhCquPkV0xFRhIKpaSHFV2TMIF/UfCmC3FTlLBezSjqXdadRv364qjYbRWkldIrOUA056AY10T1qoTaiKEHP6BW9WS/Wu/Vhfc5X16zi5gQtwPr6BSUDoVc=</latexit>

ρ̂(t)
<latexit sha1_base64="lLenM7ojaltN1DQjEKNgu/H6y2s=">AAACGXicbZDLSsNAFIYnXmu9VV26GSyCq5KIVpcFNy4r2As0oUwmk3boZGaYmQgl5DXcuNBXcSduXfkmLp20WdjWHw78/OcczuELJaPauO63s7a+sbm1Xdmp7u7tHxzWjo67WqQKkw4WTKh+iDRhlJOOoYaRvlQEJSEjvXByV/R7T0RpKvijmUoSJGjEaUwxMjby/QkxmS81Hbr5sFZ3G+5McNV4pamDUu1h7cePBE4Twg1mSOuB50oTZEgZihnJq36qiUR4gkZkYC1HCdFBNvs5h+c2iWAslC1u4Cz9u5GhROtpEtrJBJmxXu4V4X+9QWri2yCjXKaGcDw/FKcMGgELADCiimDDptYgrKj9FeIxUggbi2nhSqiQxZMvZqFgUYHKWwazarqXDa/ZuH64qreaJbQKOAVn4AJ44Aa0wD1ogw7AQIJn8ArenBfn3flwPueja065cwIW5Hz9AkZDogM=</latexit>

|ψ0i

<latexit sha1_base64="eS15f20numtVqodviEr1d11o8Po="></latexit>

ρ̂(t+∆t) = (1−∆p)
|ψ(∆t)i hψ(∆t)|

k |ψ(∆t)i k2
+∆p

X

η

pη
L̂η |ψ0i hψ0| L̂

†
η

kL̂η |ψ0i k2

๏ In linear order:

<latexit sha1_base64="Y8lcvuP2aLivKhDEvZ/fNJrSimU="></latexit>

Ĥeff = ĤS − i

X

η

L̂
†
ηL̂η

<latexit sha1_base64="qAebOtW6PgXF2X/5Zn05YDv7N9c="></latexit>

pη = p̃η
2∆t

∆p

This is precisely the evolution of the 

Lindblad master equation!

๏ Warning: This is in linear order, time-steps need to be small, meaning
<latexit sha1_base64="9aD2eDVk4giRsPuFn55zLthuTvI=">AAACJHicbVDLSgNBEJz1Gd9R8eRlMAiewq74OgoKeoxgNJANoXfSiUNmdpeZXiEs+RgvHvRXvIkHL36HRycxB5NY0FBUdVNNRamSlnz/05uZnZtfWCwsLa+srq1vFDe37mySGYFVkajE1CKwqGSMVZKksJYaBB0pvI+6FwP//hGNlUl8S70UGxo6sWxLAeSkZnEnvERFwImHV6A18FApHjSLJb/sD8GnSTAiJTZCpVn8DluJyDTGJBRYWw/8lBo5GJJCYX85zCymILrQwbqjMWi0jXz4fp/vO6XF24lxExMfqn8vctDW9nTkNjXQg530BuJ/Xj2j9lkjl3GaEcbiN6idKU4JH3TBW9KgINVzBISR7lcuHsCAINfYWEpkoIvUH9eiRLX6rqpgsphpcndYDk7KxzdHpfOTUWkFtsv22AEL2Ck7Z9eswqpMsJw9sRf26j17b9679/G7OuONbrbZGLyvH6uppJ0=</latexit>

∆tΓ ⌧ 1

… often gamma is smaller than coherent rates, then higher order integration for time-step still makes sense

<latexit sha1_base64="EEnBt9ExMgRsWid4ReJNqKF4szc="></latexit>

ρ̂(t+∆t) = |ψ(∆t)i hψ(∆t)|+ 2∆t
X

η

L̂η |ψ0i hψ0| L̂
†
η

1. Evolve the state-vector with the effective Hamiltonian. The norm will decay a bit, compute:

<latexit sha1_base64="sYPLzkSbLrdWduaHaPpFUsF3l6g="></latexit>

∆p = 1− hψ(∆t)|ψ(∆t)i
<latexit sha1_base64="unO53ygG30cFhlC1gvchOe5S4SU="></latexit>

|ψ(∆t)i = e−i∆tĤeff |ψ0i

2. Pick a uniformly distributed random number
<latexit sha1_base64="iw1eMvOSxxevL2XKOuWa4a1ZoU0=">AAACGHicbVA9SwNBEJ2LXzF+RS1tFoNgIeFONFoGbCwjmA+4HGFvb5Ms2ds9dveEcORn2FjoX7ETWzv/iaWb5AqT+GDg8d4MM/PChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWlqkitEkkl6oTYk05E7RpmOG0kyiK45DTdji6m/rtJ6o0k+LRjBMaxHggWJ8RbKzkK9RlAvnuhRf0yhW36s6AVomXkwrkaPTKP91IkjSmwhCOtfY9NzFBhpVhhNNJqZtqmmAywgPqWypwTHWQzU6eoDOrRKgvlS1h0Ez9O5HhWOtxHNrOGJuhXvam4n+en5r+bZAxkaSGCjJf1E85MhJN/0cRU5QYPrYEE8XsrYgMscLE2JQWtoQKj6iZLGqh5NHERuUtB7NKWpdVr1a9friq1Gt5aEU4gVM4Bw9uoA730IAmEJDwDK/w5rw4786H8zlvLTj5zDEswPn6BVp5oFQ=</latexit>

r ∈ [0, 1]

3a. If                 , renormalize and go to 1 for next step
<latexit sha1_base64="yZCwLa7xnSr/Y679fnc/SpW3xmY=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSBYhV3RaCUBLSwjmAdklzA7ezcZMvtg5q4QQn7DxkJ/xU5srfwTSyfJFiZ64MLhnHs5l+OnUmi07S+rsLK6tr5R3Cxtbe/s7pX3D1o6yRSHJk9kojo+0yBFDE0UKKGTKmCRL6HtD2+mfvsRlBZJ/ICjFLyI9WMRCs7QSK6i19S9BYmMpr1yxa7aM9C/xMlJheRo9MrfbpDwLIIYuWRadx07RW/MFAouYVJyMw0p40PWh66hMYtAe+PZzxN6YpSAhokyEyOdqb8vxizSehT5ZjNiONDL3lT8z+tmGF55YxGnGULM50FhJikmdFoADYQCjnJkCONKmF8pHzDFOJqaFlJ8xYaAk0XNT2QwMVU5y8X8Ja2zqlOrXtyfV+q1vLQiOSLH5JQ45JLUyR1pkCbhJCVP5IW8Ws/Wm/VufcxXC1Z+c0gWYH3+AIWJoPo=</latexit>

r > ∆p
<latexit sha1_base64="6+QXp0XUUbKih5lZM5GPuRs1Qus="></latexit>

|ψ0i = |ψi (∆t)/k |ψ(∆t)i k

3b. Else, calculate probability distribution

Pick a jump operator      accordingly and go to  1 with:
<latexit sha1_base64="cMszeyMRl59RHv5GBFaTtgFYU+U=">AAACEHicbVDLSgNBEJyNrxhfUY9eFoPgKeyKRo8BLx4jmgckS5id7U2GzGOZmRXCkk/w4kF/xZt49Q/8E49Okj2YxIKGoqqb7q4wYVQbz/t2CmvrG5tbxe3Szu7e/kH58KilZaoINIlkUnVCrIFRAU1DDYNOogDzkEE7HN1O/fYTKE2leDTjBAKOB4LGlGBjpYceT/vlilf1ZnBXiZ+TCsrR6Jd/epEkKQdhCMNad30vMUGGlaGEwaTUSzUkmIzwALqWCsxBB9ns1Il7ZpXIjaWyJYw7U/9OZJhrPeah7eTYDPWyNxX/87qpiW+CjIokNSDIfFGcMtdId/q3G1EFxLCxJZgoam91yRArTIxNZ2FLqPAIzGRRCyWLJjYqfzmYVdK6qPq16tX9ZaVey0MrohN0is6Rj65RHd2hBmoiggboGb2iN+fFeXc+nM95a8HJZ47RApyvX+7nnhg=</latexit>

µ

<latexit sha1_base64="Ien6532J55j/8RUFEhj0+4k5F0Y="></latexit>

p̃η = hψ0| L̂
†
η
L̂η |ψ0i pη = pη/

X

η

p̃η

<latexit sha1_base64="pAUwST1/vZUmYinCsgvwvKlwGlw=">AAACVXicdZDLSgNBEEU7Y3w/EnXppjEIruKMiLoRBEFcuFAwGsiEoaZTMU16HnTXCGEyf+TXuBHRD3Ej2IlZGB8FDZd7q6jqE6ZKGnLdl5IzU56dm19YXFpeWV2rVNc3bk2SaYENkahEN0MwqGSMDZKksJlqhChUeBf2z0b53QNqI5P4hgYptiO4j2VXCiBrBdVzv4+U+6mRgVvwE+73gPhl4CMBn4r2uD/8L/SHQbXm1t1x8d/Cm4gam9RVUH33O4nIIoxJKDCm5bkptXPQJIXCYsnPDKYg+nCPLStjiNC08/F/C75jnQ7vJtq+mPjY/T6RQ2TMIAptZwTUMz+zkflX1sqoe9zOZZxmhLH4WtTNFKeEj+DxjtQoSA2sAKGlvZWLHmgQZBFPbQk1WEDFtBcmqlNYVN5PML/F7X7dO6wfXB/UTg8n0BbYFttmu8xjR+yUXbAr1mCCPbIn9sreSs+lD6fszH21OqXJzCabKqfyCT7tteg=</latexit>

|ψ0i = L̂η |ψ0i /kL̂η |ψ0i k



Lecture 2 - Quantum Trajectories

Pseudo-random number seed

๏ Note: Expectation values - simple 

mean value over trajectories

๏ Run the full evolution for         

trajectories

<latexit sha1_base64="4wqCbExbT3yDNjQQXS84/V04ExM=">AAACEHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BL54konlAsoTZ2UkyZHZmmekVwrKf4MWD/oo38eof+CcenSR7MNGChqKqm+6uIBbcgOt+OYWV1bX1jeJmaWt7Z3evvH/QMirRlDWpEkp3AmKY4JI1gYNgnVgzEgWCtYPx9dRvPzJtuJIPMImZH5Gh5ANOCVjp/rYP/XLFrboz4L/Ey0kF5Wj0y9+9UNEkYhKoIMZ0PTcGPyUaOBUsK/USw2JCx2TIupZKEjHjp7NTM3xilRAPlLYlAc/U3xMpiYyZRIHtjAiMzLI3Ff/zugkMrvyUyzgBJul80SARGBSe/o1DrhkFMbGEUM3trZiOiCYUbDoLWwJNxgyyRS1QIsxsVN5yMH9J66zq1aoXd+eVei0PrYiO0DE6RR66RHV0gxqoiSgaoif0gl6dZ+fNeXc+5q0FJ585RAtwPn8Avnud+w==</latexit>

Nt

<latexit sha1_base64="8mzidZyksJLkQ+EqueFYLbCa04w="></latexit>

tr

⇣

Ôρ̂
⌘

⇡
1

Nt

Nt
X

ν=1

hψν | Ô |ψνi

<latexit sha1_base64="NFxDL6w2fqKlyKTe6WkJZUKMaSE="></latexit>

ρ̂ ⇡
1

Nt

NtX

ν=1

|ψνi hψν |

1. Evolve the state-vector with the effective Hamiltonian. The norm will decay a bit, compute:

<latexit sha1_base64="sYPLzkSbLrdWduaHaPpFUsF3l6g="></latexit>

∆p = 1− hψ(∆t)|ψ(∆t)i
<latexit sha1_base64="unO53ygG30cFhlC1gvchOe5S4SU="></latexit>

|ψ(∆t)i = e−i∆tĤeff |ψ0i

2. Pick a uniformly distributed random number
<latexit sha1_base64="iw1eMvOSxxevL2XKOuWa4a1ZoU0=">AAACGHicbVA9SwNBEJ2LXzF+RS1tFoNgIeFONFoGbCwjmA+4HGFvb5Ms2ds9dveEcORn2FjoX7ETWzv/iaWb5AqT+GDg8d4MM/PChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWlqkitEkkl6oTYk05E7RpmOG0kyiK45DTdji6m/rtJ6o0k+LRjBMaxHggWJ8RbKzkK9RlAvnuhRf0yhW36s6AVomXkwrkaPTKP91IkjSmwhCOtfY9NzFBhpVhhNNJqZtqmmAywgPqWypwTHWQzU6eoDOrRKgvlS1h0Ez9O5HhWOtxHNrOGJuhXvam4n+en5r+bZAxkaSGCjJf1E85MhJN/0cRU5QYPrYEE8XsrYgMscLE2JQWtoQKj6iZLGqh5NHERuUtB7NKWpdVr1a9friq1Gt5aEU4gVM4Bw9uoA730IAmEJDwDK/w5rw4786H8zlvLTj5zDEswPn6BVp5oFQ=</latexit>

r ∈ [0, 1]

3a. If                 , renormalize and go to 1 for next step
<latexit sha1_base64="yZCwLa7xnSr/Y679fnc/SpW3xmY=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSBYhV3RaCUBLSwjmAdklzA7ezcZMvtg5q4QQn7DxkJ/xU5srfwTSyfJFiZ64MLhnHs5l+OnUmi07S+rsLK6tr5R3Cxtbe/s7pX3D1o6yRSHJk9kojo+0yBFDE0UKKGTKmCRL6HtD2+mfvsRlBZJ/ICjFLyI9WMRCs7QSK6i19S9BYmMpr1yxa7aM9C/xMlJheRo9MrfbpDwLIIYuWRadx07RW/MFAouYVJyMw0p40PWh66hMYtAe+PZzxN6YpSAhokyEyOdqb8vxizSehT5ZjNiONDL3lT8z+tmGF55YxGnGULM50FhJikmdFoADYQCjnJkCONKmF8pHzDFOJqaFlJ8xYaAk0XNT2QwMVU5y8X8Ja2zqlOrXtyfV+q1vLQiOSLH5JQ45JLUyR1pkCbhJCVP5IW8Ws/Wm/VufcxXC1Z+c0gWYH3+AIWJoPo=</latexit>

r > ∆p
<latexit sha1_base64="6+QXp0XUUbKih5lZM5GPuRs1Qus="></latexit>

|ψ0i = |ψi (∆t)/k |ψ(∆t)i k

3b. Else, calculate probability distribution

Pick a jump operator      accordingly and go to  1 with:
<latexit sha1_base64="cMszeyMRl59RHv5GBFaTtgFYU+U=">AAACEHicbVDLSgNBEJyNrxhfUY9eFoPgKeyKRo8BLx4jmgckS5id7U2GzGOZmRXCkk/w4kF/xZt49Q/8E49Okj2YxIKGoqqb7q4wYVQbz/t2CmvrG5tbxe3Szu7e/kH58KilZaoINIlkUnVCrIFRAU1DDYNOogDzkEE7HN1O/fYTKE2leDTjBAKOB4LGlGBjpYceT/vlilf1ZnBXiZ+TCsrR6Jd/epEkKQdhCMNad30vMUGGlaGEwaTUSzUkmIzwALqWCsxBB9ns1Il7ZpXIjaWyJYw7U/9OZJhrPeah7eTYDPWyNxX/87qpiW+CjIokNSDIfFGcMtdId/q3G1EFxLCxJZgoam91yRArTIxNZ2FLqPAIzGRRCyWLJjYqfzmYVdK6qPq16tX9ZaVey0MrohN0is6Rj65RHd2hBmoiggboGb2iN+fFeXc+nM95a8HJZ47RApyvX+7nnhg=</latexit>

µ

<latexit sha1_base64="Ien6532J55j/8RUFEhj0+4k5F0Y="></latexit>

p̃η = hψ0| L̂
†
η
L̂η |ψ0i pη = pη/

X

η

p̃η

<latexit sha1_base64="pAUwST1/vZUmYinCsgvwvKlwGlw=">AAACVXicdZDLSgNBEEU7Y3w/EnXppjEIruKMiLoRBEFcuFAwGsiEoaZTMU16HnTXCGEyf+TXuBHRD3Ej2IlZGB8FDZd7q6jqE6ZKGnLdl5IzU56dm19YXFpeWV2rVNc3bk2SaYENkahEN0MwqGSMDZKksJlqhChUeBf2z0b53QNqI5P4hgYptiO4j2VXCiBrBdVzv4+U+6mRgVvwE+73gPhl4CMBn4r2uD/8L/SHQbXm1t1x8d/Cm4gam9RVUH33O4nIIoxJKDCm5bkptXPQJIXCYsnPDKYg+nCPLStjiNC08/F/C75jnQ7vJtq+mPjY/T6RQ2TMIAptZwTUMz+zkflX1sqoe9zOZZxmhLH4WtTNFKeEj+DxjtQoSA2sAKGlvZWLHmgQZBFPbQk1WEDFtBcmqlNYVN5PML/F7X7dO6wfXB/UTg8n0BbYFttmu8xjR+yUXbAr1mCCPbIn9sreSs+lD6fszH21OqXJzCabKqfyCT7tteg=</latexit>

|ψ0i = L̂η |ψ0i /kL̂η |ψ0i k



Lecture 2 - Lindblad master equation dynamics

๏ Evolution of local spin-z component
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j σ̂
z
i σ̂

z
j + hx

X

i

σ̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i− j|α

๏ N = 11 spins

<latexit sha1_base64="ngg9s8nyDUDASlj4/wpAXYfFiSE=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIt4imAekCxhdjKbDJl9MNMrhiUnv8CrfoE38eqX+AH+h5NkDyaxoKGo6qa7y4ul0Gjb31ZuZXVtfSO/Wdja3tndK+4fNHSUKMbrLJKRanlUcylCXkeBkrdixWngSd70hjcTv/nIlRZR+ICjmLsB7YfCF4yikZqD7hO5JnfdYsku21OQZeJkpAQZat3iT6cXsSTgITJJtW47doxuShUKJvm40Ek0jykb0j5vGxrSgGs3nZ47JidG6RE/UqZCJFP170RKA61HgWc6A4oDvehNxP+8doL+lZuKME6Qh2y2yE8kwYhMfic9oThDOTKEMiXMrYQNqKIMTUJzWzxFhxzHJhdnMYVl0jgrO5Xyxf15qVrJEsrDERzDKThwCVW4hRrUgcEQXuAV3qxn6936sD5nrTkrmzmEOVhfv8+4lxw=</latexit>

hx = J

<latexit sha1_base64="lBJcza2HbTY2hunpcmJCHxzYvt4="></latexit>

α = 3

<latexit sha1_base64="doOSQgMLMVJ6SJMaliLEJ/23MnE="></latexit>

Γ =
J

2

๏ Reminder - full density matrix:



Lecture 2 - Lindblad master equation dynamics

๏ Evolution of local spin-z component
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j σ̂
z
i σ̂

z
j + hx

X

i

σ̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i− j|α

๏ N = 11 spins

<latexit sha1_base64="ngg9s8nyDUDASlj4/wpAXYfFiSE=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIt4imAekCxhdjKbDJl9MNMrhiUnv8CrfoE38eqX+AH+h5NkDyaxoKGo6qa7y4ul0Gjb31ZuZXVtfSO/Wdja3tndK+4fNHSUKMbrLJKRanlUcylCXkeBkrdixWngSd70hjcTv/nIlRZR+ICjmLsB7YfCF4yikZqD7hO5JnfdYsku21OQZeJkpAQZat3iT6cXsSTgITJJtW47doxuShUKJvm40Ek0jykb0j5vGxrSgGs3nZ47JidG6RE/UqZCJFP170RKA61HgWc6A4oDvehNxP+8doL+lZuKME6Qh2y2yE8kwYhMfic9oThDOTKEMiXMrYQNqKIMTUJzWzxFhxzHJhdnMYVl0jgrO5Xyxf15qVrJEsrDERzDKThwCVW4hRrUgcEQXuAV3qxn6936sD5nrTkrmzmEOVhfv8+4lxw=</latexit>

hx = J

<latexit sha1_base64="lBJcza2HbTY2hunpcmJCHxzYvt4="></latexit>

α = 3

<latexit sha1_base64="doOSQgMLMVJ6SJMaliLEJ/23MnE="></latexit>

Γ =
J

2

๏ Trajectories:
<latexit sha1_base64="kbusPk3zWycC/KoQN7OM9dz1slE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIsniWAekCxhdjJJhszOrjO9QljyE148KOLV3/Hm3zhJ9qCJBQ1FVTfdXUEshUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdCughkuheB0FSt6KNadhIHkzGN1M/eYT10ZE6gHHMfdDOlCiLxhFK7Xuukiuied2iyW37M5AlomXkRJkqHWLX51exJKQK2SSGtP23Bj9lGoUTPJJoZMYHlM2ogPetlTRkBs/nd07ISdW6ZF+pG0pJDP190RKQ2PGYWA7Q4pDs+hNxf+8doL9Kz8VKk6QKzZf1E8kwYhMnyc9oTlDObaEMi3srYQNqaYMbUQFG4K3+PIyaZyVvUr54v68VK1kceThCI7hFDy4hCrcQg3qwEDCM7zCm/PovDjvzse8NedkM4fwB87nD0Fjjsc=</latexit>

Nt = 10



Lecture 2 - Lindblad master equation dynamics

๏ Evolution of local spin-z component
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j σ̂
z
i σ̂

z
j + hx

X

i

σ̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i− j|α

๏ N = 11 spins

<latexit sha1_base64="ngg9s8nyDUDASlj4/wpAXYfFiSE=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIt4imAekCxhdjKbDJl9MNMrhiUnv8CrfoE38eqX+AH+h5NkDyaxoKGo6qa7y4ul0Gjb31ZuZXVtfSO/Wdja3tndK+4fNHSUKMbrLJKRanlUcylCXkeBkrdixWngSd70hjcTv/nIlRZR+ICjmLsB7YfCF4yikZqD7hO5JnfdYsku21OQZeJkpAQZat3iT6cXsSTgITJJtW47doxuShUKJvm40Ek0jykb0j5vGxrSgGs3nZ47JidG6RE/UqZCJFP170RKA61HgWc6A4oDvehNxP+8doL+lZuKME6Qh2y2yE8kwYhMfic9oThDOTKEMiXMrYQNqKIMTUJzWzxFhxzHJhdnMYVl0jgrO5Xyxf15qVrJEsrDERzDKThwCVW4hRrUgcEQXuAV3qxn6936sD5nrTkrmzmEOVhfv8+4lxw=</latexit>

hx = J

<latexit sha1_base64="lBJcza2HbTY2hunpcmJCHxzYvt4="></latexit>

α = 3

<latexit sha1_base64="doOSQgMLMVJ6SJMaliLEJ/23MnE="></latexit>

Γ =
J

2

๏ Trajectories:
<latexit sha1_base64="Vt24WCfcQnndbZUEvJU/D1aS/A4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIsniWAekixhdjJJhszsLjO9QljyFV48KOLVz/Hm3zhJ9qCJBQ1FVTfdXUEshUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdCughksR8joKlLwVa05VIHkzGN1M/eYT10ZE4QOOY+4rOghFXzCKVnq86yK5Jp7rdoslt+zOQJaJl5ESZKh1i1+dXsQSxUNkkhrT9twY/ZRqFEzySaGTGB5TNqID3rY0pIobP50dPCEnVumRfqRthUhm6u+JlCpjxiqwnYri0Cx6U/E/r51g/8pPRRgnyEM2X9RPJMGITL8nPaE5Qzm2hDIt7K2EDammDG1GBRuCt/jyMmmclb1K+eL+vFStZHHk4QiO4RQ8uIQq3EIN6sBAwTO8wpujnRfn3fmYt+acbOYQ/sD5/AGxFI8B</latexit>

Nt = 100



Lecture 2 - Lindblad master equation dynamics

๏ Evolution of local spin-z component
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j σ̂
z
i σ̂

z
j + hx

X

i

σ̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i− j|α

๏ N = 11 spins

<latexit sha1_base64="ngg9s8nyDUDASlj4/wpAXYfFiSE=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIt4imAekCxhdjKbDJl9MNMrhiUnv8CrfoE38eqX+AH+h5NkDyaxoKGo6qa7y4ul0Gjb31ZuZXVtfSO/Wdja3tndK+4fNHSUKMbrLJKRanlUcylCXkeBkrdixWngSd70hjcTv/nIlRZR+ICjmLsB7YfCF4yikZqD7hO5JnfdYsku21OQZeJkpAQZat3iT6cXsSTgITJJtW47doxuShUKJvm40Ek0jykb0j5vGxrSgGs3nZ47JidG6RE/UqZCJFP170RKA61HgWc6A4oDvehNxP+8doL+lZuKME6Qh2y2yE8kwYhMfic9oThDOTKEMiXMrYQNqKIMTUJzWzxFhxzHJhdnMYVl0jgrO5Xyxf15qVrJEsrDERzDKThwCVW4hRrUgcEQXuAV3qxn6936sD5nrTkrmzmEOVhfv8+4lxw=</latexit>

hx = J

<latexit sha1_base64="lBJcza2HbTY2hunpcmJCHxzYvt4="></latexit>

α = 3

<latexit sha1_base64="doOSQgMLMVJ6SJMaliLEJ/23MnE="></latexit>

Γ =
J

2

๏ Trajectories:
<latexit sha1_base64="2Ll5HP+RqCgmvgPcYDxJ2lgOo6U=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIsniWAemCxhdjJJhszOLjO9QljyF148KOLVv/Hm3zhJ9qCJBQ1FVTfdXUEshUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdCughkuheB0FSt6KNadhIHkzGN1M/eYT10ZE6gHHMfdDOlCiLxhFKz3edZFcE8913W6x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46eziyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYken7pCc0ZyjHllCmhb2VsCHVlKENqWBD8BZfXiaNs7JXKV/cn5eqlSyOPBzBMZyCB5dQhVuoQR0YKHiGV3hzjPPivDsf89ack80cwh84nz8hBo87</latexit>

Nt = 1000

๏ Remark: This only works for simple observables. For correlations that are small, many trajectories needed. 

Statistical error bars only decrease as
<latexit sha1_base64="MM/9+jqXb8eIckH75z1Ecm2gcE4=">AAACG3icbVDLSsNAFJ34rPVVdelmsAiuaiJaXRbcuJIK9gFtLJPJpB06mcSZG6GE/IcbF/or7sStC//EpZO2C9t64MLhnHs5l+PFgmuw7W9raXlldW29sFHc3Nre2S3t7Td1lCjKGjQSkWp7RDPBJWsAB8HasWIk9ARrecPr3G89MaV5JO9hFDM3JH3JA04JGOnBOU27+lFBetuDLOuVynbFHgMvEmdKymiKeq/00/UjmoRMAhVE645jx+CmRAGngmXFbqJZTOiQ9FnHUElCpt10/HWGj43i4yBSZiTgsfr3IiWh1qPQM5shgYGe93LxP6+TQHDlplzGCTBJJ0FBIjBEOK8A+1wxCmJkCKGKm18xHRBFKJiiZlI8RYYMslnNi4SfV+XMF7NImmcVp1q5uDsv16rT0groEB2hE+SgS1RDN6iOGogihZ7RK3qzXqx368P6nKwuWdObAzQD6+sX44ei3w==</latexit>

1/
p

Nt

๏ On the other hand: Many trajectories are easy to compute on clusters, since the method parallelizes trivially!



Lecture 2 - Recap

๏ We introduced a new time-evolution algorithm for linear systems, based on: 

Krylov space. Krylov space is a vector-space constructed from an initial 

state and the evolution matrix:

๏ Finally we discussed how to simulate open system dynamics of Lindblad 

master equations:

๏ We discussed some general spin-model physics with long-range couplings, as they 

can e.g. be engineered in trapped ion systems. We discussed how to construct 

Hamiltonians using Kronecker products. It’s very important to use sparse matrices.

<latexit sha1_base64="8moOeldeLRxkgFXoUGNZ8s/IOGA="></latexit>
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A

<latexit sha1_base64="tFo19LRysCx699sK2IiLv84qw/A="></latexit>

span

⇣

Â0 |ψ0i , Â
1 |ψ0i , Â

2 |ψ0i , . . . , Â
m−1 |ψ0i

⌘

Eigenvectors need to be made orthonormal, using Arnoldi or Lanczos 

iterations, then diagonalizations and matrix exponentials can be performed 

very efficiently on the much smaller Krylov space. This allows to easily 

simulate quantum dynamics of ~22 spins/qubits on a laptop.

<latexit sha1_base64="QihD7hdGVraLND3GdXc9I0bDr0I="></latexit>

d

dt
ρ̂S = L(ρ̂S) = −i

h

ĤS , ρ̂
i

+
X

η

⇣

2L̂ηρ̂SL̂
†
η − L̂†

ηL̂ηρ̂S − ρ̂SL̂
†
ηL̂η

⌘

… either by vectorization of the density matrix, or by quantum trajectories (an unravelling of 

the density matrix into stochastic pure state evolutions)


