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A tour through some numerical methods for simulating large quantum many-body 

non-equilibrium dynamics, with examples. Learning physics by simulating it.

Goal:

- Complete: Many techniques are not discussed (e.g. Monte-Carlo, Fermions, Phase space methods, …)

- Computer science class: No proofs of complexity etc.

- Numerical tutorial: There will be code snippets … incentive to do it yourself

๏ Some text recommendations:

๏ Language recommendation (used for examples): Julia, https://julialang.org/ (open source, easy, fast linear algebra)

๏ What these lectures are not:

- Numerical recipes - The Art of Scientific Computing (a classic), on-line: https://numerical.recipes

- General references to openly available publications in class

Numerical approaches to quantum many-

body non-equilibrium

Lecture 1: Foundations (QM on a computer),  Runge-Kutta, Applications to ultra-cold bosonic systems

Lecture 2: Spin-model physics, Krylov space approaches, Open system methods

Lecture 3: Large systems: Matrix Product States (DMRG), Applications to spin-models and Bose-Hubbard

https://julialang.org/
https://numerical.recipes


Last time

๏ We introduced a new time-evolution algorithm for linear systems, based on: 

Krylov space. Krylov space is a vector-space constructed from an initial 

state and the evolution matrix:

๏ Finally we discussed how to simulate open system dynamics of Lindblad 

master equations:

๏ We discussed some general spin-model physics with long-range couplings, as they 

can e.g. be engineered in trapped ion systems. We discussed how to construct 

Hamiltonians using Kronecker products. It’s very important to use sparse matrices.

<latexit sha1_base64="8moOeldeLRxkgFXoUGNZ8s/IOGA="></latexit>
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<latexit sha1_base64="tFo19LRysCx699sK2IiLv84qw/A="></latexit>
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Eigenvectors need to be made orthonormal, using Arnoldi or Lanczos 

iterations, then diagonalizations and matrix exponentials can be performed 

very efficiently on the much smaller Krylov space. This allows to easily 

simulate quantum dynamics of ~22 spins/qubits on a laptop.

<latexit sha1_base64="QihD7hdGVraLND3GdXc9I0bDr0I="></latexit>
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… either by vectorization of the density matrix, or by quantum trajectories (an unravelling of 

the density matrix into stochastic pure state evolutions)



Plan for today

A strategy to simulate dynamics in systems way beyond 30 qubits - Matrix Product States

๏ Boring preliminaries: Suzuki-Trotter decomposition

๏ Bipartite entanglement and singular value decompositions

๏ Matrix product states (MPS)

๏ The time-evolving block decimation algorithm (TEBD)

๏ Application example of Bose-Hubbard and Spin-model dynamics



<latexit sha1_base64="qLk2mFv4kgKAmKBu5HhuRpqjExM="></latexit>

e
−itĤ |ψ0i = ?

1. Models with two-body “pair-wise” interactions

3. W.l.o.g. let’s think about the system as one-dimensional

2. Typically interactions are “local” and decay as function of some distance (we don’t need to insist on this)
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Note: The ordering is really arbitrary, but depending on the type of interactions it can be “optimal”. 

Note: We can introduce operations that swap particles (like swap gates in a quantum computer) to decompose 

everything into interactions on nearest neighbors.

<latexit sha1_base64="/0cp57Nf6ETSbXjwr80ilg9Z0xw=">AAACGHicbVC7TsMwFHXKq5RXgJEBiwqJqUpQVVhAlVg6Fok+pCaKHNdp3dpJZDtIVZSRn+AXWGFnQ6xsrHwJbpuBthzpSsfn3Kvre/yYUaks69sorK1vbG4Vt0s7u3v7B+bhUVtGicCkhSMWia6PJGE0JC1FFSPdWBDEfUY6/vhu6nceiZA0Ch/UJCYuR4OQBhQjpSXPPHWGSMEGvIGOTLiX0ttRBueafowyzyxbFWsGuErsnJRBjqZn/jj9CCechAozJGXPtmLlpkgoihnJSk4iSYzwGA1IT9MQcSLddHZIBs+10odBJHSFCs7UvxMp4lJOuK87OVJDuexNxf+8XqKCazelYZwoEuL5oiBhUEVwmgrsU0GwYhNNEBZU/xXiIRIIK53dwhafZyUdir0cwSppX1bsWqV6Xy3Xa3k8RXACzsAFsMEVqIMGaIIWwOAJvIBX8GY8G+/Gh/E5by0Y+cwxWIDx9QvztZ9m</latexit>
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Ĥij

Lecture 3 - Trotter decompositions

Example: Hopping

<latexit sha1_base64="kL85wBxWYoFe2axTvgqMYWaDKXg="></latexit>
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The idea of a

<latexit sha1_base64="qLk2mFv4kgKAmKBu5HhuRpqjExM="></latexit>
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Ĥ =

X

i>j
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Suzuki-Trotter decomposition

Let’s evolve the system stroboscopically over small time steps:
<latexit sha1_base64="vkYJ6en27M130CKnhjw133aTIYA=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4scxIqS4Luuiygn1AZyyZNNPGZh4kd4Qyzgf4E/6CW927E7eCW7/EtJ2FbT0QODnnXG5y3EhwBab5beRWVtfWN/Kbha3tnd294v5BS4WxpKxJQxHKjksUEzxgTeAgWCeSjPiuYG13dDXx2w9MKh4GtzCOmOOTQcA9TgloqVcs2ddMAMGAbSGw/YjtIQFc7yX8PtXXu+TMSnXKLJtT4GViZaSEMjR6xR+7H9LYZwFQQZTqWmYETkIkcCpYWrBjxSJCR2TAupoGxGfKSaafSfGJVvrYC6U+AeCp+nciIb5SY9/VSZ/AUC16E/E/rxuDd+kkPIhiYAGdLfJigSHEk2Zwn0tGQYw1IVRy/VZMh0QSCrq/uS2unxZ0KdZiBcukdV62quXKTaVUq2b15NEROkanyEIXqIbqqIGaiKIn9IJe0ZvxbLwbH8bnLJozsplDNAfj6xep/6DJ</latexit>

∆t ⌧ kĤijk
−1

For small enough time-step we can simulate the Hamiltonian evolution with “pair-wise gates”!

“Zassenhaus formula” Baker-Campbell-Hasudorf etc.

…

<latexit sha1_base64="DkME7Dp5PTfQHOtpz7Xho1/NH2Y="></latexit>
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… Apply all two-body gates!

<latexit sha1_base64="ICs+yDBxfAu3C7QIuWCJyysyJcE="></latexit>
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<latexit sha1_base64="4gapEVBljFJpIeRzXV5nZY2Ub1c="></latexit>

error ∝ ∆t2, [Ĥij , Ĥjk]

Note: Trotter decompositions are the key step to digital quantum simulations on a quantum computer.

S. Lloyd, Science 273 (1996)

Lecture 3 - Trotter decompositions



In practice: Use a high order Trotter decomposition!

<latexit sha1_base64="qLk2mFv4kgKAmKBu5HhuRpqjExM="></latexit>

e
−itĤ |ψ0i = ?

For example:  Say we have a Hamiltonian

Then, one can show:

sweepreversed sweep
<latexit sha1_base64="Pl4a2LpvZ//k94zI014uy5VpV2g=">AAACDHicbVDLSsNAFJ34rPUV7dLNYBFc1aSU6rKgC5cVTFtoSplMJ+3QyYOZGyGE/IK/4Fb37sSt/+DWL3HaZmFbD1w4nHMv53K8WHAFlvVtbGxube/slvbK+weHR8fmyWlHRYmkzKGRiGTPI4oJHjIHOAjWiyUjgSdY15vezvzuE5OKR+EjpDEbBGQccp9TAloamhV3QgA7w8y9YwIIhqt6PjSrVs2aA68TuyBVVKA9NH/cUUSTgIVABVGqb1sxDDIigVPB8rKbKBYTOiVj1tc0JAFTg2z+fI4vtDLCfiT1hIDn6t+LjARKpYGnNwMCE7XqzcT/vH4C/s0g42GcAAvpIshPBIYIz5rAIy4ZBZFqQqjk+ldMJ0QSCrqvpRQvyMu6FHu1gnXSqdfsZq3x0Ki2mkU9JXSGztElstE1aqF71EYOoihFL+gVvRnPxrvxYXwuVjeM4qaClmB8/QIdb5qs</latexit>

Û∆t/2

Observe: Twice the number the sweeps, but error is now 
<latexit sha1_base64="UpPfpun4AjI5gQMwcnbJgsXwBv4=">AAACF3icbVA9SwNBEN3zM8avqKUgi0GITbjTEC0DWtgZwXxALoa9zSZZsnt37M4J4bjOP+FfsNXeTmwtbf0lbpIrTOKDgcd7M8zM80LBNdj2t7W0vLK6tp7ZyG5ube/s5vb26zqIFGU1GohANT2imeA+qwEHwZqhYkR6gjW84dXYbzwypXng38MoZG1J+j7vcUrASJ3ckSsJDCgR8W1ScK+ZAILhIXY9GZ8nyWknl7eL9gR4kTgpyaMU1U7ux+0GNJLMByqI1i3HDqEdEwWcCpZk3UizkNAh6bOWoT6RTLfjyR8JPjFKF/cCZcoHPFH/TsREaj2SnukcX63nvbH4n9eKoHfZjrkfRsB8Ol3UiwSGAI9DwV2uGAUxMoRQxc2tmA6IIhRMdDNbPJlkTSjOfASLpH5WdMrF0l0pXymn8WTQITpGBeSgC1RBN6iKaoiiJ/SCXtGb9Wy9Wx/W57R1yUpnDtAMrK9fjWSfzg==</latexit>

O(∆t
3)

Errors can be further minimized, in practice useful: 4th order, then e.g. 18 sweeps and error
<latexit sha1_base64="intj6ldtoH6HEg9p2wdYGXvQ/p4=">AAACF3icbVC7SgNBFJ31GeNr1VKQwSDEJuxKjJYBLeyMYB6QjWF2MkmGzOwuM3eFsGznT/gLttrbia2lrV/i5FGYxAMXDufcy733+JHgGhzn21paXlldW89sZDe3tnd27b39mg5jRVmVhiJUDZ9oJnjAqsBBsEakGJG+YHV/cDXy649MaR4G9zCMWEuSXsC7nBIwUts+8iSBPiUiuU3z3jUTQDA8JJ4vk/M0PW3bOafgjIEXiTslOTRFpW3/eJ2QxpIFQAXRuuk6EbQSooBTwdKsF2sWETogPdY0NCCS6VYy/iPFJ0bp4G6oTAWAx+rfiYRIrYfSN52jq/W8NxL/85oxdC9bCQ+iGFhAJ4u6scAQ4lEouMMVoyCGhhCquLkV0z5RhIKJbmaLL9OsCcWdj2CR1M4KbqlQvCvmyqVpPBl0iI5RHrnoApXRDaqgKqLoCb2gV/RmPVvv1of1OWldsqYzB2gG1tcvkJKf0A==</latexit>

O(∆t
5)

see: A. T. Sornborger and E. D. Stewart, Phys. Rev. A 60, 1956 (1999)

<latexit sha1_base64="9kUwvrhtrqqRujkRkvF7FIQLaUw="></latexit>
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<latexit sha1_base64="7LCxZq0AtaZbjR8DuMrg6+WiOt0=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0UQhJK0RbsRCm66rGAf0IYwmU7aoTNJmJkIJeQ3/Al/wa3u3alL/RGnbZA+PDBw7jn3cu8cL2JUKsv6NHIbm1vbO/ndwt7+weGReXzSlmEsMGnhkIWi6yFJGA1IS1HFSDcSBHGPkY43vpv6nUciJA2DBzWJiMPRMKA+xUhpyTWt/ggp2IC3cE7cxC6n8OqvKlcWK7uSumbRKlkzwHViZ6QIMjRd87s/CHHMSaAwQ1L2bCtSToKEopiRtNCPJYkQHqMh6WkaIE6kk8x+lsILrQygHwr9AgVn6uJEgriUE+7pTo7USK56U/E/rxcrv+YkNIhiRQI8X+THDKoQTmOCAyoIVmyiCcKC6lshHiGBsNJhLm3xeFrQodirEayTdrlkX5eq99VivZbFkwdn4BxcAhvcgDpogCZoAQyewAt4BW/Gs/FufBhf89ackc2cgiUYP7/ptKO4</latexit>

Ĥ = Ĥ12 + Ĥ23 + Ĥ13

<latexit sha1_base64="/0cp57Nf6ETSbXjwr80ilg9Z0xw=">AAACGHicbVC7TsMwFHXKq5RXgJEBiwqJqUpQVVhAlVg6Fok+pCaKHNdp3dpJZDtIVZSRn+AXWGFnQ6xsrHwJbpuBthzpSsfn3Kvre/yYUaks69sorK1vbG4Vt0s7u3v7B+bhUVtGicCkhSMWia6PJGE0JC1FFSPdWBDEfUY6/vhu6nceiZA0Ch/UJCYuR4OQBhQjpSXPPHWGSMEGvIGOTLiX0ttRBueafowyzyxbFWsGuErsnJRBjqZn/jj9CCechAozJGXPtmLlpkgoihnJSk4iSYzwGA1IT9MQcSLddHZIBs+10odBJHSFCs7UvxMp4lJOuK87OVJDuexNxf+8XqKCazelYZwoEuL5oiBhUEVwmgrsU0GwYhNNEBZU/xXiIRIIK53dwhafZyUdir0cwSppX1bsWqV6Xy3Xa3k8RXACzsAFsMEVqIMGaIIWwOAJvIBX8GY8G+/Gh/E5by0Y+cwxWIDx9QvztZ9m</latexit>

Ĥ =

X

i>j

Ĥij

Lecture 3 - Trotter decompositions

<latexit sha1_base64="SbyG9MnGs8GT/KAsF66i6aFi3BA=">AAACEnicbVDJSgNBEO2JW4xb1JN4aQyCF+NM0OgxoAePEcwCmRhqOp2kSc9Cd40QhuBP+Ate9e5NvPoDXv0SO8vBJD4oeLxXRVU9L5JCo21/W6ml5ZXVtfR6ZmNza3snu7tX1WGsGK+wUIaq7oHmUgS8ggIlr0eKg+9JXvP61yO/9siVFmFwj4OIN33oBqIjGKCRWtkDtwdIK63k1L3hEoHiWWH44Lah28rm7Lw9Bl0kzpTkyBTlVvbHbYcs9nmATILWDceOsJmAQsEkH2bcWPMIWB+6vGFoAD7XzWT8wpAeG6VNO6EyFSAdq38nEvC1Hvie6fQBe3reG4n/eY0YO1fNRARRjDxgk0WdWFIM6SgP2haKM5QDQ4ApYW6lrAcKGJrUZrZ4/jBjQnHmI1gk1ULeKeYv7s5zpeI0njQ5JEfkhDjkkpTILSmTCmHkibyQV/JmPVvv1of1OWlNWdOZfTID6+sXbe6c/A==</latexit>
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Plan for today

A strategy to simulate dynamics in systems way beyond 30 qubits - Matrix Product States

๏ Boring preliminaries: Suzuki-Trotter decomposition

๏ Bipartite entanglement and singular value decompositions

๏ Matrix product states (MPS)

๏ The time-evolving block decimation algorithm (TEBD)

๏ Application example of Bose-Hubbard and Spin-model dynamics



= |ψi

Block A Block B

“Blocks A and B are entangled”

Lecture 3 - Bipartite entanglement entropy

Assume a pure state of our many-body system

Bipartition:

Definition:

How to quantify the amount of entanglement?

State in block A State in block B

<latexit sha1_base64="SuMRcmCZSpLKCGyA2h6ZFuzIF28="></latexit>

ρA = trB (|ψihψ|)
<latexit sha1_base64="e1HzrvdKf7PFk9t8FMb5t9iBg0g="></latexit>

ρB = trA (|ψihψ|)

Example: Say the total state is a non-entangled product state

… then:

Pure states!

The state of each block contains all information of the state in that block!

<latexit sha1_base64="ov7HEJBIb/Y8FitfG0Alm6R3WLw=">AAACL3icbZDLSgMxFIYzXmu9jbp0EyyCCykzUqq4qrpxWcFeoFOGTHrahmYyY5IRSu2b+BK+glvdixsRd76FaTuIbf0h8POdczgnfxBzprTjvFsLi0vLK6uZtez6xubWtr2zW1VRIilUaMQjWQ+IAs4EVDTTHOqxBBIGHGpB72pUr92DVCwSt7ofQzMkHcHajBJtkG8XH7AXK4Y9SUSHA/YE3OER67IU+RfYOzaEdn+7/Evfzjl5Zyw8b9zU5FCqsm9/ea2IJiEITTlRquE6sW4OiNSMchhmvURBTGiPdKBhrCAhqOZg/L8hPjSkhduRNE9oPKZ/JwYkVKofBqYzJLqrZmsj+F+tkej2WXPARJxoEHSyqJ1wrCM8Cgu3mASqed8YQiUzt2LaJZJQbSKd2hKEw6wJxZ2NYN5UT/JuMV+4KeRK52k8GbSPDtARctEpKqFrVEYVRNEjekYv6NV6st6sD+tz0rpgpTN7aErW9w/SMqif</latexit>

|ψi 6= |φiA |χiB

<latexit sha1_base64="t2siWvPE+RWagil5Me75WurPDsM=">AAACNHicbVDLSsNAFJ3UV62vqEs3g0V0VRIp2o1QdeOygn1AE8JkOmmHTiZhZiKUkE/wawRX+iGCO3Hr0rWTNgvbemDgnHPv5d45fsyoVJb1bpRWVtfWN8qbla3tnd09c/+gI6NEYNLGEYtEz0eSMMpJW1HFSC8WBIU+I11/fJvXu49ESBrxBzWJiRuiIacBxUhpyzNPnTFRqRNLmsErWIgRzbxrWCicqxvPrFo1awq4TOyCVEGBlmf+OIMIJyHhCjMkZd+2YuWmSCiKGckqTiJJjPAYDUlfU45CIt10+qEMnmhnAINI6McVnLp/J1IUSjkJfd0ZIjWSi7Xc/K/WT1TQcFPK40QRjmeLgoRBFcE8HTiggmDFJpogLKi+FeIREggrneHcFj/M5rVAOq6sooOyF2NZJp3zmn1Rq9/Xq81GEVkZHIFjcAZscAma4A60QBtg8ASewSt4M16MD+PT+Jq1loxi5hDMwfj+BTKeq9k=</latexit>

|ψi = |φi
A
|χi

B

<latexit sha1_base64="PlQeO34xw0c4useyKhCs1/BJrk8=">AAACLnicbZBNS8MwGMfT+TbnW9Wjl+gQPI1Whu4ibHjxOMG9wFpKmqVrWNqUJBVG6dlPI3jSbyJ4EK9+As9mWw9u8w+BX/7P8/Akfz9hVCrL+jBKa+sbm1vl7crO7t7+gXl41JU8FZh0MGdc9H0kCaMx6SiqGOkngqDIZ6Tnj2+n9d4jEZLy+EFNEuJGaBTTgGKktOWZp44IudeCN9AZE5U5SUhzCB1foDl7Lc+sWjVrJrgKdgFVUKjtmT/OkOM0IrHCDEk5sK1EuRkSimJG8oqTSpIgPEYjMtAYo4hIN5t9JYfn2hnCgAt9YgVn7t+JDEVSTiJfd0ZIhXK5NjX/qw1SFTTcjMZJqkiM54uClEHF4TQXOKSCYMUmGhAWVL8V4hAJhJVOb2GLH+WLd4F0dHlFB2Uvx7IK3cuafVWr39erzUYRWRmcgDNwAWxwDZrgDrRBB2DwBJ7BK3gzXox349P4mreWjGLmGCzI+P4Fntio/w==</latexit>

ρA = |φi hφ|
A

<latexit sha1_base64="/AbZg+tk+eS2TPBRlYl23dFtdlk=">AAACLnicbZBNS8MwGMfT+TbnW9Wjl+gQPI1Whu4ijHnxOMG9wFpKmqVrWNqUJBVG6dlPI3jSbyJ4EK9+As9mWw9u8w+BX/7P8/Akfz9hVCrL+jBKa+sbm1vl7crO7t7+gXl41JU8FZh0MGdc9H0kCaMx6SiqGOkngqDIZ6Tnj2+n9d4jEZLy+EFNEuJGaBTTgGKktOWZp44IudeCN9AZE5U5OKQ5hI4v0Jy9lmdWrZo1E1wFu4AqKNT2zB9nyHEakVhhhqQc2Fai3AwJRTEjecVJJUkQHqMRGWiMUUSkm82+ksNz7QxhwIU+sYIz9+9EhiIpJ5GvOyOkQrlcm5r/1QapChpuRuMkVSTG80VByqDicJoLHFJBsGITDQgLqt8KcYgEwkqnt7DFj/LFu0A6uryig7KXY1mF7mXNvqrV7+vVZqOIrAxOwBm4ADa4Bk1wB9qgAzB4As/gFbwZL8a78Wl8zVtLRjFzDBZkfP8CdhWo5w==</latexit>

ρB = |χi hχ|
B



= |ψi

Block A Block B

Lecture 3 - Bipartite entanglement entropy

Assume a pure state of our many-body system

Bipartition:

Example: Say the total state of just two qubits is maximally entangled:

… then:

“Blocks A and B are entangled”Definition:
<latexit sha1_base64="ov7HEJBIb/Y8FitfG0Alm6R3WLw=">AAACL3icbZDLSgMxFIYzXmu9jbp0EyyCCykzUqq4qrpxWcFeoFOGTHrahmYyY5IRSu2b+BK+glvdixsRd76FaTuIbf0h8POdczgnfxBzprTjvFsLi0vLK6uZtez6xubWtr2zW1VRIilUaMQjWQ+IAs4EVDTTHOqxBBIGHGpB72pUr92DVCwSt7ofQzMkHcHajBJtkG8XH7AXK4Y9SUSHA/YE3OER67IU+RfYOzaEdn+7/Evfzjl5Zyw8b9zU5FCqsm9/ea2IJiEITTlRquE6sW4OiNSMchhmvURBTGiPdKBhrCAhqOZg/L8hPjSkhduRNE9oPKZ/JwYkVKofBqYzJLqrZmsj+F+tkej2WXPARJxoEHSyqJ1wrCM8Cgu3mASqed8YQiUzt2LaJZJQbSKd2hKEw6wJxZ2NYN5UT/JuMV+4KeRK52k8GbSPDtARctEpKqFrVEYVRNEjekYv6NV6st6sD+tz0rpgpTN7aErW9w/SMqif</latexit>

|ψi 6= |φiA |χiB

<latexit sha1_base64="F2orJ9zF7haZ39c9HM7o5zfUuag="></latexit>

ρA = trB (|ψihψ|) = h0|ψihψ|0iB + h1|ψihψ|1iB

<latexit sha1_base64="nGZHpV8Px4cyjnUZgS0KU2Rej3w="></latexit>

|ψihψ| =
1

2
(|0iA|0iBh0|Ah0|B + |0iA|0iBh1|Ah1|B + |1iA|1iBh0|Ah0|B + |1iA|1iBh1|Ah1|B)

<latexit sha1_base64="3gc9iYyjoHJkLyGJWlK50Nyn3TI="></latexit>

ρA =
1

2
(|0ih0|A + |1ih1|A)

<latexit sha1_base64="uWabtSUFq71eW8tEK9BEsaOryb0="></latexit>

=

✓

1

2
0

0
1

2

◆

A

The state of a sub-block is a maximally mixed state!

Idea: Use the entropy of the 

reduced density matrix as 

entanglement measure!

<latexit sha1_base64="8sVarKE2zmKbGYRPe12Tx2jKGuU="></latexit>

|ψi = 1p
2
(|0i

A
|0i

B
+ |1i

A
|1i

B
)



= |ψi

Block A Block B

“Blocks A and B are entangled”

Lecture 3 - Bipartite entanglement entropy

Assume a pure state of our many-body system

Bipartition:

Definition:
<latexit sha1_base64="ov7HEJBIb/Y8FitfG0Alm6R3WLw=">AAACL3icbZDLSgMxFIYzXmu9jbp0EyyCCykzUqq4qrpxWcFeoFOGTHrahmYyY5IRSu2b+BK+glvdixsRd76FaTuIbf0h8POdczgnfxBzprTjvFsLi0vLK6uZtez6xubWtr2zW1VRIilUaMQjWQ+IAs4EVDTTHOqxBBIGHGpB72pUr92DVCwSt7ofQzMkHcHajBJtkG8XH7AXK4Y9SUSHA/YE3OER67IU+RfYOzaEdn+7/Evfzjl5Zyw8b9zU5FCqsm9/ea2IJiEITTlRquE6sW4OiNSMchhmvURBTGiPdKBhrCAhqOZg/L8hPjSkhduRNE9oPKZ/JwYkVKofBqYzJLqrZmsj+F+tkej2WXPARJxoEHSyqJ1wrCM8Cgu3mASqed8YQiUzt2LaJZJQbSKd2hKEw6wJxZ2NYN5UT/JuMV+4KeRK52k8GbSPDtARctEpKqFrVEYVRNEjekYv6NV6st6sD+tz0rpgpTN7aErW9w/SMqif</latexit>

|ψi 6= |φiA |χiB

How to quantify the amount of entanglement?

State in block A State in block B

<latexit sha1_base64="SuMRcmCZSpLKCGyA2h6ZFuzIF28="></latexit>

ρA = trB (|ψihψ|)
<latexit sha1_base64="e1HzrvdKf7PFk9t8FMb5t9iBg0g="></latexit>

ρB = trA (|ψihψ|)

von Neumann entanglement entropy:

Eigenvalues of
<latexit sha1_base64="4C+9n32eZWtA7yQKKMgudAoem0A="></latexit>

ρA

true for pure states on 

the full system

<latexit sha1_base64="IKiO5HmUe6pOj8iJDQ7u9a3aO4E="></latexit>

SvN(ρA) = −trA [ρA log2(ρA)] = −

X

α

λα log2(λα) = SvN(ρB)



= |ψi

Block A Block B

Lecture 3 - Bipartite entanglement entropy

Assume a pure state of our many-body system

Bipartition:

No entanglement
Maximum entanglement

Two qubit examples:

<latexit sha1_base64="x2KT6RXJluGOBYP9B02Vh8PubPM="></latexit>

|ψi =
1

2
(|0i

A
|0i

B
+ |1i

A
|1i

B
)

Entanglement entropy:

<latexit sha1_base64="IqkGVNiVDqIh3uWKlF1/wsV9D0g="></latexit>

SvN(ρA) = 0

w.l.o.g.

<latexit sha1_base64="D296u3aLBRL9+aQW6eP56R83WSY="></latexit>

λ1 = 1, λα 6=1 = 0

<latexit sha1_base64="ipXBsSZXsUYp2dOa28K4VRiqiMc=">AAACLnicbVDLSsNAFJ3UV62vqEs3o0VwVRIp2o1QdeOygn1AE8JkOmmHziRhZiKUkLVfI7jSPxFciFu/wLXTNAvbemDg3HPu5d45fsyoVJb1YZRWVtfWN8qbla3tnd09c/+gI6NEYNLGEYtEz0eSMBqStqKKkV4sCOI+I11/fDv1u49ESBqFD2oSE5ejYUgDipHSkmceO2OiUieWNINXMC+szLuGM2pn3o1nVq2alQMuE7sgVVCg5Zk/ziDCCSehwgxJ2betWLkpEopiRrKKk0gSIzxGQ9LXNEScSDfNv5LBU60MYBAJ/UIFc/XvRIq4lBPu606O1EguelPxP6+fqKDhpjSME0VCPFsUJAyqCE5zgQMqCFZsognCgupbIR4hgbDS6c1t8Xk2Xwuks8oqOih7MZZl0jmv2Re1+n292mwUkZXBETgBZ8AGl6AJ7kALtAEGT+AZvII348V4Nz6Nr1lryShmDsEcjO9fWtyo0Q==</latexit>

|ψi = |0i
A
|1i

B

<latexit sha1_base64="C9ifj98ivnEMkpmCzLoqci/qEWc="></latexit>

ρA =

✓

1

2
0

0
1

2

◆

A

<latexit sha1_base64="zkn38TsJAN1pXuIcC4el5MbQ6NA="></latexit>

ρA =

✓

1 0

0 0

◆

A

<latexit sha1_base64="sSng4I7CnCtaGeI4Gr6NBh0RMjg="></latexit>

S(ρA) = −1 log
2
(1) = 0

<latexit sha1_base64="Vld5Xivhjm02CJZbK2GKIe0TYZ0="></latexit>

dA = dim(HA)
<latexit sha1_base64="QMjs/tfPKBY/GwPi7RDG9Muwpow="></latexit>

dA < dim(HB) = dB

<latexit sha1_base64="IKiO5HmUe6pOj8iJDQ7u9a3aO4E="></latexit>

SvN(ρA) = −trA [ρA log2(ρA)] = −

X

α

λα log2(λα) = SvN(ρB)

<latexit sha1_base64="2uNIc7iQLxu5OB9glLEHF0N1GDI="></latexit>

λα =
1

dA

<latexit sha1_base64="0a5oWVqFIqxufiZT9KCEyYeE9nk="></latexit>

SvN(ρA) = log
2
(dA)

<latexit sha1_base64="EFiMRg4GgzBFLlpLBV24m6zmT1w="></latexit>

S(ρA) = −2
1

2
log

2

✓

1

2

◆

= log
2
(2) = 1



General state in some basis:

U,V unitary, S: real & diagonal

Lecture 3 - Singular value (Schmidt) decomposition

= |ψi
<latexit sha1_base64="2m1FpVKM/Q7F0/ZdZ/sHdPZ+iyU="></latexit>

dA = dB = d

<latexit sha1_base64="B6AoBTA6DJlMwwH+etBvV2UO8fE="></latexit>

|ψi =
dX

i,j=1

ci,j |iiA|jiB

Now let’s do a singular value decomposition (SVD) of the coefficient matrix:

<latexit sha1_base64="QpQspZLVnbWfIrzgDvUJBsdm0uU="></latexit>

ci,j =

dX

α

ui,αsα,αv
∗

α,j

<latexit sha1_base64="FTMt/y9V/tJrv2RwJdYukSpCtCY=">AAACE3icbZDNSsNAFIUn/tb6F3Wnm8EiuCqJFO1GKHTjsqJpC00sk8mkHTqThJmJUELAl/AV3Orenbj1Adz6JE7TLmzrgYGPc+/l3jl+wqhUlvVtrKyurW9slrbK2zu7e/vmwWFbxqnAxMExi0XXR5IwGhFHUcVINxEEcZ+Rjj9qTuqdRyIkjaN7NU6Ix9EgoiHFSGmrbx5nrh/CZg6vYUEOvIPt/MEN0KBvVqyqVQgugz2DCpip1Td/3CDGKSeRwgxJ2bOtRHkZEopiRvKym0qSIDxCA9LTGCFOpJcVf8jhmXYCGMZCv0jBwv07kSEu5Zj7upMjNZSLtYn5X62XqrDuZTRKUkUiPF0UpgyqGE4CgQEVBCs21oCwoPpWiIdIIKx0bHNbfJ6XdSj2YgTL0L6o2pfV2m2t0qjP4imBE3AKzoENrkAD3IAWcAAGT+AFvII349l4Nz6Mz2nrijGbOQJzMr5+AQmNnLA=</latexit>

C = USV
†

“Singular values”

… linear algebra textbook

Then it follows:

<latexit sha1_base64="SuMRcmCZSpLKCGyA2h6ZFuzIF28="></latexit>

ρA = trB (|ψihψ|)

The squared singular values (known as Schmidt values) are the eigenvalues of        !
<latexit sha1_base64="3sf9vto0zN2B5dTAPOSGglwb+ZY=">AAAB/XicbVA9TwJBEJ3DL8Qv1NJmIzGxIneGKCXGxhITARO4kL1lD1b247K7Z0II8S/Yam9nbP0ttv4SF7hCwJdM8vLeTGbmRQlnxvr+t5dbW9/Y3MpvF3Z29/YPiodHTaNSTWiDKK70Q4QN5UzShmWW04dEUywiTlvR8Gbqt56oNkzJeztKaChwX7KYEWyd1Ozogeped4slv+zPgFZJkJESZKh3iz+dniKpoNISjo1pB35iwzHWlhFOJ4VOamiCyRD3adtRiQU14Xh27QSdOaWHYqVdSYtm6t+JMRbGjETkOgW2A7PsTcX/vHZq42o4ZjJJLZVkvihOObIKTV9HPaYpsXzkCCaauVsRGWCNiXUBLWyJxKTgQgmWI1glzYtycFmu3FVKtWoWTx5O4BTOIYArqMEt1KEBBB7hBV7hzXv23r0P73PemvOymWNYgPf1C6sSlaA=</latexit>

ρA

<latexit sha1_base64="qdnlcZ2JVmb2fjcZ+GTgaz3AgVc="></latexit>

= · · · =
X

α

(sα,α)
2|αihα|A

<latexit sha1_base64="+LpObonLZXCp0Q2D18u5WG80pAs="></latexit>

|αiA =

X

i

u
∗

i,α |iiA

Entanglement entropy:

<latexit sha1_base64="C0wABZKVBV3OOWIee0qMnm96mTc="></latexit>

SvN(ρA) = −

dX

α

(sα,α)
2 log

2
[(sα,α)

2]

<latexit sha1_base64="puLVT4XvhH1UfRu0NLNMY6DUnP8=">AAACEnicbZDLSgMxFIYzXmu9jboSN8EiVJAyI0W7EQrduKxgL9AOQybNtLFJZkgyQhkGX8JXcKt7d+LWF3Drk5heFrb1h8DHf87hnPxBzKjSjvNtrayurW9s5rby2zu7e/v2wWFTRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWBYG9dbj0QqGol7PYqJx1Ff0JBipI3l28fFtBuEsJad+ym9eMjgDcRT8u2CU3ImgsvgzqAAZqr79k+3F+GEE6ExQ0p1XCfWXoqkppiRLN9NFIkRHqI+6RgUiBPlpZMvZPDMOD0YRtI8oeHE/TuRIq7UiAemkyM9UIu1sflfrZPosOKlVMSJJgJPF4UJgzqC4zxgj0qCNRsZQFhScyvEAyQR1ia1uS0Bz/ImFHcxgmVoXpbcq1L5rlyoVmbx5MAJOAVF4IJrUAW3oA4aAIMn8AJewZv1bL1bH9bntHXFms0cgTlZX7/e65ym</latexit>

(C)i,j = ci,j



Lecture 3 - Truncating Entanglement!

= |ψi
<latexit sha1_base64="2m1FpVKM/Q7F0/ZdZ/sHdPZ+iyU="></latexit>

dA = dB = d
<latexit sha1_base64="B6AoBTA6DJlMwwH+etBvV2UO8fE="></latexit>

|ψi =
dX

i,j=1

ci,j |iiA|jiB

<latexit sha1_base64="QpQspZLVnbWfIrzgDvUJBsdm0uU="></latexit>

ci,j =

dX

α

ui,αsα,αv
∗

α,j

Key idea!Depending on state:

α

χ
(sα,α)

2

<latexit sha1_base64="YEUh6LoV1Kb4ELX9dHUKKC+iiyE=">AAACDnicbZDLSsNAFIZPvNZ6i4orN8EiVJCSFFGXBTcuK9gLtDFMppN26MwkzEyEEvIOvoJb3bsTt76CW5/E6WVhWw8M8/H/53AOf5gwqrTrflsrq2vrG5uFreL2zu7evn1w2FRxKjFp4JjFsh0iRRgVpKGpZqSdSIJ4yEgrHN6O/dYTkYrG4kGPEuJz1Bc0ohhpIwX2cVkFWRexZIAupl9+/lgN7JJbcSflLIM3gxLMqh7YP91ejFNOhMYMKdXx3ET7GZKaYkbyYjdVJEF4iPqkY1AgTpSfTc7PnTOj9JwoluYJ7UzUvxMZ4kqNeGg6OdIDteiNxf+8TqqjGz+jIkk1EXi6KEqZo2NnnIXTo5JgzUYGEJbU3OrgAZIIa5PY3JaQ50UTircYwTI0qxXP8P1lqXY1i6cAJ3AKZfDgGmpwB3VoAIYMXuAV3qxn6936sD6nrSvWbOYI5sr6+gUB2Zuy</latexit><latexit sha1_base64="YEUh6LoV1Kb4ELX9dHUKKC+iiyE=">AAACDnicbZDLSsNAFIZPvNZ6i4orN8EiVJCSFFGXBTcuK9gLtDFMppN26MwkzEyEEvIOvoJb3bsTt76CW5/E6WVhWw8M8/H/53AOf5gwqrTrflsrq2vrG5uFreL2zu7evn1w2FRxKjFp4JjFsh0iRRgVpKGpZqSdSIJ4yEgrHN6O/dYTkYrG4kGPEuJz1Bc0ohhpIwX2cVkFWRexZIAupl9+/lgN7JJbcSflLIM3gxLMqh7YP91ejFNOhMYMKdXx3ET7GZKaYkbyYjdVJEF4iPqkY1AgTpSfTc7PnTOj9JwoluYJ7UzUvxMZ4kqNeGg6OdIDteiNxf+8TqqjGz+jIkk1EXi6KEqZo2NnnIXTo5JgzUYGEJbU3OrgAZIIa5PY3JaQ50UTircYwTI0qxXP8P1lqXY1i6cAJ3AKZfDgGmpwB3VoAIYMXuAV3qxn6936sD6nrSvWbOYI5sr6+gUB2Zuy</latexit><latexit sha1_base64="YEUh6LoV1Kb4ELX9dHUKKC+iiyE=">AAACDnicbZDLSsNAFIZPvNZ6i4orN8EiVJCSFFGXBTcuK9gLtDFMppN26MwkzEyEEvIOvoJb3bsTt76CW5/E6WVhWw8M8/H/53AOf5gwqrTrflsrq2vrG5uFreL2zu7evn1w2FRxKjFp4JjFsh0iRRgVpKGpZqSdSIJ4yEgrHN6O/dYTkYrG4kGPEuJz1Bc0ohhpIwX2cVkFWRexZIAupl9+/lgN7JJbcSflLIM3gxLMqh7YP91ejFNOhMYMKdXx3ET7GZKaYkbyYjdVJEF4iPqkY1AgTpSfTc7PnTOj9JwoluYJ7UzUvxMZ4kqNeGg6OdIDteiNxf+8TqqjGz+jIkk1EXi6KEqZo2NnnIXTo5JgzUYGEJbU3OrgAZIIa5PY3JaQ50UTircYwTI0qxXP8P1lqXY1i6cAJ3AKZfDgGmpwB3VoAIYMXuAV3qxn6936sD6nrSvWbOYI5sr6+gUB2Zuy</latexit><latexit sha1_base64="YEUh6LoV1Kb4ELX9dHUKKC+iiyE=">AAACDnicbZDLSsNAFIZPvNZ6i4orN8EiVJCSFFGXBTcuK9gLtDFMppN26MwkzEyEEvIOvoJb3bsTt76CW5/E6WVhWw8M8/H/53AOf5gwqrTrflsrq2vrG5uFreL2zu7evn1w2FRxKjFp4JjFsh0iRRgVpKGpZqSdSIJ4yEgrHN6O/dYTkYrG4kGPEuJz1Bc0ohhpIwX2cVkFWRexZIAupl9+/lgN7JJbcSflLIM3gxLMqh7YP91ejFNOhMYMKdXx3ET7GZKaYkbyYjdVJEF4iPqkY1AgTpSfTc7PnTOj9JwoluYJ7UzUvxMZ4kqNeGg6OdIDteiNxf+8TqqjGz+jIkk1EXi6KEqZo2NnnIXTo5JgzUYGEJbU3OrgAZIIa5PY3JaQ50UTircYwTI0qxXP8P1lqXY1i6cAJ3AKZfDgGmpwB3VoAIYMXuAV3qxn6936sD6nrSvWbOYI5sr6+gUB2Zuy</latexit>

 The singular values will 

follow some distribution!
Let’s truncate small singular 

values/basis states

Then:

<latexit sha1_base64="ti9jWs/9qgkLGjp892sOHUhmj1k="></latexit>

SvN(ρA) = −

dX

α

(sα,α)
2 log

2
[(sα,α)

2] ≈ −

χX

α

(sα,α)
2 log

2
[(sα,α)

2] ≤ log
2
(χ)

cutoff

<latexit sha1_base64="WyiwvmynI8vRfidYvKn+rQZZ2pw="></latexit>

SvN(ρA) = −

dX

α

(sα,α)
2 log

2
[(sα,α)

2] ≤ log
2
(d)

SVD

error:

<latexit sha1_base64="N1PRc1YaanWfW9+haWxwBRy2Vkc=">AAACJ3icbVDLSsNAFJ34rPVVdelmsAgVpSSlqJtCwY3LCvYBTRsmk0kzdCYJMxOhhPyFP+EvuNW9O9GlfonTh2BbD1zu4Zx7uTPHjRmVyjQ/jZXVtfWNzdxWfntnd2+/cHDYklEiMGniiEWi4yJJGA1JU1HFSCcWBHGXkbY7vBn77QciJI3CezWKSY+jQUh9ipHSklMo16AtE+6kNmJxgGo2Dui5lfU9WJK/4sW0ZWf9ilMommVzArhMrBkpghkaTuHb9iKccBIqzJCUXcuMVS9FQlHMSJa3E0lihIdoQLqahogT2Usn/8rgqVY86EdCV6jgRP27kSIu5Yi7epIjFchFbyz+53UT5V/3UhrGiSIhnh7yEwZVBMchQY8KghUbaYKwoPqtEAdIIKx0lHNXXJ7ldSjWYgTLpFUpW5fl6l21WK/O4smBY3ACSsACV6AObkEDNAEGj+AZvIBX48l4M96Nj+noijHbOQJzML5+ALtBpYU=</latexit>

=
dX

α=χ+1

(sα,α)
2

<latexit sha1_base64="3GywlVo2flCdjWT+prPULz5w0VI="></latexit>

dX

α=1

(sα,α)
2 = 1 ≈

χX

α=1

(sα,α)
2



Example “chicken state”:

χ = 1

mean-field chicken slightly entangled chicken

Do SVD, then truncate, then re-multiply … one gets:

Lecture 3 - Truncating Entanglement!

<latexit sha1_base64="puLVT4XvhH1UfRu0NLNMY6DUnP8=">AAACEnicbZDLSgMxFIYzXmu9jboSN8EiVJAyI0W7EQrduKxgL9AOQybNtLFJZkgyQhkGX8JXcKt7d+LWF3Drk5heFrb1h8DHf87hnPxBzKjSjvNtrayurW9s5rby2zu7e/v2wWFTRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWBYG9dbj0QqGol7PYqJx1Ff0JBipI3l28fFtBuEsJad+ym9eMjgDcRT8u2CU3ImgsvgzqAAZqr79k+3F+GEE6ExQ0p1XCfWXoqkppiRLN9NFIkRHqI+6RgUiBPlpZMvZPDMOD0YRtI8oeHE/TuRIq7UiAemkyM9UIu1sflfrZPosOKlVMSJJgJPF4UJgzqC4zxgj0qCNRsZQFhScyvEAyQR1ia1uS0Bz/ImFHcxgmVoXpbcq1L5rlyoVmbx5MAJOAVF4IJrUAW3oA4aAIMn8AJewZv1bL1bH9bntHXFms0cgTlZX7/e65ym</latexit>

(C)i,j = ci,j
Matrix of gray-scale values 

of an image of a cat

<latexit sha1_base64="IqkGVNiVDqIh3uWKlF1/wsV9D0g="></latexit>

SvN(ρA) = 0
<latexit sha1_base64="n9tKdmaHz3fJBTN1eARUBV1Dj/s="></latexit>

SvN(ρA) ≤ log(χ)

Think of it: truncated SVD = Image compression for quantum states in bipartitions.

<latexit sha1_base64="FTMt/y9V/tJrv2RwJdYukSpCtCY=">AAACE3icbZDNSsNAFIUn/tb6F3Wnm8EiuCqJFO1GKHTjsqJpC00sk8mkHTqThJmJUELAl/AV3Orenbj1Adz6JE7TLmzrgYGPc+/l3jl+wqhUlvVtrKyurW9slrbK2zu7e/vmwWFbxqnAxMExi0XXR5IwGhFHUcVINxEEcZ+Rjj9qTuqdRyIkjaN7NU6Ix9EgoiHFSGmrbx5nrh/CZg6vYUEOvIPt/MEN0KBvVqyqVQgugz2DCpip1Td/3CDGKSeRwgxJ2bOtRHkZEopiRvKym0qSIDxCA9LTGCFOpJcVf8jhmXYCGMZCv0jBwv07kSEu5Zj7upMjNZSLtYn5X62XqrDuZTRKUkUiPF0UpgyqGE4CgQEVBCs21oCwoPpWiIdIIKx0bHNbfJ6XdSj2YgTL0L6o2pfV2m2t0qjP4imBE3AKzoENrkAD3IAWcAAGT+AFvII349l4Nz6Mz2nrijGbOQJzMr5+AQmNnLA=</latexit>

C = USV
†

<latexit sha1_base64="B6AoBTA6DJlMwwH+etBvV2UO8fE="></latexit>

|ψi =
dX

i,j=1

ci,j |iiA|jiB

<latexit sha1_base64="aafDWTt3Yj4XE4MAO8qCvPM8BpI=">AAAB/3icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kaBohYGMZwXxAcoS9vb1kye7esbsnhCOFf8FWezux9afY+kvcJFeYxAcDj/dmmJkXJJxp47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGdzO/80SVZrF8NJOE+gIPJYsYwcZK3T4ZMXSLwkG54lbdOdA68XJSgRzNQfmnH8YkFVQawrHWPc9NjJ9hZRjhdFrqp5ommIzxkPYslVhQ7Wfze6fowiohimJlSxo0V/9OZFhoPRGB7RTYjPSqNxP/83qpiep+xmSSGirJYlGUcmRiNHsehUxRYvjEEkwUs7ciMsIKE2MjWtoSiGnJhuKtRrBO2ldV77pae6hVGvU8niKcwTlcggc30IB7aEILCHB4gVd4c56dd+fD+Vy0Fpx85hSW4Hz9Aj4CleA=</latexit>

χ = d
<latexit sha1_base64="WHw+zauEP3YWW+8X4t2FsZQLF7Y=">AAACA3icbZC7SgNBFIbPxluMt6ilzWAQrMKueEkjBGwsI5gLZJcwOztJhszMLjOzQlhS+gq22tuJrQ9i65M4SbYwiT8c+PjPOZzDHyacaeO6305hbX1jc6u4XdrZ3ds/KB8etXScKkKbJOax6oRYU84kbRpmOO0kimIRctoOR3fTfvuJKs1i+WjGCQ0EHkjWZwQba/k+GTJ061bdKxT1yhULM6FV8HKoQK5Gr/zjRzFJBZWGcKx113MTE2RYGUY4nZT8VNMEkxEe0K5FiQXVQTb7eYLOrBOhfqxsSYNm7t+NDAutxyK0kwKboV7uTc3/et3U9GtBxmSSGirJ/FA/5cjEaBoAipiixPCxBUwUs78iMsQKE2NjWrgSiknJhuItR7AKrYuqd129fLis1Gt5PEU4gVM4Bw9uoA730IAmEEjgBV7hzXl23p0P53M+WnDynWNYkPP1CxBGlss=</latexit>

χ = 0.05d



Plan for today

A strategy to simulate dynamics in systems way beyond 30 qubits - Matrix Product States

๏ Boring preliminaries: Suzuki-Trotter decomposition

๏ Bipartite entanglement and singular value decompositions

๏ Matrix product states (MPS)

๏ The time-evolving block decimation algorithm (TEBD)

๏ Application example of Bose-Hubbard and Spin-model dynamics



Introducing: Diagrammatic tensor notation

Complex number

Lecture 3 - Matrix product states (MPS)

<latexit sha1_base64="sIsDBsEurbXfgmZkzbLNQwREgik=">AAAB+HicbVA9TwJBEJ3DL8Qv1NJmIzGxInfGKCWJjSUk8pHAhewtc7Bh9+6yu2cChF9gq72dsfXf2PpLXOAKAV8yyct7M5mZFySCa+O6305ua3tndy+/Xzg4PDo+KZ6eNXWcKoYNFotYtQOqUfAIG4Ybge1EIZWBwFYwepj7rWdUmsfRkxkn6Es6iHjIGTVWqk96xZJbdhcgm8TLSAky1HrFn24/ZqnEyDBBte54bmL8KVWGM4GzQjfVmFA2ogPsWBpRidqfLg6dkSur9EkYK1uRIQv178SUSq3HMrCdkpqhXvfm4n9eJzVhxZ/yKEkNRmy5KEwFMTGZf036XCEzYmwJZYrbWwkbUkWZsdmsbAnkrGBD8dYj2CTNm7J3V76t35aqlSyePFzAJVyDB/dQhUeoQQMYILzAK7w5E+fd+XA+l605J5s5hxU4X78XqJOj</latexit>

z

Vector
<latexit sha1_base64="hscRmzRuLC6QNblwX9EfdRu1TYo=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzGxIneGICWJjSVG+UjgQvaWPdiwu3fZ3SMhJz/BVns7Y+ufsfWXuMAVAr5kkpf3ZjIzL4g508Z1v53c1vbO7l5+v3BweHR8Ujw9a+koUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjO/mfntClWaRfDLTmPoCDyULGcHGSo+TPusXS27ZXQBtEi8jJcjQ6Bd/eoOIJIJKQzjWuuu5sfFTrAwjnM4KvUTTGJMxHtKupRILqv10ceoMXVllgMJI2ZIGLdS/EykWWk9FYDsFNiO97s3F/7xuYsKanzIZJ4ZKslwUJhyZCM3/RgOmKDF8agkmitlbERlhhYmx6axsCcSsYEPx1iPYJK2bslctVx4qpXotiycPF3AJ1+DBLdThHhrQBAJDeIFXeHOenXfnw/lctuacbOYcVuB8/QKYPJR7</latexit>

vi

Matrix

<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1

<latexit sha1_base64="LWfEcHGol2XnSj3OD9Sef9oqV+o=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2Eg9qgXHGr7hxonXg5qUCO5qD80w9jkgoqDeFY657nJsbPsDKMcDot9VNNE0zGeEh7lkosqPaz+alTdGGVEEWxsiUNmqt/JzIstJ6IwHYKbEZ61ZuJ/3m91EQ3fsZkkhoqyWJRlHJkYjT7G4VMUWL4xBJMFLO3IjLCChNj01naEohpyYbirUawTtq1qndVrd/XK416Hk8RzuAcLsGDa2jAHTShBQSG8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUjsJQu</latexit>

d2

<latexit sha1_base64="NmqlOLvw/FPu1S6J7LK9cnkJTj0=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kaMqAjY0QwXxAcoS9zV6yye7esbsnhCP4F2y1txNbf4utv8RNcoVJfDDweG+GmXlBzJk2rvvt5DY2t7Z38ruFvf2Dw6Pi8UlTR4kitEEiHql2gDXlTNKGYYbTdqwoFgGnrWB8O/NbT1RpFslHM4mpL/BAspARbKzUvO+lbDTtFUtu2Z0DrRMvIyXIUO8Vf7r9iCSCSkM41rrjubHxU6wMI5xOC91E0xiTMR7QjqUSC6r9dH7tFF1YpY/CSNmSBs3VvxMpFlpPRGA7BTZDverNxP+8TmLCqp8yGSeGSrJYFCYcmQjNXkd9pigxfGIJJorZWxEZYoWJsQEtbQnEtGBD8VYjWCfNq7J3Xa48VEq1ahZPHs7gHC7BgxuowR3UoQEERvACr/DmPDvvzofzuWjNOdnMKSzB+foF+ZuV0g==</latexit>

Mij
<latexit sha1_base64="wCImqYJB75LG9T2IbV93LfKSkxE=">AAACCHicbVDLSsNAFJ3UV62PRl26GSyCi1ISKepGKLhxWcE+oA1hMpm2Q2eSMHMjlNAf8Bfc6t6duPUv3PolTtssbOuBC4dz7uFeTpAIrsFxvq3CxubW9k5xt7S3f3BYto+O2zpOFWUtGotYdQOimeARawEHwbqJYkQGgnWC8d3M7zwxpXkcPcIkYZ4kw4gPOCVgJN8uc3yL3Wo/jEFXQ9/17YpTc+bA68TNSQXlaPr2j8nSVLIIqCBa91wnAS8jCjgVbFrqp5olhI7JkPUMjYhk2svmj0/xuVFCPIiVmQjwXP2byIjUeiIDsykJjPSqNxP/83opDG68jEdJCiyii0ODVGCI8awFHHLFKIiJIYQqbn7FdEQUoWC6WroSyGnJlOKuVrBO2pc196pWf6hXGvW8niI6RWfoArnoGjXQPWqiFqIoRS/oFb1Zz9a79WF9LlYLVp45QUuwvn4BAhuYWw==</latexit>

i = 1, . . . , d1

<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1

<latexit sha1_base64="wCImqYJB75LG9T2IbV93LfKSkxE=">AAACCHicbVDLSsNAFJ3UV62PRl26GSyCi1ISKepGKLhxWcE+oA1hMpm2Q2eSMHMjlNAf8Bfc6t6duPUv3PolTtssbOuBC4dz7uFeTpAIrsFxvq3CxubW9k5xt7S3f3BYto+O2zpOFWUtGotYdQOimeARawEHwbqJYkQGgnWC8d3M7zwxpXkcPcIkYZ4kw4gPOCVgJN8uc3yL3Wo/jEFXQ9/17YpTc+bA68TNSQXlaPr2j8nSVLIIqCBa91wnAS8jCjgVbFrqp5olhI7JkPUMjYhk2svmj0/xuVFCPIiVmQjwXP2byIjUeiIDsykJjPSqNxP/83opDG68jEdJCiyii0ODVGCI8awFHHLFKIiJIYQqbn7FdEQUoWC6WroSyGnJlOKuVrBO2pc196pWf6hXGvW8niI6RWfoArnoGjXQPWqiFqIoRS/oFb1Zz9a79WF9LlYLVp45QUuwvn4BAhuYWw==</latexit>

i = 1, . . . , d1
<latexit sha1_base64="oyTMf2WXiiV9jDmWFnp/c1oqwMk=">AAACCHicbVDLSsNAFJ3UV62PRl26GSyCi1KSUtSNUHDjsoJ9QBvCZDJpx85MwsxEKKE/4C+41b07cetfuPVLnLZZ2NYDFw7n3MO9nCBhVGnH+bYKG5tb2zvF3dLe/sFh2T467qg4lZi0ccxi2QuQIowK0tZUM9JLJEE8YKQbjG9nfveJSEVj8aAnCfE4GgoaUYy0kXy7/AhvoFsdhLFW1dCv+3bFqTlzwHXi5qQCcrR8+8dkccqJ0Jghpfquk2gvQ1JTzMi0NEgVSRAeoyHpGyoQJ8rL5o9P4blRQhjF0ozQcK7+TWSIKzXhgdnkSI/UqjcT//P6qY6uvYyKJNVE4MWhKGVQx3DWAgypJFiziSEIS2p+hXiEJMLadLV0JeDTkinFXa1gnXTqNfey1rhvVJqNvJ4iOAVn4AK44Ao0wR1ogTbAIAUv4BW8Wc/Wu/VhfS5WC1aeOQFLsL5+AQVRmF0=</latexit>

j = 1, . . . , d2

3D tensor

<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1

<latexit sha1_base64="LWfEcHGol2XnSj3OD9Sef9oqV+o=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2Eg9qgXHGr7hxonXg5qUCO5qD80w9jkgoqDeFY657nJsbPsDKMcDot9VNNE0zGeEh7lkosqPaz+alTdGGVEEWxsiUNmqt/JzIstJ6IwHYKbEZ61ZuJ/3m91EQ3fsZkkhoqyWJRlHJkYjT7G4VMUWL4xBJMFLO3IjLCChNj01naEohpyYbirUawTtq1qndVrd/XK416Hk8RzuAcLsGDa2jAHTShBQSG8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUjsJQu</latexit>

d2

<latexit sha1_base64="ihsGg6CZYmOQi6V3M+Vo975Z/FM=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe40qGXAxjKi+YDkCHt7e8mS3b1jd08IZ36CrfZ2YuufsfWXuEmuMIkPBh7vzTAzL0g408Z1v53C2vrG5lZxu7Szu7d/UD48auk4VYQ2Scxj1QmwppxJ2jTMcNpJFMUi4LQdjG6nfvuJKs1i+WjGCfUFHkgWMYKNlR7C/mW/XHGr7gxolXg5qUCORr/80wtjkgoqDeFY667nJsbPsDKMcDop9VJNE0xGeEC7lkosqPaz2akTdGaVEEWxsiUNmql/JzIstB6LwHYKbIZ62ZuK/3nd1EQ3fsZkkhoqyXxRlHJkYjT9G4VMUWL42BJMFLO3IjLEChNj01nYEohJyYbiLUewSloXVe+qWruvVeq1PJ4inMApnIMH11CHO2hAEwgM4AVe4c15dt6dD+dz3lpw8pljWIDz9QslRJQv</latexit>

d3

<latexit sha1_base64="fE0lDvlvM9JryZMhOByqt4cUMVg=">AAACBXicbVC7SgNBFJ2NrxhfUUubxSBYhLArQVMGLLSMYB6QrOHuZDYZMzO7zMwKYdnaX7DV3k5s/Q5bv8RJsoVJPHDhcM69nMvxI0aVdpxvK7e2vrG5ld8u7Ozu7R8UD49aKowlJk0cslB2fFCEUUGammpGOpEkwH1G2v74euq3n4hUNBT3ehIRj8NQ0IBi0EZ66N0A59BPaPmxPE77xZJTcWawV4mbkRLK0OgXf3qDEMecCI0ZKNV1nUh7CUhNMSNpoRcrEgEew5B0DRXAifKS2depfWaUgR2E0ozQ9kz9e5EAV2rCfbPJQY/UsjcV//O6sQ5qXkJFFGsi8DwoiJmtQ3tagT2gkmDNJoYAltT8auMRSMDaFLWQ4vO0YEpxlytYJa2LintZqd5VS/VaVk8enaBTdI5cdIXq6BY1UBNhJNELekVv1rP1bn1Yn/PVnJXdHKMFWF+/g5qY1w==</latexit>

Γi,j,k

<latexit sha1_base64="2KI3MBh9WtwCDh3S8xSfAZQqRmk=">AAACCXicbVDLSsNAFJ34rPUVdelmsAguSkm0qBuh4MZlBfuANoTJZNoOnUzCzE2hhH6Bv+BW9+7ErV/h1i9x2mZhWw9cOJxzD/dygkRwDY7zba2tb2xubRd2irt7+weH9tFxU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwvJ/6rRFTmsfyCcYJ8yLSl7zHKQEj+baNh/gOu+VuGIMuh/6Vb5ecijMDXiVuTkooR923f0yWphGTQAXRuuM6CXgZUcCpYJNiN9UsIXRI+qxjqCQR0142+3yCz40S4l6szEjAM/VvIiOR1uMoMJsRgYFe9qbif14nhd6tl3GZpMAknR/qpQJDjKc14JArRkGMDSFUcfMrpgOiCAVT1sKVIJoUTSnucgWrpHlZca8r1cdqqVbN6ymgU3SGLpCLblANPaA6aiCKRugFvaI369l6tz6sz/nqmpVnTtACrK9fYhaYiQ==</latexit>

k = 1, . . . , d3

<latexit sha1_base64="wCImqYJB75LG9T2IbV93LfKSkxE=">AAACCHicbVDLSsNAFJ3UV62PRl26GSyCi1ISKepGKLhxWcE+oA1hMpm2Q2eSMHMjlNAf8Bfc6t6duPUv3PolTtssbOuBC4dz7uFeTpAIrsFxvq3CxubW9k5xt7S3f3BYto+O2zpOFWUtGotYdQOimeARawEHwbqJYkQGgnWC8d3M7zwxpXkcPcIkYZ4kw4gPOCVgJN8uc3yL3Wo/jEFXQ9/17YpTc+bA68TNSQXlaPr2j8nSVLIIqCBa91wnAS8jCjgVbFrqp5olhI7JkPUMjYhk2svmj0/xuVFCPIiVmQjwXP2byIjUeiIDsykJjPSqNxP/83opDG68jEdJCiyii0ODVGCI8awFHHLFKIiJIYQqbn7FdEQUoWC6WroSyGnJlOKuVrBO2pc196pWf6hXGvW8niI6RWfoArnoGjXQPWqiFqIoRS/oFb1Zz9a79WF9LlYLVp45QUuwvn4BAhuYWw==</latexit>

i = 1, . . . , d1
<latexit sha1_base64="oyTMf2WXiiV9jDmWFnp/c1oqwMk=">AAACCHicbVDLSsNAFJ3UV62PRl26GSyCi1KSUtSNUHDjsoJ9QBvCZDJpx85MwsxEKKE/4C+41b07cetfuPVLnLZZ2NYDFw7n3MO9nCBhVGnH+bYKG5tb2zvF3dLe/sFh2T467qg4lZi0ccxi2QuQIowK0tZUM9JLJEE8YKQbjG9nfveJSEVj8aAnCfE4GgoaUYy0kXy7/AhvoFsdhLFW1dCv+3bFqTlzwHXi5qQCcrR8+8dkccqJ0Jghpfquk2gvQ1JTzMi0NEgVSRAeoyHpGyoQJ8rL5o9P4blRQhjF0ozQcK7+TWSIKzXhgdnkSI/UqjcT//P6qY6uvYyKJNVE4MWhKGVQx3DWAgypJFiziSEIS2p+hXiEJMLadLV0JeDTkinFXa1gnXTqNfey1rhvVJqNvJ4iOAVn4AK44Ao0wR1ogTbAIAUv4BW8Wc/Wu/VhfS5WC1aeOQFLsL5+AQVRmF0=</latexit>

j = 1, . . . , d2

…

Useful for avoiding messy indexing in tensor operations, allows easy estimations of numerical complexity:

Matrix-Vector product:

<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1

<latexit sha1_base64="LWfEcHGol2XnSj3OD9Sef9oqV+o=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2Eg9qgXHGr7hxonXg5qUCO5qD80w9jkgoqDeFY657nJsbPsDKMcDot9VNNE0zGeEh7lkosqPaz+alTdGGVEEWxsiUNmqt/JzIstJ6IwHYKbEZ61ZuJ/3m91EQ3fsZkkhoqyWJRlHJkYjT7G4VMUWL4xBJMFLO3IjLCChNj01naEohpyYbirUawTtq1qndVrd/XK416Hk8RzuAcLsGDa2jAHTShBQSG8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUjsJQu</latexit>

d2
<latexit sha1_base64="UQ2u2WoM2gAXb48WRvxyIioE0wk=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tDoNgFe5ENI0QsLFMwHxAcoS9zSRZsrt37O4J8cgvsNXeTmz9N7b+EjfJFSbxwcDjvRlm5oUxZ9p43reT29jc2t7J7xb29g8Oj4rHJ00dJYpig0Y8Uu2QaORMYsMww7EdKyQi5NgKx/czv/WESrNIPppJjIEgQ8kGjBJjpfpdr1jyyt4c7jrxM1KCDLVe8afbj2giUBrKidYd34tNkBJlGOU4LXQTjTGhYzLEjqWSCNRBOj906l5Ype8OImVLGneu/p1IidB6IkLbKYgZ6VVvJv7ndRIzqAQpk3FiUNLFokHCXRO5s6/dPlNIDZ9YQqhi9laXjogi1NhslraEYlqwofirEayT5lXZvylf169L1UoWTx7O4BwuwYdbqMID1KABFBBe4BXenGfn3flwPhetOSebOYUlOF+/t1WTZg==</latexit>

=

<latexit sha1_base64="LWfEcHGol2XnSj3OD9Sef9oqV+o=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2Eg9qgXHGr7hxonXg5qUCO5qD80w9jkgoqDeFY657nJsbPsDKMcDot9VNNE0zGeEh7lkosqPaz+alTdGGVEEWxsiUNmqt/JzIstJ6IwHYKbEZ61ZuJ/3m91EQ3fsZkkhoqyWJRlHJkYjT7G4VMUWL4xBJMFLO3IjLCChNj01naEohpyYbirUawTtq1qndVrd/XK416Hk8RzuAcLsGDa2jAHTShBQSG8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUjsJQu</latexit>

d2

<latexit sha1_base64="gVrKxqdKaV/vR0N1kU1ca3XYfV0=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARuiqJFO2mUHDjRqhgL9DGMJlM2mlnkjAzKZSQV/AlfAW3uncn7sSdT+L0srCtPwz8fOcczpnfixmVyrK+jNzG5tb2Tn63sLd/cHhkHp+0ZJQITJo4YpHoeEgSRkPSVFQx0okFQdxjpO2Nbqb19pgISaPwQU1i4nDUD2lAMVIauWapJxPuprRmZ4+p79oZHLsU3mkyzGAN9hRlPtFs6JpFq2zNBNeNvTBFsFDDNX96foQTTkKFGZKya1uxclIkFMWMZIVeIkmM8Aj1SVfbEHEinXT2owxeaOLDIBL6hQrO6N+JFHEpJ9zTnRypgVytTeF/tW6igqqT0jBOFAnxfFGQMKgiOI0H+lQQrNhEG4QF1bdCPEACYaVDXNri8aygQ7FXI1g3rcuyfVWu3FeK9eoinjw4A+egBGxwDergFjRAE2DwBF7AK3gzno1348P4nLfmjMXMKViS8f0LV7OjSA==</latexit>

d1X

i=1

viMij = ṽj

<latexit sha1_base64="VCsdVZQgtQAavYZ0d57JzR41WWA=">AAACDHicbVDLSsNAFJ3UV62vaJduBotQNyUpRbssuHFnBfuANoTJZNoOnUnCzEQIIb/gL7jVvTtx6z+49UuctFnY1gMXDufcyz0cL2JUKsv6Nkpb2zu7e+X9ysHh0fGJeXrWl2EsMOnhkIVi6CFJGA1IT1HFyDASBHGPkYE3v839wRMRkobBo0oi4nA0DeiEYqS05JrVMUdqhhFL77O679q+27xyzZrVsBaAm8QuSA0U6Lrmz9gPccxJoDBDUo5sK1JOioSimJGsMo4liRCeoykZaRogTqSTLsJn8FIrPpyEQk+g4EL9e5EiLmXCPb2ZR5XrXi7+541iNWk7KQ2iWJEALx9NYgZVCPMmoE8FwYolmiAsqM4K8QwJhJXua+WLx7OKLsVer2CT9JsN+7rRemjVOu2injI4BxegDmxwAzrgDnRBD2CQgBfwCt6MZ+Pd+DA+l6slo7ipghUYX79HSprF</latexit>

O(d1d2) operations

Tensor-matrix contraction:

<latexit sha1_base64="2CwLBvzlRHX11P/oAK+6o/phL/A=">AAAB+HicbVA9SwNBEJ3zM8avqKXNYhCswp0EtQzYWCZgPiA5wt7eXLJk9+7Y3RNiyC+w1d5ObP03tv4SN8kVJvHBwOO9GWbmBang2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFMMmS0SiOgHVKHiMTcONwE6qkMpAYDsY3c/89hMqzZP40YxT9CUdxDzijBorNcJ+qexW3DnIOvFyUoYc9X7ppxcmLJMYGyao1l3PTY0/ocpwJnBa7GUaU8pGdIBdS2MqUfuT+aFTcmmVkESJshUbMlf/Tkyo1HosA9spqRnqVW8m/ud1MxPd+RMep5nBmC0WRZkgJiGzr0nIFTIjxpZQpri9lbAhVZQZm83SlkBOizYUbzWCddK6rng3lWqjWq5V83gKcA4XcAUe3EINHqAOTWCA8AKv8OY8O+/Oh/O5aN1w8pkzWILz9QvzrZOJ</latexit>

d

<latexit sha1_base64="2CwLBvzlRHX11P/oAK+6o/phL/A=">AAAB+HicbVA9SwNBEJ3zM8avqKXNYhCswp0EtQzYWCZgPiA5wt7eXLJk9+7Y3RNiyC+w1d5ObP03tv4SN8kVJvHBwOO9GWbmBang2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFMMmS0SiOgHVKHiMTcONwE6qkMpAYDsY3c/89hMqzZP40YxT9CUdxDzijBorNcJ+qexW3DnIOvFyUoYc9X7ppxcmLJMYGyao1l3PTY0/ocpwJnBa7GUaU8pGdIBdS2MqUfuT+aFTcmmVkESJshUbMlf/Tkyo1HosA9spqRnqVW8m/ud1MxPd+RMep5nBmC0WRZkgJiGzr0nIFTIjxpZQpri9lbAhVZQZm83SlkBOizYUbzWCddK6rng3lWqjWq5V83gKcA4XcAUe3EINHqAOTWCA8AKv8OY8O+/Oh/O5aN1w8pkzWILz9QvzrZOJ</latexit>

d

<latexit sha1_base64="ZYS6nwCEFesgQksMvMMrX4W3nX0=">AAAB+3icbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4rGC/YA2lM120yzd3YTdjVBC/oJXvXsTr/4Yr/4SN20OtvXBwOO9GWbmBQln2rjut7OxubW9s1vZq+4fHB4d105OuzpOFaEdEvNY9QOsKWeSdgwznPYTRbEIOO0F0/vC7z1TpVksn8wsob7AE8lCRrAppCGJ2KhWdxvuHGideCWpQ4n2qPYzHMckFVQawrHWA89NjJ9hZRjhNK8OU00TTKZ4QgeWSiyo9rP5rTm6tMoYhbGyJQ2aq38nMiy0nonAdgpsIr3qFeJ/3iA14Z2fMZmkhkqyWBSmHJkYFY+jMVOUGD6zBBPF7K2IRFhhYmw8S1sCkVdtKN5qBOuke93wbhrNx2a91SzjqcA5XMAVeHALLXiANnSAQAQv8ApvTu68Ox/O56J1wylnzmAJztcvPm6U0w==</latexit>

χ
<latexit sha1_base64="ZYS6nwCEFesgQksMvMMrX4W3nX0=">AAAB+3icbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4rGC/YA2lM120yzd3YTdjVBC/oJXvXsTr/4Yr/4SN20OtvXBwOO9GWbmBQln2rjut7OxubW9s1vZq+4fHB4d105OuzpOFaEdEvNY9QOsKWeSdgwznPYTRbEIOO0F0/vC7z1TpVksn8wsob7AE8lCRrAppCGJ2KhWdxvuHGideCWpQ4n2qPYzHMckFVQawrHWA89NjJ9hZRjhNK8OU00TTKZ4QgeWSiyo9rP5rTm6tMoYhbGyJQ2aq38nMiy0nonAdgpsIr3qFeJ/3iA14Z2fMZmkhkqyWBSmHJkYFY+jMVOUGD6zBBPF7K2IRFhhYmw8S1sCkVdtKN5qBOuke93wbhrNx2a91SzjqcA5XMAVeHALLXiANnSAQAQv8ApvTu68Ox/O56J1wylnzmAJztcvPm6U0w==</latexit>

χ

<latexit sha1_base64="UQ2u2WoM2gAXb48WRvxyIioE0wk=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tDoNgFe5ENI0QsLFMwHxAcoS9zSRZsrt37O4J8cgvsNXeTmz9N7b+EjfJFSbxwcDjvRlm5oUxZ9p43reT29jc2t7J7xb29g8Oj4rHJ00dJYpig0Y8Uu2QaORMYsMww7EdKyQi5NgKx/czv/WESrNIPppJjIEgQ8kGjBJjpfpdr1jyyt4c7jrxM1KCDLVe8afbj2giUBrKidYd34tNkBJlGOU4LXQTjTGhYzLEjqWSCNRBOj906l5Ype8OImVLGneu/p1IidB6IkLbKYgZ6VVvJv7ndRIzqAQpk3FiUNLFokHCXRO5s6/dPlNIDZ9YQqhi9laXjogi1NhslraEYlqwofirEayT5lXZvylf169L1UoWTx7O4BwuwYdbqMID1KABFBBe4BXenGfn3flwPhetOSebOYUlOF+/t1WTZg==</latexit>

=

<latexit sha1_base64="ZYS6nwCEFesgQksMvMMrX4W3nX0=">AAAB+3icbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4rGC/YA2lM120yzd3YTdjVBC/oJXvXsTr/4Yr/4SN20OtvXBwOO9GWbmBQln2rjut7OxubW9s1vZq+4fHB4d105OuzpOFaEdEvNY9QOsKWeSdgwznPYTRbEIOO0F0/vC7z1TpVksn8wsob7AE8lCRrAppCGJ2KhWdxvuHGideCWpQ4n2qPYzHMckFVQawrHWA89NjJ9hZRjhNK8OU00TTKZ4QgeWSiyo9rP5rTm6tMoYhbGyJQ2aq38nMiy0nonAdgpsIr3qFeJ/3iA14Z2fMZmkhkqyWBSmHJkYFY+jMVOUGD6zBBPF7K2IRFhhYmw8S1sCkVdtKN5qBOuke93wbhrNx2a91SzjqcA5XMAVeHALLXiANnSAQAQv8ApvTu68Ox/O56J1wylnzmAJztcvPm6U0w==</latexit>

χ
<latexit sha1_base64="ZYS6nwCEFesgQksMvMMrX4W3nX0=">AAAB+3icbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4rGC/YA2lM120yzd3YTdjVBC/oJXvXsTr/4Yr/4SN20OtvXBwOO9GWbmBQln2rjut7OxubW9s1vZq+4fHB4d105OuzpOFaEdEvNY9QOsKWeSdgwznPYTRbEIOO0F0/vC7z1TpVksn8wsob7AE8lCRrAppCGJ2KhWdxvuHGideCWpQ4n2qPYzHMckFVQawrHWA89NjJ9hZRjhNK8OU00TTKZ4QgeWSiyo9rP5rTm6tMoYhbGyJQ2aq38nMiy0nonAdgpsIr3qFeJ/3iA14Z2fMZmkhkqyWBSmHJkYFY+jMVOUGD6zBBPF7K2IRFhhYmw8S1sCkVdtKN5qBOuke93wbhrNx2a91SzjqcA5XMAVeHALLXiANnSAQAQv8ApvTu68Ox/O56J1wylnzmAJztcvPm6U0w==</latexit>

χ

<latexit sha1_base64="2CwLBvzlRHX11P/oAK+6o/phL/A=">AAAB+HicbVA9SwNBEJ3zM8avqKXNYhCswp0EtQzYWCZgPiA5wt7eXLJk9+7Y3RNiyC+w1d5ObP03tv4SN8kVJvHBwOO9GWbmBang2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFMMmS0SiOgHVKHiMTcONwE6qkMpAYDsY3c/89hMqzZP40YxT9CUdxDzijBorNcJ+qexW3DnIOvFyUoYc9X7ppxcmLJMYGyao1l3PTY0/ocpwJnBa7GUaU8pGdIBdS2MqUfuT+aFTcmmVkESJshUbMlf/Tkyo1HosA9spqRnqVW8m/ud1MxPd+RMep5nBmC0WRZkgJiGzr0nIFTIjxpZQpri9lbAhVZQZm83SlkBOizYUbzWCddK6rng3lWqjWq5V83gKcA4XcAUe3EINHqAOTWCA8AKv8OY8O+/Oh/O5aN1w8pkzWILz9QvzrZOJ</latexit>

d

<latexit sha1_base64="cnE48Vi+2pnU6kaDqJD8h/xUvdM=">AAACD3icbVDLSsNAFJ34rPUVFdy4GSxC3ZSkFO2y4MadFewDmrRMJtN26GQSZiZCifkIf8Gt7t2JWz/BrV/ipM3Cth64cDjnXu7heBGjUlnWt7G2vrG5tV3YKe7u7R8cmkfHbRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl4k5vM7zwSIWnIH9Q0Im6ARpwOKUZKSwPz1AmQGmPEkru07PerDh7TfvVyYJasijUDXCV2TkogR3Ng/jh+iOOAcIUZkrJnW5FyEyQUxYykRSeWJEJ4gkakpylHAZFuMsufwgut+HAYCj1cwZn69yJBgZTTwNObWVq57GXif14vVsO6m1AexYpwPH80jBlUIczKgD4VBCs21QRhQXVWiMdIIKx0ZQtfvCAt6lLs5QpWSbtasa8qtftaqVHP6ymAM3AOysAG16ABbkETtAAGT+AFvII349l4Nz6Mz/nqmpHfnIAFGF+/pX2cDg==</latexit>

O(d2χ2) operations

SVD:

<latexit sha1_base64="UQ2u2WoM2gAXb48WRvxyIioE0wk=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tDoNgFe5ENI0QsLFMwHxAcoS9zSRZsrt37O4J8cgvsNXeTmz9N7b+EjfJFSbxwcDjvRlm5oUxZ9p43reT29jc2t7J7xb29g8Oj4rHJ00dJYpig0Y8Uu2QaORMYsMww7EdKyQi5NgKx/czv/WESrNIPppJjIEgQ8kGjBJjpfpdr1jyyt4c7jrxM1KCDLVe8afbj2giUBrKidYd34tNkBJlGOU4LXQTjTGhYzLEjqWSCNRBOj906l5Ype8OImVLGneu/p1IidB6IkLbKYgZ6VVvJv7ndRIzqAQpk3FiUNLFokHCXRO5s6/dPlNIDZ9YQqhi9laXjogi1NhslraEYlqwofirEayT5lXZvylf169L1UoWTx7O4BwuwYdbqMID1KABFBBe4BXenGfn3flwPhetOSebOYUlOF+/t1WTZg==</latexit>

=

<latexit sha1_base64="54yzAZrWHp+OyGCaQ8I1W6VVeFA=">AAACF3icbZDNSsNAFIUn/tb6F3UpyGARXJVEinYjFLpxWdG0hSaWyWTSDp1JwsxEKCE7X8JXcKt7d+LWpVufxGnahW09MPBx7r3cO8dPGJXKsr6NldW19Y3N0lZ5e2d3b988OGzLOBWYODhmsej6SBJGI+IoqhjpJoIg7jPS8UfNSb3zSISkcXSvxgnxOBpENKQYKW31zZPM9UOYNfMcXsOCHZjd5bCdP7gBGvTNilW1CsFlsGdQATO1+uaPG8Q45SRSmCEpe7aVKC9DQlHMSF52U0kShEdoQHoaI8SJ9LLiHzk8004Aw1joFylYuH8nMsSlHHNfd3KkhnKxNjH/q/VSFda9jEZJqkiEp4vClEEVw0koMKCCYMXGGhAWVN8K8RAJhJWObm6Lz/OyDsVejGAZ2hdV+7Jau61VGvVZPCVwDE7BObDBFWiAG9ACDsDgCbyAV/BmPBvvxofxOW1dMWYzR2BOxtcv2wqeyA==</latexit>

C = USV
†

<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1
<latexit sha1_base64="LWfEcHGol2XnSj3OD9Sef9oqV+o=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2Eg9qgXHGr7hxonXg5qUCO5qD80w9jkgoqDeFY657nJsbPsDKMcDot9VNNE0zGeEh7lkosqPaz+alTdGGVEEWxsiUNmqt/JzIstJ6IwHYKbEZ61ZuJ/3m91EQ3fsZkkhoqyWJRlHJkYjT7G4VMUWL4xBJMFLO3IjLCChNj01naEohpyYbirUawTtq1qndVrd/XK416Hk8RzuAcLsGDa2jAHTShBQSG8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUjsJQu</latexit>

d2
<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1
<latexit sha1_base64="LWfEcHGol2XnSj3OD9Sef9oqV+o=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2Eg9qgXHGr7hxonXg5qUCO5qD80w9jkgoqDeFY657nJsbPsDKMcDot9VNNE0zGeEh7lkosqPaz+alTdGGVEEWxsiUNmqt/JzIstJ6IwHYKbEZ61ZuJ/3m91EQ3fsZkkhoqyWJRlHJkYjT7G4VMUWL4xBJMFLO3IjLCChNj01naEohpyYbirUawTtq1qndVrd/XK416Hk8RzuAcLsGDa2jAHTShBQSG8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUjsJQu</latexit>

d2

<latexit sha1_base64="TJ0sS1DEkx+d2VT/zxHuLSkQzUE=">AAACBHicbVDLSsNAFL3xWeur6tJNsAgVpCSlqMuCG5cV7APaECaTSTt0ZhJnJkIJ3foLbnXvTtz6H279EqdtFrb1wIXDOfdyLidIGFXacb6ttfWNza3twk5xd2//4LB0dNxWcSoxaeGYxbIbIEUYFaSlqWakm0iCeMBIJxjdTv3OE5GKxuJBjxPicTQQNKIYaSN5fU5FJfTdy9CvXfilslN1ZrBXiZuTMuRo+qWffhjjlBOhMUNK9Vwn0V6GpKaYkUmxnyqSIDxCA9IzVCBOlJfNnp7Y50YJ7SiWZoS2Z+rfiwxxpcY8MJsc6aFa9qbif14v1dGNl1GRpJoIPA+KUmbr2J42YIdUEqzZ2BCEJTW/2niIJMLa9LSQEvBJ0ZTiLlewStq1qntVrd/Xy416Xk8BTuEMKuDCNTTgDprQAgyP8AKv8GY9W+/Wh/U5X12z8psTWID19QuGr5ej</latexit>

min(d1, d2)

Depending on algorithm, usually
<latexit sha1_base64="Ty2BuvmTx352mKqi/TAMSuCUJOs=">AAACHnicbVDLSgMxFM3UV62vqks3wVJoQcpMKdplwY07K9gH9DFkMmkbmmSGJCOUoV/gT/gLbnXvTtzq1i8x085CWw+EHM65l3vv8UJGlbbtLyuzsbm1vZPdze3tHxwe5Y9P2iqIJCYtHLBAdj2kCKOCtDTVjHRDSRD3GOl40+vE7zwQqWgg7vUsJAOOxoKOKEbaSG6+2OdITzBi8e281OdUlHzXGVZ9t3phCDT/sFouu/mCXbEXgOvESUkBpGi6+e++H+CIE6ExQ0r1HDvUgxhJTTEj81w/UiREeIrGpGeoQJyoQbw4Zw6LRvHhKJDmCQ0X6u+OGHGlZtwzlcnyatVLxP+8XqRH9UFMRRhpIvBy0ChiUAcwyQb6VBKs2cwQhCU1u0I8QRJhbRL8M8Xj85wJxVmNYJ20qxXnslK7qxUa9TSeLDgD56AEHHAFGuAGNEELYPAInsELeLWerDfr3fpYlmastOcU/IH1+QPmjqC/</latexit>

O(min(d2
1
d2, d1d

2

2
))

Many useful tensor libraries available, e.g. https://itensor.org/ (Julia/C++)

https://itensor.org/


Lecture 3 - Matrix product states (MPS)

Tensor-matrix contraction:

<latexit sha1_base64="2CwLBvzlRHX11P/oAK+6o/phL/A=">AAAB+HicbVA9SwNBEJ3zM8avqKXNYhCswp0EtQzYWCZgPiA5wt7eXLJk9+7Y3RNiyC+w1d5ObP03tv4SN8kVJvHBwOO9GWbmBang2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFMMmS0SiOgHVKHiMTcONwE6qkMpAYDsY3c/89hMqzZP40YxT9CUdxDzijBorNcJ+qexW3DnIOvFyUoYc9X7ppxcmLJMYGyao1l3PTY0/ocpwJnBa7GUaU8pGdIBdS2MqUfuT+aFTcmmVkESJshUbMlf/Tkyo1HosA9spqRnqVW8m/ud1MxPd+RMep5nBmC0WRZkgJiGzr0nIFTIjxpZQpri9lbAhVZQZm83SlkBOizYUbzWCddK6rng3lWqjWq5V83gKcA4XcAUe3EINHqAOTWCA8AKv8OY8O+/Oh/O5aN1w8pkzWILz9QvzrZOJ</latexit>

d

<latexit sha1_base64="2CwLBvzlRHX11P/oAK+6o/phL/A=">AAAB+HicbVA9SwNBEJ3zM8avqKXNYhCswp0EtQzYWCZgPiA5wt7eXLJk9+7Y3RNiyC+w1d5ObP03tv4SN8kVJvHBwOO9GWbmBang2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFMMmS0SiOgHVKHiMTcONwE6qkMpAYDsY3c/89hMqzZP40YxT9CUdxDzijBorNcJ+qexW3DnIOvFyUoYc9X7ppxcmLJMYGyao1l3PTY0/ocpwJnBa7GUaU8pGdIBdS2MqUfuT+aFTcmmVkESJshUbMlf/Tkyo1HosA9spqRnqVW8m/ud1MxPd+RMep5nBmC0WRZkgJiGzr0nIFTIjxpZQpri9lbAhVZQZm83SlkBOizYUbzWCddK6rng3lWqjWq5V83gKcA4XcAUe3EINHqAOTWCA8AKv8OY8O+/Oh/O5aN1w8pkzWILz9QvzrZOJ</latexit>

d

<latexit sha1_base64="ZYS6nwCEFesgQksMvMMrX4W3nX0=">AAAB+3icbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4rGC/YA2lM120yzd3YTdjVBC/oJXvXsTr/4Yr/4SN20OtvXBwOO9GWbmBQln2rjut7OxubW9s1vZq+4fHB4d105OuzpOFaEdEvNY9QOsKWeSdgwznPYTRbEIOO0F0/vC7z1TpVksn8wsob7AE8lCRrAppCGJ2KhWdxvuHGideCWpQ4n2qPYzHMckFVQawrHWA89NjJ9hZRjhNK8OU00TTKZ4QgeWSiyo9rP5rTm6tMoYhbGyJQ2aq38nMiy0nonAdgpsIr3qFeJ/3iA14Z2fMZmkhkqyWBSmHJkYFY+jMVOUGD6zBBPF7K2IRFhhYmw8S1sCkVdtKN5qBOuke93wbhrNx2a91SzjqcA5XMAVeHALLXiANnSAQAQv8ApvTu68Ox/O56J1wylnzmAJztcvPm6U0w==</latexit>

χ
<latexit sha1_base64="ZYS6nwCEFesgQksMvMMrX4W3nX0=">AAAB+3icbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4rGC/YA2lM120yzd3YTdjVBC/oJXvXsTr/4Yr/4SN20OtvXBwOO9GWbmBQln2rjut7OxubW9s1vZq+4fHB4d105OuzpOFaEdEvNY9QOsKWeSdgwznPYTRbEIOO0F0/vC7z1TpVksn8wsob7AE8lCRrAppCGJ2KhWdxvuHGideCWpQ4n2qPYzHMckFVQawrHWA89NjJ9hZRjhNK8OU00TTKZ4QgeWSiyo9rP5rTm6tMoYhbGyJQ2aq38nMiy0nonAdgpsIr3qFeJ/3iA14Z2fMZmkhkqyWBSmHJkYFY+jMVOUGD6zBBPF7K2IRFhhYmw8S1sCkVdtKN5qBOuke93wbhrNx2a91SzjqcA5XMAVeHALLXiANnSAQAQv8ApvTu68Ox/O56J1wylnzmAJztcvPm6U0w==</latexit>

χ

<latexit sha1_base64="UQ2u2WoM2gAXb48WRvxyIioE0wk=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tDoNgFe5ENI0QsLFMwHxAcoS9zSRZsrt37O4J8cgvsNXeTmz9N7b+EjfJFSbxwcDjvRlm5oUxZ9p43reT29jc2t7J7xb29g8Oj4rHJ00dJYpig0Y8Uu2QaORMYsMww7EdKyQi5NgKx/czv/WESrNIPppJjIEgQ8kGjBJjpfpdr1jyyt4c7jrxM1KCDLVe8afbj2giUBrKidYd34tNkBJlGOU4LXQTjTGhYzLEjqWSCNRBOj906l5Ype8OImVLGneu/p1IidB6IkLbKYgZ6VVvJv7ndRIzqAQpk3FiUNLFokHCXRO5s6/dPlNIDZ9YQqhi9laXjogi1NhslraEYlqwofirEayT5lXZvylf169L1UoWTx7O4BwuwYdbqMID1KABFBBe4BXenGfn3flwPhetOSebOYUlOF+/t1WTZg==</latexit>

=

<latexit sha1_base64="ZYS6nwCEFesgQksMvMMrX4W3nX0=">AAAB+3icbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4rGC/YA2lM120yzd3YTdjVBC/oJXvXsTr/4Yr/4SN20OtvXBwOO9GWbmBQln2rjut7OxubW9s1vZq+4fHB4d105OuzpOFaEdEvNY9QOsKWeSdgwznPYTRbEIOO0F0/vC7z1TpVksn8wsob7AE8lCRrAppCGJ2KhWdxvuHGideCWpQ4n2qPYzHMckFVQawrHWA89NjJ9hZRjhNK8OU00TTKZ4QgeWSiyo9rP5rTm6tMoYhbGyJQ2aq38nMiy0nonAdgpsIr3qFeJ/3iA14Z2fMZmkhkqyWBSmHJkYFY+jMVOUGD6zBBPF7K2IRFhhYmw8S1sCkVdtKN5qBOuke93wbhrNx2a91SzjqcA5XMAVeHALLXiANnSAQAQv8ApvTu68Ox/O56J1wylnzmAJztcvPm6U0w==</latexit>

χ
<latexit sha1_base64="ZYS6nwCEFesgQksMvMMrX4W3nX0=">AAAB+3icbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4rGC/YA2lM120yzd3YTdjVBC/oJXvXsTr/4Yr/4SN20OtvXBwOO9GWbmBQln2rjut7OxubW9s1vZq+4fHB4d105OuzpOFaEdEvNY9QOsKWeSdgwznPYTRbEIOO0F0/vC7z1TpVksn8wsob7AE8lCRrAppCGJ2KhWdxvuHGideCWpQ4n2qPYzHMckFVQawrHWA89NjJ9hZRjhNK8OU00TTKZ4QgeWSiyo9rP5rTm6tMoYhbGyJQ2aq38nMiy0nonAdgpsIr3qFeJ/3iA14Z2fMZmkhkqyWBSmHJkYFY+jMVOUGD6zBBPF7K2IRFhhYmw8S1sCkVdtKN5qBOuke93wbhrNx2a91SzjqcA5XMAVeHALLXiANnSAQAQv8ApvTu68Ox/O56J1wylnzmAJztcvPm6U0w==</latexit>

χ

<latexit sha1_base64="2CwLBvzlRHX11P/oAK+6o/phL/A=">AAAB+HicbVA9SwNBEJ3zM8avqKXNYhCswp0EtQzYWCZgPiA5wt7eXLJk9+7Y3RNiyC+w1d5ObP03tv4SN8kVJvHBwOO9GWbmBang2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFMMmS0SiOgHVKHiMTcONwE6qkMpAYDsY3c/89hMqzZP40YxT9CUdxDzijBorNcJ+qexW3DnIOvFyUoYc9X7ppxcmLJMYGyao1l3PTY0/ocpwJnBa7GUaU8pGdIBdS2MqUfuT+aFTcmmVkESJshUbMlf/Tkyo1HosA9spqRnqVW8m/ud1MxPd+RMep5nBmC0WRZkgJiGzr0nIFTIjxpZQpri9lbAhVZQZm83SlkBOizYUbzWCddK6rng3lWqjWq5V83gKcA4XcAUe3EINHqAOTWCA8AKv8OY8O+/Oh/O5aN1w8pkzWILz9QvzrZOJ</latexit>

d

<latexit sha1_base64="cnE48Vi+2pnU6kaDqJD8h/xUvdM=">AAACD3icbVDLSsNAFJ34rPUVFdy4GSxC3ZSkFO2y4MadFewDmrRMJtN26GQSZiZCifkIf8Gt7t2JWz/BrV/ipM3Cth64cDjnXu7heBGjUlnWt7G2vrG5tV3YKe7u7R8cmkfHbRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl4k5vM7zwSIWnIH9Q0Im6ARpwOKUZKSwPz1AmQGmPEkru07PerDh7TfvVyYJasijUDXCV2TkogR3Ng/jh+iOOAcIUZkrJnW5FyEyQUxYykRSeWJEJ4gkakpylHAZFuMsufwgut+HAYCj1cwZn69yJBgZTTwNObWVq57GXif14vVsO6m1AexYpwPH80jBlUIczKgD4VBCs21QRhQXVWiMdIIKx0ZQtfvCAt6lLs5QpWSbtasa8qtftaqVHP6ymAM3AOysAG16ABbkETtAAGT+AFvII349l4Nz6Mz/nqmpHfnIAFGF+/pX2cDg==</latexit>

O(d2χ2) operations

Many useful tensor libraries available, e.g. https://itensor.org/ (Julia/C++)

A

B

C

https://itensor.org/


Many-body quantum state (local dimension d):

Lecture 3 - Matrix product states (MPS)

= |ψi

<latexit sha1_base64="IFbluJ3fH8rRQZl3OdNVZ53cMNg=">AAAB+nicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHgxWNF+wHtUrJptg1NskuSFcran+BV797Eq3/Gq7/EtN2DbX0w8Hhvhpl5YSK4sZ73jdbWNza3tgs7xd29/YPD0tFx08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDv1W09MGx6rRztOWCDJQPGIU2Kd9MB7fq9U9ireDHiV+DkpQ456r/TT7cc0lUxZKogxHd9LbJARbTkVbFLspoYlhI7IgHUcVUQyE2SzUyf43Cl9HMXalbJ4pv6dyIg0ZixD1ymJHZplbyr+53VSG90EGVdJapmi80VRKrCN8fRv3OeaUSvGjhCqubsV0yHRhFqXzsKWUE6KLhR/OYJV0rys+FeV6n21XKvm8RTgFM7gAny4hhrcQR0aQGEAL/AKb+gZvaMP9DlvXUP5zAksAH39AioKlDI=</latexit>

i1
<latexit sha1_base64="/NuPcdxKJby/rhD2wDm3c0+K9aY=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfY2e8mS3b1jd08IZ36CrfZ2YuufsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzO/c4TVZpF8tFMY+oLPJIsZAQbKz2wQW1QrrhVNwNaJ15OKpCjOSj/9IcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPtpduoMXVhliMJI2ZIGZerfiRQLracisJ0Cm7Fe9ebif14vMeGNnzIZJ4ZKslgUJhyZCM3/RkOmKDF8agkmitlbERljhYmx6SxtCcSsZEPxViNYJ+1a1buq1u/rlUY9j6cIZ3AOl+DBNTTgDprQAgIjeIFXeHOenXfnw/lctBacfOYUluB8/QIrnpQz</latexit>

i2
<latexit sha1_base64="Vpi3ICmVJr5TbQAPypxYLVmLwk8=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxkaIaD4gOcLeZi9Zsrt37O4J4cxPsNXeTmz9M7b+EjeXK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Obmd9+okqzSD6aSUx9gYeShYxgY6UH1r/rlytu1c2AVomXkwrkaPTLP71BRBJBpSEca9313Nj4KVaGEU6npV6iaYzJGA9p11KJBdV+mp06RWdWGaAwUrakQZn6dyLFQuuJCGynwGakl72Z+J/XTUx47adMxomhkswXhQlHJkKzv9GAKUoMn1iCiWL2VkRGWGFibDoLWwIxLdlQvOUIVknroupdVmv3tUq9lsdThBM4hXPw4ArqcAsNaAKBIbzAK7w5z8678+F8zlsLTj5zDAtwvn4BVjqUTg==</latexit>

iM

<latexit sha1_base64="m7m1b1gINvT2ELi7c/UE13ciDvI="></latexit>

|ψi =
dX

i1,i2,...,iM=1

ci1,i2,...,iM |i1, i2,· · ·M i

Matrix product state:

<latexit sha1_base64="Vpi3ICmVJr5TbQAPypxYLVmLwk8=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxkaIaD4gOcLeZi9Zsrt37O4J4cxPsNXeTmz9M7b+EjeXK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Obmd9+okqzSD6aSUx9gYeShYxgY6UH1r/rlytu1c2AVomXkwrkaPTLP71BRBJBpSEca9313Nj4KVaGEU6npV6iaYzJGA9p11KJBdV+mp06RWdWGaAwUrakQZn6dyLFQuuJCGynwGakl72Z+J/XTUx47adMxomhkswXhQlHJkKzv9GAKUoMn1iCiWL2VkRGWGFibDoLWwIxLdlQvOUIVknroupdVmv3tUq9lsdThBM4hXPw4ArqcAsNaAKBIbzAK7w5z8678+F8zlsLTj5zDAtwvn4BVjqUTg==</latexit>

iM
<latexit sha1_base64="/NuPcdxKJby/rhD2wDm3c0+K9aY=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfY2e8mS3b1jd08IZ36CrfZ2YuufsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzO/c4TVZpF8tFMY+oLPJIsZAQbKz2wQW1QrrhVNwNaJ15OKpCjOSj/9IcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPtpduoMXVhliMJI2ZIGZerfiRQLracisJ0Cm7Fe9ebif14vMeGNnzIZJ4ZKslgUJhyZCM3/RkOmKDF8agkmitlbERljhYmx6SxtCcSsZEPxViNYJ+1a1buq1u/rlUY9j6cIZ3AOl+DBNTTgDprQAgIjeIFXeHOenXfnw/lctBacfOYUluB8/QIrnpQz</latexit>

i2
<latexit sha1_base64="IFbluJ3fH8rRQZl3OdNVZ53cMNg=">AAAB+nicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHgxWNF+wHtUrJptg1NskuSFcran+BV797Eq3/Gq7/EtN2DbX0w8Hhvhpl5YSK4sZ73jdbWNza3tgs7xd29/YPD0tFx08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDv1W09MGx6rRztOWCDJQPGIU2Kd9MB7fq9U9ireDHiV+DkpQ456r/TT7cc0lUxZKogxHd9LbJARbTkVbFLspoYlhI7IgHUcVUQyE2SzUyf43Cl9HMXalbJ4pv6dyIg0ZixD1ymJHZplbyr+53VSG90EGVdJapmi80VRKrCN8fRv3OeaUSvGjhCqubsV0yHRhFqXzsKWUE6KLhR/OYJV0rys+FeV6n21XKvm8RTgFM7gAny4hhrcQR0aQGEAL/AKb+gZvaMP9DlvXUP5zAksAH39AioKlDI=</latexit>

i1
<latexit sha1_base64="4Wq0g665HtWyjsy0huHnF9XwR2E=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe70UMuAjWVE8wHJEfY2e8mS3b1jd08IZ36CrfZ2YuufsfWXuEmuMIkPBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48auo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVjm6nfuuJKs1i+WjGCQ0EHkgWMYKNlR5Y77JXrrhVdwa0SrycVCBHvVf+6fZjkgoqDeFY647nJibIsDKMcDopdVNNE0xGeEA7lkosqA6y2akTdGaVPopiZUsaNFP/TmRYaD0Woe0U2Az1sjcV//M6qYlugozJJDVUkvmiKOXIxGj6N+ozRYnhY0swUczeisgQK0yMTWdhSygmJRuKtxzBKmleVL2rqn/vV2p+Hk8RTuAUzsGDa6jBHdShAQQG8AKv8OY8O+/Oh/M5by04+cwxLMD5+gUtMpQ0</latexit>

i3

… can be done iteratively with SVDs

combine indices 2,…,M

<latexit sha1_base64="UQ2u2WoM2gAXb48WRvxyIioE0wk=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tDoNgFe5ENI0QsLFMwHxAcoS9zSRZsrt37O4J8cgvsNXeTmz9N7b+EjfJFSbxwcDjvRlm5oUxZ9p43reT29jc2t7J7xb29g8Oj4rHJ00dJYpig0Y8Uu2QaORMYsMww7EdKyQi5NgKx/czv/WESrNIPppJjIEgQ8kGjBJjpfpdr1jyyt4c7jrxM1KCDLVe8afbj2giUBrKidYd34tNkBJlGOU4LXQTjTGhYzLEjqWSCNRBOj906l5Ype8OImVLGneu/p1IidB6IkLbKYgZ6VVvJv7ndRIzqAQpk3FiUNLFokHCXRO5s6/dPlNIDZ9YQqhi9laXjogi1NhslraEYlqwofirEayT5lXZvylf169L1UoWTx7O4BwuwYdbqMID1KABFBBe4BXenGfn3flwPhetOSebOYUlOF+/t1WTZg==</latexit>

=

iterate this

<latexit sha1_base64="2CwLBvzlRHX11P/oAK+6o/phL/A=">AAAB+HicbVA9SwNBEJ3zM8avqKXNYhCswp0EtQzYWCZgPiA5wt7eXLJk9+7Y3RNiyC+w1d5ObP03tv4SN8kVJvHBwOO9GWbmBang2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFMMmS0SiOgHVKHiMTcONwE6qkMpAYDsY3c/89hMqzZP40YxT9CUdxDzijBorNcJ+qexW3DnIOvFyUoYc9X7ppxcmLJMYGyao1l3PTY0/ocpwJnBa7GUaU8pGdIBdS2MqUfuT+aFTcmmVkESJshUbMlf/Tkyo1HosA9spqRnqVW8m/ud1MxPd+RMep5nBmC0WRZkgJiGzr0nIFTIjxpZQpri9lbAhVZQZm83SlkBOizYUbzWCddK6rng3lWqjWq5V83gKcA4XcAUe3EINHqAOTWCA8AKv8OY8O+/Oh/O5aN1w8pkzWILz9QvzrZOJ</latexit>

d

<latexit sha1_base64="2CwLBvzlRHX11P/oAK+6o/phL/A=">AAAB+HicbVA9SwNBEJ3zM8avqKXNYhCswp0EtQzYWCZgPiA5wt7eXLJk9+7Y3RNiyC+w1d5ObP03tv4SN8kVJvHBwOO9GWbmBang2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFMMmS0SiOgHVKHiMTcONwE6qkMpAYDsY3c/89hMqzZP40YxT9CUdxDzijBorNcJ+qexW3DnIOvFyUoYc9X7ppxcmLJMYGyao1l3PTY0/ocpwJnBa7GUaU8pGdIBdS2MqUfuT+aFTcmmVkESJshUbMlf/Tkyo1HosA9spqRnqVW8m/ud1MxPd+RMep5nBmC0WRZkgJiGzr0nIFTIjxpZQpri9lbAhVZQZm83SlkBOizYUbzWCddK6rng3lWqjWq5V83gKcA4XcAUe3EINHqAOTWCA8AKv8OY8O+/Oh/O5aN1w8pkzWILz9QvzrZOJ</latexit>

d
<latexit sha1_base64="2CwLBvzlRHX11P/oAK+6o/phL/A=">AAAB+HicbVA9SwNBEJ3zM8avqKXNYhCswp0EtQzYWCZgPiA5wt7eXLJk9+7Y3RNiyC+w1d5ObP03tv4SN8kVJvHBwOO9GWbmBang2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFMMmS0SiOgHVKHiMTcONwE6qkMpAYDsY3c/89hMqzZP40YxT9CUdxDzijBorNcJ+qexW3DnIOvFyUoYc9X7ppxcmLJMYGyao1l3PTY0/ocpwJnBa7GUaU8pGdIBdS2MqUfuT+aFTcmmVkESJshUbMlf/Tkyo1HosA9spqRnqVW8m/ud1MxPd+RMep5nBmC0WRZkgJiGzr0nIFTIjxpZQpri9lbAhVZQZm83SlkBOizYUbzWCddK6rng3lWqjWq5V83gKcA4XcAUe3EINHqAOTWCA8AKv8OY8O+/Oh/O5aN1w8pkzWILz9QvzrZOJ</latexit>

d



Lecture 3 - Matrix product states (MPS)
<latexit sha1_base64="m7m1b1gINvT2ELi7c/UE13ciDvI="></latexit>

|ψi =
dX

i1,i2,...,iM=1

ci1,i2,...,iM |i1, i2,· · ·M i

Matrix product state:

<latexit sha1_base64="Vpi3ICmVJr5TbQAPypxYLVmLwk8=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxkaIaD4gOcLeZi9Zsrt37O4J4cxPsNXeTmz9M7b+EjeXK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Obmd9+okqzSD6aSUx9gYeShYxgY6UH1r/rlytu1c2AVomXkwrkaPTLP71BRBJBpSEca9313Nj4KVaGEU6npV6iaYzJGA9p11KJBdV+mp06RWdWGaAwUrakQZn6dyLFQuuJCGynwGakl72Z+J/XTUx47adMxomhkswXhQlHJkKzv9GAKUoMn1iCiWL2VkRGWGFibDoLWwIxLdlQvOUIVknroupdVmv3tUq9lsdThBM4hXPw4ArqcAsNaAKBIbzAK7w5z8678+F8zlsLTj5zDAtwvn4BVjqUTg==</latexit>

iM
<latexit sha1_base64="/NuPcdxKJby/rhD2wDm3c0+K9aY=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfY2e8mS3b1jd08IZ36CrfZ2YuufsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzO/c4TVZpF8tFMY+oLPJIsZAQbKz2wQW1QrrhVNwNaJ15OKpCjOSj/9IcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPtpduoMXVhliMJI2ZIGZerfiRQLracisJ0Cm7Fe9ebif14vMeGNnzIZJ4ZKslgUJhyZCM3/RkOmKDF8agkmitlbERljhYmx6SxtCcSsZEPxViNYJ+1a1buq1u/rlUY9j6cIZ3AOl+DBNTTgDprQAgIjeIFXeHOenXfnw/lctBacfOYUluB8/QIrnpQz</latexit>

i2
<latexit sha1_base64="IFbluJ3fH8rRQZl3OdNVZ53cMNg=">AAAB+nicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHgxWNF+wHtUrJptg1NskuSFcran+BV797Eq3/Gq7/EtN2DbX0w8Hhvhpl5YSK4sZ73jdbWNza3tgs7xd29/YPD0tFx08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDv1W09MGx6rRztOWCDJQPGIU2Kd9MB7fq9U9ireDHiV+DkpQ456r/TT7cc0lUxZKogxHd9LbJARbTkVbFLspoYlhI7IgHUcVUQyE2SzUyf43Cl9HMXalbJ4pv6dyIg0ZixD1ymJHZplbyr+53VSG90EGVdJapmi80VRKrCN8fRv3OeaUSvGjhCqubsV0yHRhFqXzsKWUE6KLhR/OYJV0rys+FeV6n21XKvm8RTgFM7gAny4hhrcQR0aQGEAL/AKb+gZvaMP9DlvXUP5zAksAH39AioKlDI=</latexit>

i1
<latexit sha1_base64="4Wq0g665HtWyjsy0huHnF9XwR2E=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe70UMuAjWVE8wHJEfY2e8mS3b1jd08IZ36CrfZ2YuufsfWXuEmuMIkPBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48auo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVjm6nfuuJKs1i+WjGCQ0EHkgWMYKNlR5Y77JXrrhVdwa0SrycVCBHvVf+6fZjkgoqDeFY647nJibIsDKMcDopdVNNE0xGeEA7lkosqA6y2akTdGaVPopiZUsaNFP/TmRYaD0Woe0U2Az1sjcV//M6qYlugozJJDVUkvmiKOXIxGj6N+ozRYnhY0swUczeisgQK0yMTWdhSygmJRuKtxzBKmleVL2rqn/vV2p+Hk8RTuAUzsGDa6jBHdShAQQG8AKv8OY8O+/Oh/M5by04+cwxLMD5+gUtMpQ0</latexit>

i3

Note 1: Diagonal singular value matrices can be multiplied into other tensors

Note 2: Another way to think about this decomposition:

“Matrices of kets”

 !
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[2][1] [M ]

Matrix product

Hence the name: Matrix product state
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<latexit sha1_base64="Dw0K3UTQGaTjO7YSjBdlD/lG490=">AAAB+HicbVA9TwJBEJ3zE/ELtbTZSEyoyJ1RtCSxsYREPhK4kL1lgA17e5fdPRO88Atstbcztv4bW3+JC1wh4EsmeXlvJjPzglhwbVz329nY3Nre2c3t5fcPDo+OCyenTR0limGDRSJS7YBqFFxiw3AjsB0rpGEgsBWM72d+6wmV5pF8NJMY/ZAOJR9wRo2V6qVeoeiW3TnIOvEyUoQMtV7hp9uPWBKiNExQrTueGxs/pcpwJnCa7yYaY8rGdIgdSyUNUfvp/NApubRKnwwiZUsaMlf/TqQ01HoSBrYzpGakV72Z+J/XSczgzk+5jBODki0WDRJBTERmX5M+V8iMmFhCmeL2VsJGVFFmbDZLW4JwmreheKsRrJPmVdmrlG/q18VqJYsnB+dwASXw4Baq8AA1aAADhBd4hTfn2Xl3PpzPReuGk82cwRKcr1+V6ZNQ</latexit>

(
<latexit sha1_base64="Dw0K3UTQGaTjO7YSjBdlD/lG490=">AAAB+HicbVA9TwJBEJ3zE/ELtbTZSEyoyJ1RtCSxsYREPhK4kL1lgA17e5fdPRO88Atstbcztv4bW3+JC1wh4EsmeXlvJjPzglhwbVz329nY3Nre2c3t5fcPDo+OCyenTR0limGDRSJS7YBqFFxiw3AjsB0rpGEgsBWM72d+6wmV5pF8NJMY/ZAOJR9wRo2V6qVeoeiW3TnIOvEyUoQMtV7hp9uPWBKiNExQrTueGxs/pcpwJnCa7yYaY8rGdIgdSyUNUfvp/NApubRKnwwiZUsaMlf/TqQ01HoSBrYzpGakV72Z+J/XSczgzk+5jBODki0WDRJBTERmX5M+V8iMmFhCmeL2VsJGVFFmbDZLW4JwmreheKsRrJPmVdmrlG/q18VqJYsnB+dwASXw4Baq8AA1aAADhBd4hTfn2Xl3PpzPReuGk82cwRKcr1+V6ZNQ</latexit>

(
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.
.
.

.

.

.

 !

<latexit sha1_base64="BmBolDoPlFksRZAuUGgyXxY4SfU=">AAAB/HicbVA9SwNBEJ3zM8avqKXNYhBsDHei0TJgYyNE8JLA5Qh7m71kye7esbsnhBD/gq32dmLrf7H1l7hJrjCJDwYe780wMy9KOdPGdb+dldW19Y3NwlZxe2d3b790cNjQSaYI9UnCE9WKsKacSeobZjhtpYpiEXHajAa3E7/5RJVmiXw0w5SGAvckixnBxkp+cH/uhZ1S2a24U6Bl4uWkDDnqndJPu5uQTFBpCMdaB56bmnCElWGE03GxnWmaYjLAPRpYKrGgOhxNjx2jU6t0UZwoW9Kgqfp3YoSF1kMR2U6BTV8vehPxPy/ITHwTjphMM0MlmS2KM45Mgiafoy5TlBg+tAQTxeytiPSxwsTYfOa2RGJctKF4ixEsk8ZFxatWrh4uy7VqHk8BjuEEzsCDa6jBHdTBBwIMXuAV3pxn5935cD5nrStOPnMEc3C+fgEd7JSz</latexit>

[M − 1]
<latexit sha1_base64="c4sQ08hYbaYQYSAOgEXAE+YKY3s=">AAAB+nicbVC7TsNAEFzzDOEVoKQ5ESFRRTaPQBmJhjII8pAcKzpfzskpd2fr7owUmXwCLfR0iJafoeVLuCQuSMJIK41mdrW7EyacaeO6387K6tr6xmZhq7i9s7u3Xzo4bOo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVDm8nfuuJKs1i+WhGCQ0E7ksWMYKNlR78i6BbKrsVdwq0TLyclCFHvVv66fRikgoqDeFYa99zExNkWBlGOB0XO6mmCSZD3Ke+pRILqoNseuoYnVqlh6JY2ZIGTdW/ExkWWo9EaDsFNgO96E3E/zw/NdFNkDGZpIZKMlsUpRyZGE3+Rj2mKDF8ZAkmitlbERlghYmx6cxtCcW4aEPxFiNYJs3ziletXN1flmvVPJ4CHMMJnIEH11CDO6hDAwj04QVe4c15dt6dD+dz1rri5DNHMAfn6xcUlpQn</latexit>

[3]



<latexit sha1_base64="m7m1b1gINvT2ELi7c/UE13ciDvI="></latexit>

|ψi =
dX

i1,i2,...,iM=1

ci1,i2,...,iM |i1, i2,· · ·M i

Matrix product state:

<latexit sha1_base64="Vpi3ICmVJr5TbQAPypxYLVmLwk8=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxkaIaD4gOcLeZi9Zsrt37O4J4cxPsNXeTmz9M7b+EjeXK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Obmd9+okqzSD6aSUx9gYeShYxgY6UH1r/rlytu1c2AVomXkwrkaPTLP71BRBJBpSEca9313Nj4KVaGEU6npV6iaYzJGA9p11KJBdV+mp06RWdWGaAwUrakQZn6dyLFQuuJCGynwGakl72Z+J/XTUx47adMxomhkswXhQlHJkKzv9GAKUoMn1iCiWL2VkRGWGFibDoLWwIxLdlQvOUIVknroupdVmv3tUq9lsdThBM4hXPw4ArqcAsNaAKBIbzAK7w5z8678+F8zlsLTj5zDAtwvn4BVjqUTg==</latexit>

iM
<latexit sha1_base64="/NuPcdxKJby/rhD2wDm3c0+K9aY=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfY2e8mS3b1jd08IZ36CrfZ2YuufsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzO/c4TVZpF8tFMY+oLPJIsZAQbKz2wQW1QrrhVNwNaJ15OKpCjOSj/9IcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPtpduoMXVhliMJI2ZIGZerfiRQLracisJ0Cm7Fe9ebif14vMeGNnzIZJ4ZKslgUJhyZCM3/RkOmKDF8agkmitlbERljhYmx6SxtCcSsZEPxViNYJ+1a1buq1u/rlUY9j6cIZ3AOl+DBNTTgDprQAgIjeIFXeHOenXfnw/lctBacfOYUluB8/QIrnpQz</latexit>

i2
<latexit sha1_base64="IFbluJ3fH8rRQZl3OdNVZ53cMNg=">AAAB+nicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHgxWNF+wHtUrJptg1NskuSFcran+BV797Eq3/Gq7/EtN2DbX0w8Hhvhpl5YSK4sZ73jdbWNza3tgs7xd29/YPD0tFx08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDv1W09MGx6rRztOWCDJQPGIU2Kd9MB7fq9U9ireDHiV+DkpQ456r/TT7cc0lUxZKogxHd9LbJARbTkVbFLspoYlhI7IgHUcVUQyE2SzUyf43Cl9HMXalbJ4pv6dyIg0ZixD1ymJHZplbyr+53VSG90EGVdJapmi80VRKrCN8fRv3OeaUSvGjhCqubsV0yHRhFqXzsKWUE6KLhR/OYJV0rys+FeV6n21XKvm8RTgFM7gAny4hhrcQR0aQGEAL/AKb+gZvaMP9DlvXUP5zAksAH39AioKlDI=</latexit>

i1
<latexit sha1_base64="4Wq0g665HtWyjsy0huHnF9XwR2E=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe70UMuAjWVE8wHJEfY2e8mS3b1jd08IZ36CrfZ2YuufsfWXuEmuMIkPBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48auo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVjm6nfuuJKs1i+WjGCQ0EHkgWMYKNlR5Y77JXrrhVdwa0SrycVCBHvVf+6fZjkgoqDeFY647nJibIsDKMcDopdVNNE0xGeEA7lkosqA6y2akTdGaVPopiZUsaNFP/TmRYaD0Woe0U2Az1sjcV//M6qYlugozJJDVUkvmiKOXIxGj6N+ozRYnhY0swUczeisgQK0yMTWdhSygmJRuKtxzBKmleVL2rqn/vV2p+Hk8RTuAUzsGDa6jBHdShAQQG8AKv8OY8O+/Oh/M5by04+cwxLMD5+gUtMpQ0</latexit>

i3

Note 3: A product state is a special case of a matrix product state: 

If all horizontal dimensions are:

<latexit sha1_base64="LfGYSwO+M7FhL1rMMEQAOIsfCUI=">AAACD3icbVDLSsNAFJ3UV62vqODGzWARXJSSlKJdFty4ESrYWmhDmEwn7dCZSZiZCCXmI/wFt7p3J279BLd+idM2C9t64MLhnHu4lxPEjCrtON9WYW19Y3OruF3a2d3bP7APjzoqSiQmbRyxSHYDpAijgrQ11Yx0Y0kQDxh5CMbXU//hkUhFI3GvJzHxOBoKGlKMtJF8+wT7KfXdCvVrlf4g0sqw2wz6dtmpOjPAVeLmpAxytHz7x6RxwonQmCGleq4Tay9FUlPMSFbqJ4rECI/RkPQMFYgT5aWz/zN4bpQBDCNpRmg4U/8mUsSVmvDAbHKkR2rZm4r/eb1Ehw0vpSJONBF4fihMGNQRnJYBB1QSrNnEEIQlNb9CPEISYW0qW7gS8KxkSnGXK1glnVrVvazW7+rlZiOvpwhOwRm4AC64Ak1wA1qgDTB4Ai/gFbxZz9a79WF9zlcLVp45Bguwvn4B+7ybqA==</latexit>

ci1,i2,...,iM
<latexit sha1_base64="9s2v4aILFnrocgFc/xaB0EmClJc=">AAACF3icbVBNS8MwGE79nPOr6lGQ4BA8jXYM3XHgxYswwX3AVkqapVtYkpYkFUbpzT/hX/Cqd2/i1aNXf4lZ14PbfCDkyfO8b97kCWJGlXacb2ttfWNza7u0U97d2z84tI+OOypKJCZtHLFI9gKkCKOCtDXVjPRiSRAPGOkGk5uZ330kUtFIPOhpTDyORoKGFCNtJN8+w35KfTeD+V7L4GAYaTU/3WXQtytO1ckBV4lbkAoo0PLtH3MBTjgRGjOkVN91Yu2lSGqKGcnKg0SRGOEJGpG+oQJxorw0/0cGL4wyhGEkzRIa5urfjhRxpaY8MJUc6bFa9mbif14/0WHDS6mIE00Eng8KEwZ1BGehwCGVBGs2NQRhSc1bIR4jibA20S1MCXhWNqG4yxGskk6t6l5V6/f1SrNRxFMCp+AcXAIXXIMmuAUt0AYYPIEX8ArerGfr3fqwPuela1bRcwIWYH39Aq8bn0g=</latexit>

ci1
ci2

. . . ciM

<latexit sha1_base64="9JjRwC+zKCAz8tQVl4o+1butLgU=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kaMqAjWUELwkkR9jb7CVrdveO3T0hHMG/YKu9ndj6W2z9JW6SK0zig4HHezPMzAsTzrRx3W+nsLG5tb1T3C3t7R8cHpWPT1o6ThWhPol5rDoh1pQzSX3DDKedRFEsQk7b4fh25refqNIslg9mktBA4KFkESPYWKnVIyPW9/rlilt150DrxMtJBXI0++Wf3iAmqaDSEI617npuYoIMK8MIp9NSL9U0wWSMh7RrqcSC6iCbXztFF1YZoChWtqRBc/XvRIaF1hMR2k6BzUivejPxP6+bmqgeZEwmqaGSLBZFKUcmRrPX0YApSgyfWIKJYvZWREZYYWJsQEtbQjEt2VC81QjWSeuq6l1Xa/e1SqOex1OEMziHS/DgBhpwB03wgcAjvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFwZpV7</latexit>

χ1
<latexit sha1_base64="zwLwgnva0XjwXpylNqSBpcBefP4=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CiCkDNpYRzAckR9jb7CVrdveO3T0hHMG/YKu9ndj6W2z9JW6SK0zig4HHezPMzAtizrRx3W8nt7W9s7uX3y8cHB4dnxRPz9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPbud95okqzSD6YaUx9gUeShYxgY6V2n4zZoDIoltyyuwDaJF5GSpChOSj+9IcRSQSVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9SyUWVPvp4toZurLKEIWRsiUNWqh/J1IstJ6KwHYKbMZ63ZuL/3m9xIR1P2UyTgyVZLkoTDgyEZq/joZMUWL41BJMFLO3IjLGChNjA1rZEohZwYbirUewSdqVslcrV++rpUY9iycPF3AJ1+DBDTTgDprQAgKP8AKv8OY8O+/Oh/O5bM052cw5rMD5+gVx+pV8</latexit>

χ2
<latexit sha1_base64="2N956s2PUjtnobblGCaIk6hq4Pw=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe40xJQBG8sI5gOSI+xt9pI1u3vH7p4QjuBfsNXeTmz9Lbb+EjfJFSbxwcDjvRlm5gUxZ9q47reT29jc2t7J7xb29g8Oj4rHJy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HtzG8/UaVZJB/MJKa+wEPJQkawsVKrR0asf90vltyyOwdaJ15GSpCh0S/+9AYRSQSVhnCsdddzY+OnWBlGOJ0WeommMSZjPKRdSyUWVPvp/NopurDKAIWRsiUNmqt/J1IstJ6IwHYKbEZ61ZuJ/3ndxIQ1P2UyTgyVZLEoTDgyEZq9jgZMUWL4xBJMFLO3IjLCChNjA1raEohpwYbirUawTlpXZa9artxXSvVaFk8ezuAcLsGDG6jDHTSgCQQe4QVe4c15dt6dD+dz0ZpzsplTWILz9QtzjpV9</latexit>

χ3
<latexit sha1_base64="Jr4G+LtdZ2J5xbgNfsIHQkSPZv0=">AAACAnicbVA9SwNBEJ2LXzF+RS1tFoNgY7iToCkDNjZCBBMDlyPsbTbJkt29Y3dPCEc6/4Kt9nZi6x+x9Ze4uVxhEh8MPN6bYWZeGHOmjet+O4W19Y3NreJ2aWd3b/+gfHjU1lGiCG2RiEeqE2JNOZO0ZZjhtBMrikXI6WM4vpn5j09UaRbJBzOJaSDwULIBI9hYye+SEeuldxfetNQrV9yqmwGtEi8nFcjR7JV/uv2IJIJKQzjW2vfc2AQpVoYRTqelbqJpjMkYD6lvqcSC6iDNTp6iM6v00SBStqRBmfp3IsVC64kIbafAZqSXvZn4n+cnZlAPUibjxFBJ5osGCUcmQrP/UZ8pSgyfWIKJYvZWREZYYWJsSgtbQpGF4i1HsEral1Xvqlq7r1Ua9TyeIpzAKZyDB9fQgFtoQgsIRPACr/DmPDvvzofzOW8tOPnMMSzA+foFj/mXKQ==</latexit>

χM−1

<latexit sha1_base64="RxQlJ7Co2SOVmEz/km89Qccbi3I=">AAACAXicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kxDRCwMYygvnA5Ah7m71kye7esbsnhCOVf8FWezux9ZfY+kvcJFeYxAcDj/dmmJkXxJxp47rfTm5jc2t7J79b2Ns/ODwqHp+0dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g7GtzO//USVZpF8MJOY+gIPJQsZwcZKjz0yYn2GbpDXL5bcsjsHWideRkqQodEv/vQGEUkElYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUslFlT76fziKbqwygCFkbIlDZqrfydSLLSeiMB2CmxGetWbif953cSENT9lMk4MlWSxKEw4MhGavY8GTFFi+MQSTBSztyIywgoTY0Na2hKIacGG4q1GsE5aV2WvWq7cV0r1WhZPHs7gHC7Bg2uowx00oAkEJLzAK7w5z8678+F8LlpzTjZzCktwvn4BedqWiQ==</latexit>

χi = 1

No entanglement!

Lecture 3 - Matrix product states (MPS)



Note 4 (crucial):

The horizontal dimension determine the amount of bipartite entanglement that can be stored!

Since the MPS is constructed from consecutive SVDs

= |ψi

Block A Block B

Bipartite entanglement 

entropy

Block A 

1, 2, …, i

Block B 

i+1, i+2, …, M

<latexit sha1_base64="2N956s2PUjtnobblGCaIk6hq4Pw=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe40xJQBG8sI5gOSI+xt9pI1u3vH7p4QjuBfsNXeTmz9Lbb+EjfJFSbxwcDjvRlm5gUxZ9q47reT29jc2t7J7xb29g8Oj4rHJy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HtzG8/UaVZJB/MJKa+wEPJQkawsVKrR0asf90vltyyOwdaJ15GSpCh0S/+9AYRSQSVhnCsdddzY+OnWBlGOJ0WeommMSZjPKRdSyUWVPvp/NopurDKAIWRsiUNmqt/J1IstJ6IwHYKbEZ61ZuJ/3ndxIQ1P2UyTgyVZLEoTDgyEZq9jgZMUWL4xBJMFLO3IjLCChNjA1raEohpwYbirUawTlpXZa9artxXSvVaFk8ezuAcLsGDG6jDHTSgCQQe4QVe4c15dt6dD+dz0ZpzsplTWILz9QtzjpV9</latexit>

χ3

<latexit sha1_base64="B0YxMv55spBmESYr/ximcvbsUi4=">AAACCnicbVDLSsNAFJ3UV62vVJduBovgQkoiRbssuHFZwT6gDeFmOmmHTiZhZqKU0D/wF9zq3p249Sfc+iVO2yxs64HLPZxzL/dygoQzpR3n2ypsbG5t7xR3S3v7B4dHdvm4reJUEtoiMY9lNwBFORO0pZnmtJtIClHAaScY3878ziOVisXiQU8S6kUwFCxkBLSRfLus/KwPPBnB5aJNfbviVJ058Dpxc1JBOZq+/dMfxCSNqNCEg1I910m0l4HUjHA6LfVTRRMgYxjSnqECIqq8bP76FJ8bZYDDWJoSGs/VvxsZREpNosBMRqBHatWbif95vVSHdS9jIkk1FWRxKEw51jGe5YAHTFKi+cQQIJKZXzEZgQSiTVpLV4JoWjKhuKsRrJP2VdW9rtbua5VGPY+niE7RGbpALrpBDXSHmqiFCHpCL+gVvVnP1rv1YX0uRgtWvnOClmB9/QL1SJq0</latexit>

sα,α

Note:
<latexit sha1_base64="mBerpoR8A6Bc2UXIq53/KA7NM9U=">AAACA3icbVA9SwNBFHwXv2L8ilraLAZBEMKdBE0jBGwsI5gYyB1hb7OXLNndO3b3hHCk9C/Yam8ntv4QW3+Jm+QKkzjwYJh5j3lMmHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqCG2RmMeqE2JNOZO0ZZjhtJMoikXI6WM4up36j09UaRbLBzNOaCDwQLKIEWys5PtkyHoZu/AmN16vXHGr7gxolXg5qUCOZq/84/djkgoqDeFY667nJibIsDKMcDop+ammCSYjPKBdSyUWVAfZ7OcJOrNKH0WxsiMNmql/LzIstB6L0G4KbIZ62ZuK/3nd1ET1IGMySQ2VZB4UpRyZGE0LQH2mKDF8bAkmitlfERlihYmxNS2khGJSsqV4yxWskvZl1buq1u5rlUY9r6cIJ3AK5+DBNTTgDprQAgIJvMArvDnPzrvz4XzOVwtOfnMMC3C+fgGAO5ex</latexit>

χi+1 = 1 product state

<latexit sha1_base64="DIrGiWpd/Mb7y7PhRmFN1WgZhZw="></latexit>

SvN(ρ
[i]
A ) = −

χi+1X

α

(sα,α)
2 log2[(sα,α)

2] ≤ log2(χi+1)

<latexit sha1_base64="pyMGGnIG3mFgn5otCaA6U6SwXoY=">AAACFXicbVDLSsNAFJ34rPUVdamLwSLUTUmkaDdCxY0rqWgfkMQwmU7boTNJmJkUSsjGn/AX3Orenbh17dYvcfpY2NYDFw7n3Mu99wQxo1JZ1rextLyyurae28hvbm3v7Jp7+w0ZJQKTOo5YJFoBkoTRkNQVVYy0YkEQDxhpBv3rkd8cECFpFD6oYUw8jroh7VCMlJZ88+jeT13B4eA2K7qiF/lXj6lDvewUXkLLNwtWyRoDLhJ7Sgpgippv/rjtCCechAozJKVjW7HyUiQUxYxkeTeRJEa4j7rE0TREnEgvHX+RwROttGEnErpCBcfq34kUcSmHPNCdHKmenPdG4n+ek6hOxUtpGCeKhHiyqJMwqCI4igS2qSBYsaEmCAuqb4W4hwTCSgc3syXgWV6HYs9HsEgaZyX7vFS+KxeqlWk8OXAIjkER2OACVMENqIE6wOAJvIBX8GY8G+/Gh/E5aV0ypjMHYAbG1y9JWJ3r</latexit>

SvN(ρ
[i]
A
) = 0

Lecture 3 - Matrix product states (MPS)



In order for the MPS representation to be exact:

<latexit sha1_base64="m7m1b1gINvT2ELi7c/UE13ciDvI="></latexit>

|ψi =
dX

i1,i2,...,iM=1

ci1,i2,...,iM |i1, i2,· · ·M i

<latexit sha1_base64="Vpi3ICmVJr5TbQAPypxYLVmLwk8=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxkaIaD4gOcLeZi9Zsrt37O4J4cxPsNXeTmz9M7b+EjeXK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Obmd9+okqzSD6aSUx9gYeShYxgY6UH1r/rlytu1c2AVomXkwrkaPTLP71BRBJBpSEca9313Nj4KVaGEU6npV6iaYzJGA9p11KJBdV+mp06RWdWGaAwUrakQZn6dyLFQuuJCGynwGakl72Z+J/XTUx47adMxomhkswXhQlHJkKzv9GAKUoMn1iCiWL2VkRGWGFibDoLWwIxLdlQvOUIVknroupdVmv3tUq9lsdThBM4hXPw4ArqcAsNaAKBIbzAK7w5z8678+F8zlsLTj5zDAtwvn4BVjqUTg==</latexit>

iM
<latexit sha1_base64="/NuPcdxKJby/rhD2wDm3c0+K9aY=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfY2e8mS3b1jd08IZ36CrfZ2YuufsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzO/c4TVZpF8tFMY+oLPJIsZAQbKz2wQW1QrrhVNwNaJ15OKpCjOSj/9IcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPtpduoMXVhliMJI2ZIGZerfiRQLracisJ0Cm7Fe9ebif14vMeGNnzIZJ4ZKslgUJhyZCM3/RkOmKDF8agkmitlbERljhYmx6SxtCcSsZEPxViNYJ+1a1buq1u/rlUY9j6cIZ3AOl+DBNTTgDprQAgIjeIFXeHOenXfnw/lctBacfOYUluB8/QIrnpQz</latexit>

i2
<latexit sha1_base64="IFbluJ3fH8rRQZl3OdNVZ53cMNg=">AAAB+nicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHgxWNF+wHtUrJptg1NskuSFcran+BV797Eq3/Gq7/EtN2DbX0w8Hhvhpl5YSK4sZ73jdbWNza3tgs7xd29/YPD0tFx08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDv1W09MGx6rRztOWCDJQPGIU2Kd9MB7fq9U9ireDHiV+DkpQ456r/TT7cc0lUxZKogxHd9LbJARbTkVbFLspoYlhI7IgHUcVUQyE2SzUyf43Cl9HMXalbJ4pv6dyIg0ZixD1ymJHZplbyr+53VSG90EGVdJapmi80VRKrCN8fRv3OeaUSvGjhCqubsV0yHRhFqXzsKWUE6KLhR/OYJV0rys+FeV6n21XKvm8RTgFM7gAny4hhrcQR0aQGEAL/AKb+gZvaMP9DlvXUP5zAksAH39AioKlDI=</latexit>

i1
<latexit sha1_base64="4Wq0g665HtWyjsy0huHnF9XwR2E=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe70UMuAjWVE8wHJEfY2e8mS3b1jd08IZ36CrfZ2YuufsfWXuEmuMIkPBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48auo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVjm6nfuuJKs1i+WjGCQ0EHkgWMYKNlR5Y77JXrrhVdwa0SrycVCBHvVf+6fZjkgoqDeFY647nJibIsDKMcDopdVNNE0xGeEA7lkosqA6y2akTdGaVPopiZUsaNFP/TmRYaD0Woe0U2Az1sjcV//M6qYlugozJJDVUkvmiKOXIxGj6N+ozRYnhY0swUczeisgQK0yMTWdhSygmJRuKtxzBKmleVL2rqn/vV2p+Hk8RTuAUzsGDa6jBHdShAQQG8AKv8OY8O+/Oh/M5by04+cwxLMD5+gUtMpQ0</latexit>

i3

<latexit sha1_base64="DIrGiWpd/Mb7y7PhRmFN1WgZhZw="></latexit>

SvN(ρ
[i]
A ) = −

χi+1X

α

(sα,α)
2 log2[(sα,α)

2] ≤ log2(χi+1)

<latexit sha1_base64="9JjRwC+zKCAz8tQVl4o+1butLgU=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kaMqAjWUELwkkR9jb7CVrdveO3T0hHMG/YKu9ndj6W2z9JW6SK0zig4HHezPMzAsTzrRx3W+nsLG5tb1T3C3t7R8cHpWPT1o6ThWhPol5rDoh1pQzSX3DDKedRFEsQk7b4fh25refqNIslg9mktBA4KFkESPYWKnVIyPW9/rlilt150DrxMtJBXI0++Wf3iAmqaDSEI617npuYoIMK8MIp9NSL9U0wWSMh7RrqcSC6iCbXztFF1YZoChWtqRBc/XvRIaF1hMR2k6BzUivejPxP6+bmqgeZEwmqaGSLBZFKUcmRrPX0YApSgyfWIKJYvZWREZYYWJsQEtbQjEt2VC81QjWSeuq6l1Xa/e1SqOex1OEMziHS/DgBhpwB03wgcAjvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFwZpV7</latexit>

χ1
<latexit sha1_base64="zwLwgnva0XjwXpylNqSBpcBefP4=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CiCkDNpYRzAckR9jb7CVrdveO3T0hHMG/YKu9ndj6W2z9JW6SK0zig4HHezPMzAtizrRx3W8nt7W9s7uX3y8cHB4dnxRPz9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPbud95okqzSD6YaUx9gUeShYxgY6V2n4zZoDIoltyyuwDaJF5GSpChOSj+9IcRSQSVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9SyUWVPvp4toZurLKEIWRsiUNWqh/J1IstJ6KwHYKbMZ63ZuL/3m9xIR1P2UyTgyVZLkoTDgyEZq/joZMUWL41BJMFLO3IjLGChNjA1rZEohZwYbirUewSdqVslcrV++rpUY9iycPF3AJ1+DBDTTgDprQAgKP8AKv8OY8O+/Oh/O5bM052cw5rMD5+gVx+pV8</latexit>

χ2

<latexit sha1_base64="Jr4G+LtdZ2J5xbgNfsIHQkSPZv0=">AAACAnicbVA9SwNBEJ2LXzF+RS1tFoNgY7iToCkDNjZCBBMDlyPsbTbJkt29Y3dPCEc6/4Kt9nZi6x+x9Ze4uVxhEh8MPN6bYWZeGHOmjet+O4W19Y3NreJ2aWd3b/+gfHjU1lGiCG2RiEeqE2JNOZO0ZZjhtBMrikXI6WM4vpn5j09UaRbJBzOJaSDwULIBI9hYye+SEeuldxfetNQrV9yqmwGtEi8nFcjR7JV/uv2IJIJKQzjW2vfc2AQpVoYRTqelbqJpjMkYD6lvqcSC6iDNTp6iM6v00SBStqRBmfp3IsVC64kIbafAZqSXvZn4n+cnZlAPUibjxFBJ5osGCUcmQrP/UZ8pSgyfWIKJYvZWREZYYWJsSgtbQpGF4i1HsEral1Xvqlq7r1Ua9TyeIpzAKZyDB9fQgFtoQgsIRPACr/DmPDvvzofzOW8tOPnMMSzA+foFj/mXKQ==</latexit>

χM−1

<latexit sha1_base64="LAK1AdBp3l6G1KRMt5SR4UvTmAs=">AAACAXicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ENI0QsLGMYD4wOcLe3l6yZHfv2N0TwpHKv2CrvZ3Y+kts/SVukitM4oOBx3szzMwLEs60cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VoU0S81h1AqwpZ5I2DTOcdhJFsQg4bQej26nffqJKs1g+mHFCfYEHkkWMYGOlxx4Zsr6HblDYL1fcqjsDWiVeTiqQo9Ev//TCmKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbxBJ1ZJURRrGxJg2bq34kMC63HIrCdApuhXvam4n9eNzVRzc+YTFJDJZkvilKOTIym76OQKUoMH1uCiWL2VkSGWGFibEgLWwIxKdlQvOUIVknroupdVS/vLyv1Wh5PEU7gFM7Bg2uowx00oAkEJLzAK7w5z8678+F8zlsLTj5zDAtwvn4BcRaWhA==</latexit>

χ1 = d
<latexit sha1_base64="k7Jktdx0J3DN+CGrN3zqQGZ6pSY=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgqiSlaDdCwY3LCvYBTSyTyaQdOpOEmYlQQpf+glvduxO3fohbv8Rpm4VtPXDhcM69nMvxE86Utu1vq7CxubW9U9wt7e0fHB6Vj086Kk4loW0S81j2fKwoZxFta6Y57SWSYuFz2vXHtzO/+0SlYnH0oCcJ9QQeRixkBGsjuS4ZsUEN3aDgsTYoV+yqPQdaJ05OKpCjNSj/uEFMUkEjTThWqu/YifYyLDUjnE5LbqpogskYD2nf0AgLqrxs/vMUXRglQGEszUQazdW/FxkWSk2EbzYF1iO16s3E/7x+qsOGl7EoSTWNyCIoTDnSMZoVgAImKdF8YggmkplfERlhiYk2NS2l+GJaMqU4qxWsk06t6lxV6/f1SrOR11OEMziHS3DgGppwBy1oA4EEXuAV3qxn6936sD4XqwUrvzmFJVhfv6Ztlyk=</latexit>

χ2 = d2
<latexit sha1_base64="3w0gqODjjqpxEdsMhu/+lufHCXI=">AAACHXicbZDLSsNAFIYnXmu9RV26GayCq5KUot0IBTduhAr2Ak0Mk8mkHTqZhJmJUEJewJfwFdzq3p24Fbc+idM2C9v6w8DPf87hnPn8hFGpLOvbWFldW9/YLG2Vt3d29/bNg8OOjFOBSRvHLBY9H0nCKCdtRRUjvUQQFPmMdP3R9aTefSRC0pjfq3FC3AgNOA0pRkpHnnnq4CH1MicUCGe3eVbLc3gFg4e5xDMrVtWaCi4buzAVUKjlmT9OEOM0IlxhhqTs21ai3AwJRTEjedlJJUkQHqEB6WvLUUSkm01/k8MznQQwjIV+XMFp+nciQ5GU48jXnRFSQ7lYm4T/1fqpChtuRnmSKsLxbFGYMqhiOEEDAyoIVmysDcKC6lshHiKNQWmAc1v8KC9rKPYigmXTqVXti2r9rl5pNgo8JXAMTsA5sMElaIIb0AJtgMETeAGv4M14Nt6ND+Nz1rpiFDNHYE7G1y/SDqKk</latexit>

χM

2

= d
M

2

<latexit sha1_base64="8NCMDBIPnLqrG+Em6nV32LN44Wg=">AAACBXicbVDLSsNAFL3xWeur6tLNYBHcWBIp2o1QcONGqGAf0MYymUzaoZNJmJkIJWTtL7jVvTtx63e49UuctlnY1gMXDufcy7kcL+ZMadv+tlZW19Y3Ngtbxe2d3b390sFhS0WJJLRJIh7JjocV5UzQpmaa004sKQ49Ttve6Gbit5+oVCwSD3ocUzfEA8ECRrA20mOPDFk/vTt3MnSN/H6pbFfsKdAycXJShhyNfumn50ckCanQhGOluo4dazfFUjPCaVbsJYrGmIzwgHYNFTikyk2nX2fo1Cg+CiJpRmg0Vf9epDhUahx6ZjPEeqgWvYn4n9dNdFBzUybiRFNBZkFBwpGO0KQC5DNJieZjQzCRzPyKyBBLTLQpai7FC7OiKcVZrGCZtC4qzmWlel8t12t5PQU4hhM4AweuoA630IAmEJDwAq/wZj1b79aH9TlbXbHymyOYg/X1C14xmB4=</latexit>

χM−1 = d
<latexit sha1_base64="OxK4H+e5lzJSt99YK55WIQWF8f4=">AAACCXicbVDLSsNAFJ34rPUVdelmsAhuLEkp2o1QcONGqGAf0MYwmUzboTOTMDMplJAv8Bfc6t6duPUr3PolTtssbOuBC4dz7uVcThAzqrTjfFtr6xubW9uFneLu3v7BoX103FJRIjFp4ohFshMgRRgVpKmpZqQTS4J4wEg7GN1O/faYSEUj8agnMfE4GgjapxhpI/m23cND6qf3l5UM3sDwqeLbJafszABXiZuTEsjR8O2fXhjhhBOhMUNKdV0n1l6KpKaYkazYSxSJER6hAekaKhAnyktnn2fw3Cgh7EfSjNBwpv69SBFXasIDs8mRHqplbyr+53UT3a95KRVxoonA86B+wqCO4LQGGFJJsGYTQxCW1PwK8RBJhLUpayEl4FnRlOIuV7BKWpWye1WuPlRL9VpeTwGcgjNwAVxwDergDjRAE2AwBi/gFbxZz9a79WF9zlfXrPzmBCzA+voFEFCY9A==</latexit>

χM−2 = d2

This is still growing exponentially with M

But: Key idea - Introduce a finite cut-off
<latexit sha1_base64="YO5fipF3bLX3vestta9HfHp4JcY=">AAACCXicbZDLSsNAFIZP6q3WW9Slm8EiuCqJiHZZcOOygr1AE8pkOmmHziRxZlIooU/gK7jVvTtx61O49UmcplnY1h8OfPznHM7hDxLOlHacb6u0sbm1vVPereztHxwe2ccnbRWnktAWiXksuwFWlLOItjTTnHYTSbEIOO0E47t5vzOhUrE4etTThPoCDyMWMoK1sfq27ZER6zPkcfqEcrarTs3JhdbBLaAKhZp9+8cbxCQVNNKEY6V6rpNoP8NSM8LprOKliiaYjPGQ9gxGWFDlZ/nnM3RhnAEKY2kq0ih3/25kWCg1FYGZFFiP1Gpvbv7X66U6rPsZi5JU04gsDoUpRzpG8xjQgElKNJ8awEQy8ysiIywx0SaspSuBmFVMKO5qBOvQvqq5N7Xrh+tqo17EU4YzOIdLcOEWGnAPTWgBgQm8wCu8Wc/Wu/VhfS5GS1axcwpLsr5+AUSZmbY=</latexit>

χi ≤ χ

Then: An MPS is a state decomposition that controls the amount of entanglement in a state!

An MPS with “bond dimension” 
<latexit sha1_base64="F4emi+5wlrGRBV77tb6A+UKJrJI=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FLx4r2A9oQ9lsN+3S3U3Y3Qgl5C941bs38eqP8eovcdPmYFsfDDzem2FmXhBzpo3rfjulre2d3b3yfuXg8Oj4pHp61tVRogjtkIhHqh9gTTmTtGOY4bQfK4pFwGkvmN3nfu+ZKs0i+WTmMfUFnkgWMoJNLg3JlI2qNbfuLoA2iVeQGhRoj6o/w3FEEkGlIRxrPfDc2PgpVoYRTrPKMNE0xmSGJ3RgqcSCaj9d3JqhK6uMURgpW9Kghfp3IsVC67kIbKfAZqrXvVz8zxskJmz6KZNxYqgky0VhwpGJUP44GjNFieFzSzBRzN6KyBQrTIyNZ2VLILKKDcVbj2CTdG/q3m298diotZpFPGW4gEu4Bg/uoAUP0IYOEJjCC7zCm5M5786H87lsLTnFzDmswPn6BT+ilNc=</latexit>

χ Storage space 
<latexit sha1_base64="FJW6sfBzaQ4YesJstcynT9oH2ho="></latexit>

SvN(ρ
[i]
A
) ≤ log2(χ)

Lecture 3 - Matrix product states (MPS)

<latexit sha1_base64="NUmpfv4xyICEIQvjaQV+WkOmBFs=">AAACEHicbVDLSsNAFJ3UV62vqAsXbgaLUDclKUW7LLhxI1awD2himUym7dCZJMxMhBLyE/6CW927E7f+gVu/xEmbhW09cOFwzr3ce48XMSqVZX0bhbX1jc2t4nZpZ3dv/8A8POrIMBaYtHHIQtHzkCSMBqStqGKkFwmCuMdI15tcZ373iQhJw+BBTSPicjQK6JBipLQ0ME8cjtQYI5bcpZVb6OAxfaxB/2Jglq2qNQNcJXZOyiBHa2D+OH6IY04ChRmSsm9bkXITJBTFjKQlJ5YkQniCRqSvaYA4kW4yeyCF51rx4TAUugIFZ+rfiQRxKafc053ZuXLZy8T/vH6shg03oUEUKxLg+aJhzKAKYZYG9KkgWLGpJggLqm+FeIwEwkpntrDF42lJh2IvR7BKOrWqfVmt39fLzUYeTxGcgjNQATa4Ak1wA1qgDTBIwQt4BW/Gs/FufBif89aCkc8cgwUYX7/L15wV</latexit>

O(Mχ2d)



Plan for today

A strategy to simulate dynamics in systems way beyond 30 qubits - Matrix Product States

๏ Boring preliminaries: Suzuki-Trotter decomposition

๏ Bipartite entanglement and singular value decompositions

๏ Matrix product states (MPS)

๏ The time-evolving block decimation algorithm (TEBD)

๏ Application example of Bose-Hubbard and Spin-model dynamics



Lecture 3 - The TEBD algorithm … bringing it all together:

1. A many-body time-evolution over a timestep can be written as application of two-site unitaries:  

       (Trotter decomposition, nearest neighbors only w.l.o.g.)

1 2 3 4 …

= |ψi

2. In the matrix product state language … we therefore need to update the MPS like:

…

<latexit sha1_base64="SZjx0SO2zZGFz6qIrWZ37/bJNXA="></latexit>

Ûij = e
−iδtĤij

Note: Initial states are usually 

product states which can be trivially 

constructed.

<latexit sha1_base64="VjkcYUID+Nkeli0QjRbrLFObdlU=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5JIURGEghuXFewDmlAm00k7dDIJMzeFUvsF/oJb3bsTt36FW7/EaZuFbT1w4XDOvZzLCRLBNTjOt5VbW9/Y3MpvF3Z29/YP7MOjho5TRVmdxiJWrYBoJrhkdeAgWCtRjESBYM1gcDf1m0OmNI/lI4wS5kekJ3nIKQEjdWz79slLNC/BuaeI7AnWsYtO2ZkBrxI3I0WUodaxf7xuTNOISaCCaN12nQT8MVHAqWCTgpdqlhA6ID3WNlSSiGl/PPt8gs+M0sVhrMxIwDP178WYRFqPosBsRgT6etmbiv957RTCa3/MZZICk3QeFKYCQ4ynNeAuV4yCGBlCqOLmV0z7RBEKpqyFlCCaFEwp7nIFq6RxUXYvy5WHSrF6k9WTRyfoFJWQi65QFd2jGqojioboBb2iN+vZerc+rM/5as7Kbo7RAqyvX5lAme0=</latexit>

= |ψ(t)i

<latexit sha1_base64="IoWDjMe3J5eBLBKwRMw0V0JBBaI=">AAACEnicbVDLSgNBEJz1GeNr1ZN4GQxCRAi7ElQEIaAHjxGMEbIhzE46ccjs7DLTK4QY/Al/wavevYlXf8CrX+LkcTDRgoaiqpvurjCRwqDnfTkzs3PzC4uZpezyyurauruxeWPiVHOo8FjG+jZkBqRQUEGBEm4TDSwKJVTDzvnAr96DNiJW19hNoB6xthItwRlaqeFunz0EiRF5PAguQCKjuB9optoSGm7OK3hD0L/EH5McGaPccL+DZszTCBRyyYyp+V6C9R7TKLiEfjZIDSSMd1gbapYqFoGp94Yv9OmeVZq0FWtbCulQ/T3RY5Ex3Si0nRHDOzPtDcT/vFqKrZN6T6gkRVB8tKiVSooxHeRBm0IDR9m1hHEt7K2U3zHNONrUJraEUT9rQ/GnI/hLbg4L/lGheFXMlU7H8WTIDtkleeKTY1Iil6RMKoSTR/JMXsir8+S8Oe/Ox6h1xhnPbJEJOJ8/6uedTA==</latexit>

= |ψ(t+∆t)i

<latexit sha1_base64="kfnksI75GKS6XSx4O7eUqoEMBvc=">AAACAnicbVA9SwNBEJ3zM8avqKXNYhCswl0IahmwsYzgJYHLEfY2e8mS3b1jd08IRzr/gq32dmLrH7H1l7hJrjCJDwYe780wMy9KOdPGdb+djc2t7Z3d0l55/+Dw6LhyctrWSaYI9UnCE9WNsKacSeobZjjtpopiEXHaicZ3M7/zRJVmiXw0k5SGAg8lixnBxkpBb4QN8vu5V5/2K1W35s6B1olXkCoUaPUrP71BQjJBpSEcax14bmrCHCvDCKfTci/TNMVkjIc0sFRiQXWYz0+eokurDFCcKFvSoLn6dyLHQuuJiGynwGakV72Z+J8XZCa+DXMm08xQSRaL4owjk6DZ/2jAFCWGTyzBRDF7KyIjrDAxNqWlLZGYlm0o3moE66Rdr3nXtcZDo9psFPGU4Bwu4Ao8uIEm3EMLfCCQwAu8wpvz7Lw7H87nonXDKWbOYAnO1y/TJpdR</latexit>

Û12

<latexit sha1_base64="KfzRU1lq7d/0uXz9/E5SgbSCaRs=">AAACAnicbVDLSsNAFJ3UV62vqks3g0VwVZJa1GXBjcsKpi2koUymk3boPMLMRCghO3/Bre7diVt/xK1f4rTNwrYeuHA4517uvSdKGNXGdb+d0sbm1vZOebeyt39weFQ9PulomSpMfCyZVL0IacKoIL6hhpFeogjiESPdaHI387tPRGkqxaOZJiTkaCRoTDEyVgr6Y2SgP8gaV/mgWnPr7hxwnXgFqYEC7UH1pz+UOOVEGMyQ1oHnJibMkDIUM5JX+qkmCcITNCKBpQJxosNsfnIOL6wyhLFUtoSBc/XvRIa41lMe2U6OzFivejPxPy9ITXwbZlQkqSECLxbFKYNGwtn/cEgVwYZNLUFYUXsrxGOkEDY2paUtEc8rNhRvNYJ10mnUvet686FZazWLeMrgDJyDS+CBG9AC96ANfICBBC/gFbw5z8678+F8LlpLTjFzCpbgfP0C1lGXUw==</latexit>

Û23



3. Two-site updates of the MPS can be done with the TEBD algorithm (time-evolving block decimation)

… which says:

✏ =

dχX

α=χ+1

(sα,α)
2

SVD

<latexit sha1_base64="eUvfoy1qajNg7kC/ttjZcG6kBQ4=">AAAB/HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48VTFtoQ9lsNu3S3U3Y3Qgl1L/gVe/exKv/xau/xG2bg219MPB4b4aZeWHKmTau++2UNja3tnfKu5W9/YPDo+rxSVsnmSLUJwlPVDfEmnImqW+Y4bSbKopFyGknHN/N/M4TVZol8tFMUhoIPJQsZgQbK/lRn4zYoFpz6+4caJ14BalBgdag+tOPEpIJKg3hWOue56YmyLEyjHA6rfQzTVNMxnhIe5ZKLKgO8vmxU3RhlQjFibIlDZqrfydyLLSeiNB2CmxGetWbif95vczEt0HOZJoZKsliUZxxZBI0+xxFTFFi+MQSTBSztyIywgoTY/NZ2hKKacWG4q1GsE7aV3Xvut54aNSajSKeMpzBOVyCBzfQhHtogQ8EGLzAK7w5z8678+F8LlpLTjFzCktwvn4BAteVQQ==</latexit>

dχ

<latexit sha1_base64="A4FhUtkhFZglv6ppQcEhS85HTNA=">AAACD3icbVDLSsNAFJ34rPUVFdy4CRahbkpSi7osuHFnBfuAJi2TyaQdOjMJMxOhxH6Ev+BW9+7ErZ/g1i9x0mZhWw9cOJxzL/dw/JgSqWz721hZXVvf2CxsFbd3dvf2zYPDlowSgXATRTQSHR9KTAnHTUUUxZ1YYMh8itv+6Cbz249YSBLxBzWOscfggJOQIKi01DePXQbVEEGa3k3KLhqS3kXQq573zZJdsaewlomTkxLI0eibP24QoYRhrhCFUnYdO1ZeCoUiiOJJ0U0kjiEawQHuasohw9JLp/kn1plWAiuMhB6urKn69yKFTMox8/VmllYuepn4n9dNVHjtpYTHicIczR6FCbVUZGVlWAERGCk61gQiQXRWCw2hgEjpyua++GxS1KU4ixUsk1a14lxWave1Ur2W11MAJ+AUlIEDrkAd3IIGaAIEnsALeAVvxrPxbnwYn7PVFSO/OQJzML5+AaaJnAs=</latexit>

O(χ3d2)
The new horizontal 

dimension can grow 

The gate builds up 

entanglement
=

Truncation needed! Error

4.
If the dynamics does not build up much entanglement between the M-1 bipartitions,  

the error stays small and the simulation is exact!

G. Vidal, Phys. Rev. Lett. 93, 040502 (2004)

Lecture 3 - The TEBD algorithm … bringing it all together:



Lecture 3 - Bose-Hubbard evolution

from A. J. Daley, H. Pichler, JS,  P. Zoller,  Phys. Rev. Lett. 109, 020505 (2012)

SV N

0

2

4

6

8

0 1 2 3 4 5

l = 4

l = 5

l = 9

.

.

.

<latexit sha1_base64="6YNo/E8EImul5ZlZApdi++o/jYc=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0QNBch4MVjBPPAZA2zk9lkyOzsMtMrhJC/8OJBEa/+jTf/xkmyB00saCiquunuChIpDLrut7O2vrG5tZ3bye/u7R8cFo6OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0c3Mbz1xbUSs7nGccD+iAyVCwSha6aHLhoJck/Kj7BWKbsmdg6wSLyNFyFDvFb66/ZilEVfIJDWm47kJ+hOqUTDJp/luanhC2YgOeMdSRSNu/Mn84ik5t0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDKv+RKgkRa7YYlGYSoIxmb1P+kJzhnJsCWVa2FsJG1JNGdqQ8jYEb/nlVdIsl7zLUuWuUqxVszhycApncAEeXEENbqEODWCg4Ble4c0xzovz7nwsWtecbOYE/sD5/AEk54/m</latexit>

χ = 2
l

Model: Bosonic atoms trapped in an optical lattice

J
U

<latexit sha1_base64="DOIBXEjeuOIaM4xnQt8Lihflchs="></latexit>

Ĥ = −J

X

i

(b̂ib̂
†
i+1

+ b̂
†
i
b̂i+1) +

U

2

X

i

n̂i(n̂i − 1)

Experiment: Initial state
<latexit sha1_base64="KUPKmr01nmeJkpqKeyd3+4nu2x0=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjVhF8JJAcoS9zd5lye7esbsnhBDwL9hqbye2/hVbf4mb5AqT+GDg8d4MM/PClDNtXPfbKWxsbm3vFHdLe/sHh0fl45OWTjJFqE8SnqhOiDXlTFLfMMNpJ1UUi5DTdji6nfntJ6o0S+SjGac0EDiWLGIEGyu1fdSLY3TfL1fcqjsHWideTiqQo9kv//QGCckElYZwrHXXc1MTTLAyjHA6LfUyTVNMRjimXUslFlQHk/m5U3RhlQGKEmVLGjRX/05MsNB6LELbKbAZ6lVvJv7ndTMT3QQTJtPMUEkWi6KMI5Og2e9owBQlho8twUQxeysiQ6wwMTahpS2hmJZsKN5qBOukdVX16tXaQ63SqOfxFOEMzuESPLiGBtxBE3wgMIIXeIU359l5dz6cz0VrwclnTmEJztcvcO6VbA==</latexit>

U ! J

sudden quench!

<latexit sha1_base64="pSeAkLuDS1q6lYl0V01nEL3Ndts=">AAACAnicbVDLSsNAFJ3UV62vqks3g0VwVRIp1WXBjbiqYNpCEspkOmmHziPMTIQSuvMX3Orenbj1R9z6JU7bLGzrgQuHc+7l3nvilFFtXPfbKW1sbm3vlHcre/sHh0fV45OOlpnCxMeSSdWLkSaMCuIbahjppYogHjPSjce3M7/7RJSmUjyaSUoijoaCJhQjY6UgNBL6MGQM3verNbfuzgHXiVeQGijQ7ld/woHEGSfCYIa0Djw3NVGOlKGYkWklzDRJER6jIQksFYgTHeXzk6fwwioDmEhlSxg4V/9O5IhrPeGx7eTIjPSqNxP/84LMJDdRTkWaGSLwYlGSMWgfnf0PB1QRbNjEEoQVtbdCPEIKYWNTWtoS82nFhuKtRrBOOld1r1lvPDRqrWYRTxmcgXNwCTxwDVrgDrSBDzCQ4AW8gjfn2Xl3PpzPRWvJKWZOwRKcr19K+Jb9</latexit>

! U ⌧ J

<latexit sha1_base64="kmlT+GJ9ZczX3ilRkFSPHMLzHmA=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5Eoo0QsLERInhJIDnC3mYvWbK7d+zuCeGIf8FWezux9b/Y+kvcJFeYxAcDj/dmmJkXJpxp47rfTmFtfWNzq7hd2tnd2z8oHx41dZwqQn0S81i1Q6wpZ5L6hhlO24miWISctsLR7dRvPVGlWSwfzTihgcADySJGsLGSf3/juW6vXHGr7gxolXg5qUCORq/80+3HJBVUGsKx1h3PTUyQYWUY4XRS6qaaJpiM8IB2LJVYUB1ks2Mn6MwqfRTFypY0aKb+nciw0HosQtspsBnqZW8q/ud1UhNdBxmTSWqoJPNFUcqRidH0c9RnihLDx5Zgopi9FZEhVpgYm8/CllBMSjYUbzmCVdK8qHq16uXDZaVey+Mpwgmcwjl4cAV1uIMG+ECAwQu8wpvz7Lw7H87nvLXg5DPHsADn6xeripRq</latexit>

M = 100

Hard to simulate long times, but several tunneling 

times feasible

<latexit sha1_base64="qXD8m9ETQnbAemRElTVUBpPkq9k=">AAACE3icbVDLSsNAFJ3UV62vqjvdDBahbmpSinZZceNGqWgf0MQwmU7boTNJmJkUSgj4E/6CW927E7d+gFu/xGmbha0euHA4517uvccLGZXKNL+MzNLyyupadj23sbm1vZPf3WvKIBKYNHDAAtH2kCSM+qShqGKkHQqCuMdIyxteTvzWiAhJA/9ejUPicNT3aY9ipLTk5g/u3NgWHI5ukqItBoF78RB3rk/LTnLi5gtmyZwC/iVWSgogRd3Nf9vdAEec+AozJGXHMkPlxEgoihlJcnYkSYjwEPVJR1MfcSKdePpDAo+10oW9QOjyFZyqvydixKUcc093cqQGctGbiP95nUj1qk5M/TBSxMezRb2IQRXASSCwSwXBio01QVhQfSvEAyQQVjq2uS0eT3I6FGsxgr+kWS5ZZ6XKbaVQq6bxZMEhOAJFYIFzUANXoA4aAINH8AxewKvxZLwZ78bHrDVjpDP7YA7G5w9Gt51v</latexit> S
v
N
(ρ

[M
/
2
]

A
)

<latexit sha1_base64="eeuFjJ3ZHfOLrLgVKxw3MXsjNX4="></latexit>

time [1/J]

<latexit sha1_base64="7I6LF0bwbjN6/95Gs5B0+iLUlKo=">AAACEHicbVA9TwJBEN3DL8SvUwsLm43EBBtyZ4hSkthYGYwiJBwhe8sCG3bvLrtzJORyf8K/YKu9nbH1H9j6S1zgCgFfMsnLezOZmedHgmtwnG8rt7a+sbmV3y7s7O7tH9iHR086jBVlDRqKULV8opngAWsAB8FakWJE+oI1/dHN1G+OmdI8DB5hErGOJIOA9zklYKSuffLQTTwl8fguLcEF9iIVRhBi6NpFp+zMgFeJm5EiylDv2j9eL6SxZAFQQbRuu04EnYQo4FSwtODFmkWEjsiAtQ0NiGS6k8weSPG5UXq4HypTAeCZ+nciIVLrifRNpyQw1MveVPzPa8fQr3YSHkQxsIDOF/VjgacvmjRwjytGQUwMIVRxcyumQ6IIBZPZwhZfpgUTirscwSp5uiy7V+XKfaVYq2bx5NEpOkMl5KJrVEO3qI4aiKIUvaBX9GY9W+/Wh/U5b81Z2cwxWoD19QtkN5x4</latexit>

SvN(t) ∝ t

<latexit sha1_base64="7ZJwVxKtEUoumSkWHya/4UNZbpQ=">AAACGXicbVC7SgNBFJ2Nrxhfq5Y2g0FImrArQVMGbKwkonlAdllmJ5NkyMzOMjMbCMu2/oS/YKu9ndha2folTh6FSTxw4XDOvdx7TxgzqrTjfFu5jc2t7Z38bmFv/+DwyD4+aSmRSEyaWDAhOyFShNGINDXVjHRiSRAPGWmHo5up3x4TqaiIHvUkJj5Hg4j2KUbaSIENH4LUkxyO77KSLkMvliLWAnpMDEoeHtJyYBedijMDXCfughTBAo3A/vF6AiecRBozpFTXdWLtp0hqihnJCl6iSIzwCA1I19AIcaL8dPZJBi+M0oN9IU1FGs7UvxMp4kpNeGg6OdJDtepNxf+8bqL7NT+lUZxoEuH5on7CoPl1GgvsUUmwZhNDEJbU3ArxEEmEtQlvaUvIs4IJxV2NYJ20LivuVaV6Xy3Wa4t48uAMnIMScME1qINb0ABNgMETeAGv4M16tt6tD+tz3pqzFjOnYAnW1y/YU5/d</latexit>

SvN(t) ∝ log(χ)
<latexit sha1_base64="IshlL72tFq34cxQYn4hSFKNXC90=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVZJStMuCG5cV7AOaWCbTSTt0HmFmUiihX+AvuNW9O3HrV7j1S5y2WdjWAxcO59zLvfdECaPaeN63U9ja3tndK+6XDg6Pjk/c07O2lqnCpIUlk6obIU0YFaRlqGGkmyiCeMRIJxrfzf3OhChNpXg004SEHA0FjSlGxkp91w3wiMIgUTIxElafTN8texVvAbhJ/JyUQY5m3/0JBhKnnAiDGdK653uJCTOkDMWMzEpBqkmC8BgNSc9SgTjRYba4fAavrDKAsVS2hIEL9e9EhrjWUx7ZTo7MSK97c/E/r5eauB5mVCSpIQIvF8Upg/bJeQxwQBXBhk0tQVhReyvEI6QQNjaslS0Rn5VsKP56BJukXa34N5XaQ63cqOfxFMEFuATXwAe3oAHuQRO0AAYT8AJewZvz7Lw7H87nsrXg5DPnYAXO1y9bfJnE</latexit>

χ ∝ 2
t

<latexit sha1_base64="3fugAMnc809goXTnSySySMxPD8U=">AAACGnicbZBNS8MwGMfT+TbnW9Wjl+gQPI1WxvQiDLx4nOBeYK0lTdMtLE1Lkgqj7OyX8Ct41bs38erFq5/ErCviNv8Q+OX/PA9P8vcTRqWyrC+jtLK6tr5R3qxsbe/s7pn7Bx0ZpwKTNo5ZLHo+koRRTtqKKkZ6iSAo8hnp+qPrab37QISkMb9T44S4ERpwGlKMlLY889gZIgW5R+EVzNH36L0ToMHvzTOrVs3KBZfBLqAKCrU889sJYpxGhCvMkJR920qUmyGhKGZkUnFSSRKER2hA+ho5ioh0s/wrE3iqnQCGsdCHK5i7fycyFEk5jnzdGSE1lIu1qflfrZ+q8NLNKE9SRTieLQpTBlUMp7nAgAqCFRtrQFhQ/VaIh0ggrHR6c1v8aFLRodiLESxD57xmN2r123q12SjiKYMjcALOgA0uQBPcgBZoAwwewTN4Aa/Gk/FmvBsfs9aSUcwcgjkZnz/bxp/Q</latexit>

n̂i = b̂
†
i
b̂i

Linear growth



Lecture 3 - Observables and ground states

Remark 1: Observables can be easily numerically calculated.

Remark 2: What if we’re interested in computing ground states?

Single particle density matrix element

<latexit sha1_base64="hWZgEhjPy9UrghQrLyPc/gFAs0A=">AAACGnicbZC7TsMwFIadcivlFmBkMVRITFVSlcJYiYWxSPQiNaU6cZzWquNEtoNUVZ15CV6BFXY2xMrCypPgph1oy5Esffr/c3SOfz/hTGnH+bZya+sbm1v57cLO7t7+gX141FRxKgltkJjHsu2DopwJ2tBMc9pOJIXI57TlD2+mfuuRSsVica9HCe1G0BcsZAS0kXr2qcdB9DnF3gA09nvlBy+AvoEK9mTm9OyiU3KywqvgzqGI5lXv2T9eEJM0okITDkp1XCfR3TFIzQink4KXKpoAGUKfdgwKiKjqjrOvTPC5UQIcxtI8oXGm/p0YQ6TUKPJNZwR6oJa9qfif10l1eN0dM5GkmgoyWxSmHOsYT3PBAZOUaD4yAEQycysmA5BAtElvYYsfTQomFHc5glVolktutXR5VynWqvN48ugEnaEL5KIrVEO3qI4aiKAn9IJe0Zv1bL1bH9bnrDVnzWeO0UJZX79nvKAk</latexit>

hb̂†
2
b4i

<latexit sha1_base64="jikwVE4aAgNyCD6cpRMKOT9u0wM=">AAACBHicbVC7SgNBFL3rM8ZX1NJmMAhWYTf4KgM2lhHMA5I1zM7OJkNmZteZWSEsaf0FW+3txNb/sPVLnCRbmMQDFw7n3Mu5nCDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYVPHqSK0QWIeq3aANeVM0oZhhtN2oigWAaetYHgz8VtPVGkWy3szSqgvcF+yiBFsrOSj7gAbFDx0Q9xHvVLZrbhToGXi5aQMOeq90k83jEkqqDSEY607npsYP8PKMMLpuNhNNU0wGeI+7VgqsaDaz6ZPj9GpVUIUxcqONGiq/r3IsNB6JAK7KbAZ6EVvIv7ndVITXfsZk0lqqCSzoCjlyMRo0gAKmaLE8JElmChmf0VkgBUmxvY0lxKIcdGW4i1WsEya1Yp3Wbm4Oy/Xqnk9BTiGEzgDD66gBrdQhwYQeIQXeIU359l5dz6cz9nqipPfHMEcnK9f4emX3Q==</latexit>

b̂
†

<latexit sha1_base64="49G2cxhSa5Q5E8pqqKD8C4l0QVE=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jGCeUCyhNnJbDJkZneZ6RXCEvAXvOrdm3j1V7z6JU6SPZjEgoaiqpvuriCRwqDrfjtr6xubW9uFneLu3v7BYenouGniVDPeYLGMdTughksR8QYKlLydaE5VIHkrGN1N/dYT10bE0SOOE+4rOohEKBhFK7VId0iRBL1S2a24M5BV4uWkDDnqvdJPtx+zVPEImaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsjajixs9m507IuVX6JIy1rQjJTP07kVFlzFgFtlNRHJplbyr+53VSDG/9TERJijxi80VhKgnGZPo76QvNGcqxJZRpYW8lbEg1ZWgTWtgSqEnRhuItR7BKmtWKd125ergs16p5PAU4hTO4AA9uoAb3UIcGMBjBC7zCm/PsvDsfzue8dc3JZ05gAc7XL78alZs=</latexit>

b̂
<latexit sha1_base64="bQP9+cw/vphrUUa1s5mx26ZtxX0=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5Eo40QsLGM4iWB5Ah7m71kye7esbsnhCP/wFZ7O7H119j6S9wkV5jEBwOP92aYmRcmnGnjut9OYW19Y3OruF3a2d3bPygfHjV1nCpCfRLzWLVDrClnkvqGGU7biaJYhJy2wtHd1G89U6VZLJ/MOKGBwAPJIkawsdLjLeqVK27VnQGtEi8nFcjR6JV/uv2YpIJKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpRILqoNsdukEnVmlj6JY2ZIGzdS/ExkWWo9FaDsFNkO97E3F/7xOaqKbIGMySQ2VZL4oSjkyMZq+jfpMUWL42BJMFLO3IjLEChNjw1nYEopJyYbiLUewSpoXVa9WvXq4rNRreTxFOIFTOAcPrqEO99AAHwhE8AKv8OZkzrvz4XzOWwtOPnMMC3C+fgEOzZOP</latexit>

=

<latexit sha1_base64="jikwVE4aAgNyCD6cpRMKOT9u0wM=">AAACBHicbVC7SgNBFL3rM8ZX1NJmMAhWYTf4KgM2lhHMA5I1zM7OJkNmZteZWSEsaf0FW+3txNb/sPVLnCRbmMQDFw7n3Mu5nCDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYVPHqSK0QWIeq3aANeVM0oZhhtN2oigWAaetYHgz8VtPVGkWy3szSqgvcF+yiBFsrOSj7gAbFDx0Q9xHvVLZrbhToGXi5aQMOeq90k83jEkqqDSEY607npsYP8PKMMLpuNhNNU0wGeI+7VgqsaDaz6ZPj9GpVUIUxcqONGiq/r3IsNB6JAK7KbAZ6EVvIv7ndVITXfsZk0lqqCSzoCjlyMRo0gAKmaLE8JElmChmf0VkgBUmxvY0lxKIcdGW4i1WsEya1Yp3Wbm4Oy/Xqnk9BTiGEzgDD66gBrdQhwYQeIQXeIU359l5dz6cz9nqipPfHMEcnK9f4emX3Q==</latexit>

b̂
†

<latexit sha1_base64="49G2cxhSa5Q5E8pqqKD8C4l0QVE=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jGCeUCyhNnJbDJkZneZ6RXCEvAXvOrdm3j1V7z6JU6SPZjEgoaiqpvuriCRwqDrfjtr6xubW9uFneLu3v7BYenouGniVDPeYLGMdTughksR8QYKlLydaE5VIHkrGN1N/dYT10bE0SOOE+4rOohEKBhFK7VId0iRBL1S2a24M5BV4uWkDDnqvdJPtx+zVPEImaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsjajixs9m507IuVX6JIy1rQjJTP07kVFlzFgFtlNRHJplbyr+53VSDG/9TERJijxi80VhKgnGZPo76QvNGcqxJZRpYW8lbEg1ZWgTWtgSqEnRhuItR7BKmtWKd125ergs16p5PAU4hTO4AA9uoAb3UIcGMBjBC7zCm/PsvDsfzue8dc3JZ05gAc7XL78alZs=</latexit>

b̂
Efficiently 

contractable

Imaginary time-evolution

Then, at late times:

When normalizing: c̃i(τ) =
ci(τ)P
n
cn(τ)2

<latexit sha1_base64="0D/NUSmSOA7TwUwPgtMtJEhKFB8=">AAACNHicbVDLSsNAFJ34rPVVdelmsAi6kUTEuhEKblxWsA9oaphMb3ToZBJmboQS8in+hj/gVj9AcCe69BucPhBfBwYO55zLvXPCVAqDrvvszMzOzS8slpbKyyura+uVjc2WSTLNockTmehOyAxIoaCJAiV0Ug0sDiW0w8HZyG/fgjYiUZc4TKEXs2slIsEZWimo1HwUsg+UB2LPR5bt01PqR5rx/Espct9kcaBsRk2Uq8MiqFTdA3cM+pd4U1IlUzSCyrvfT3gWg0IumTFdz02xlzONgksoyn5mIGV8wK6ha6liMZhePv5gQXet0qdRou1TSMfq94mcxcYM49AmY4Y35rc3Ev/zuhlGJ71cqDRDUHyyKMokxYSO2qJ9oYGjHFrCuBb2VspvmK0Hbac/toSaDQCLsi3G+13DX9I6PPAsvziq1o+nFZXINtkhe8QjNVIn56RBmoSTO/JAHsmTc++8OK/O2yQ640xntsgPOB+fxv+quQ==</latexit><latexit sha1_base64="0D/NUSmSOA7TwUwPgtMtJEhKFB8=">AAACNHicbVDLSsNAFJ34rPVVdelmsAi6kUTEuhEKblxWsA9oaphMb3ToZBJmboQS8in+hj/gVj9AcCe69BucPhBfBwYO55zLvXPCVAqDrvvszMzOzS8slpbKyyura+uVjc2WSTLNockTmehOyAxIoaCJAiV0Ug0sDiW0w8HZyG/fgjYiUZc4TKEXs2slIsEZWimo1HwUsg+UB2LPR5bt01PqR5rx/Espct9kcaBsRk2Uq8MiqFTdA3cM+pd4U1IlUzSCyrvfT3gWg0IumTFdz02xlzONgksoyn5mIGV8wK6ha6liMZhePv5gQXet0qdRou1TSMfq94mcxcYM49AmY4Y35rc3Ev/zuhlGJ71cqDRDUHyyKMokxYSO2qJ9oYGjHFrCuBb2VspvmK0Hbac/toSaDQCLsi3G+13DX9I6PPAsvziq1o+nFZXINtkhe8QjNVIn56RBmoSTO/JAHsmTc++8OK/O2yQ640xntsgPOB+fxv+quQ==</latexit><latexit sha1_base64="0D/NUSmSOA7TwUwPgtMtJEhKFB8=">AAACNHicbVDLSsNAFJ34rPVVdelmsAi6kUTEuhEKblxWsA9oaphMb3ToZBJmboQS8in+hj/gVj9AcCe69BucPhBfBwYO55zLvXPCVAqDrvvszMzOzS8slpbKyyura+uVjc2WSTLNockTmehOyAxIoaCJAiV0Ug0sDiW0w8HZyG/fgjYiUZc4TKEXs2slIsEZWimo1HwUsg+UB2LPR5bt01PqR5rx/Espct9kcaBsRk2Uq8MiqFTdA3cM+pd4U1IlUzSCyrvfT3gWg0IumTFdz02xlzONgksoyn5mIGV8wK6ha6liMZhePv5gQXet0qdRou1TSMfq94mcxcYM49AmY4Y35rc3Ev/zuhlGJ71cqDRDUHyyKMokxYSO2qJ9oYGjHFrCuBb2VspvmK0Hbac/toSaDQCLsi3G+13DX9I6PPAsvziq1o+nFZXINtkhe8QjNVIn56RBmoSTO/JAHsmTc++8OK/O2yQ640xntsgPOB+fxv+quQ==</latexit><latexit sha1_base64="0D/NUSmSOA7TwUwPgtMtJEhKFB8=">AAACNHicbVDLSsNAFJ34rPVVdelmsAi6kUTEuhEKblxWsA9oaphMb3ToZBJmboQS8in+hj/gVj9AcCe69BucPhBfBwYO55zLvXPCVAqDrvvszMzOzS8slpbKyyura+uVjc2WSTLNockTmehOyAxIoaCJAiV0Ug0sDiW0w8HZyG/fgjYiUZc4TKEXs2slIsEZWimo1HwUsg+UB2LPR5bt01PqR5rx/Espct9kcaBsRk2Uq8MiqFTdA3cM+pd4U1IlUzSCyrvfT3gWg0IumTFdz02xlzONgksoyn5mIGV8wK6ha6liMZhePv5gQXet0qdRou1TSMfq94mcxcYM49AmY4Y35rc3Ev/zuhlGJ71cqDRDUHyyKMokxYSO2qJ9oYGjHFrCuBb2VspvmK0Hbac/toSaDQCLsi3G+13DX9I6PPAsvziq1o+nFZXINtkhe8QjNVIn56RBmoSTO/JAHsmTc++8OK/O2yQ640xntsgPOB+fxv+quQ==</latexit>

c̃i(τ → ∞) = δi,0
<latexit sha1_base64="KtGENw7nIhuVIVhX+/GTCoKrAWE=">AAACKXicbZDNSsNAEMc3flu/qh69LBZBQSQRUS9CwYtHBatCU8JkM9Glm03YnQgl9CV8DV/Aq76BN/Uq+Bxuaw9+/WHhx39mmJ1/XChpyfdfvbHxicmp6ZnZ2tz8wuJSfXnlwualEdgSucrNVQwWldTYIkkKrwqDkMUKL+Pu8aB+eYvGylyfU6/ATgbXWqZSADkrqm+HJFWCXESSb4YEJQ8p56HUKfW2+BEPE1QEUSW3/T6P6g1/xx+K/4VgBA020mlU/wiTXJQZahIKrG0HfkGdCgxJobBfC0uLBYguXGPboYYMbacaXtXnG85JeJob9zTxoft9ooLM2l4Wu84M6Mb+rg3M/2rtktLDTiV1URJq8bUoLRV3hw8i4ok0KEj1HIAw0v2VixswIMgF+WNLbKCL1K+5YILfMfyFi92dwPHZXqO5P4pohq2xdbbJAnbAmuyEnbIWE+yOPbBH9uTde8/ei/f21TrmjWZW2Q95758SrqWz</latexit><latexit sha1_base64="KtGENw7nIhuVIVhX+/GTCoKrAWE=">AAACKXicbZDNSsNAEMc3flu/qh69LBZBQSQRUS9CwYtHBatCU8JkM9Glm03YnQgl9CV8DV/Aq76BN/Uq+Bxuaw9+/WHhx39mmJ1/XChpyfdfvbHxicmp6ZnZ2tz8wuJSfXnlwualEdgSucrNVQwWldTYIkkKrwqDkMUKL+Pu8aB+eYvGylyfU6/ATgbXWqZSADkrqm+HJFWCXESSb4YEJQ8p56HUKfW2+BEPE1QEUSW3/T6P6g1/xx+K/4VgBA020mlU/wiTXJQZahIKrG0HfkGdCgxJobBfC0uLBYguXGPboYYMbacaXtXnG85JeJob9zTxoft9ooLM2l4Wu84M6Mb+rg3M/2rtktLDTiV1URJq8bUoLRV3hw8i4ok0KEj1HIAw0v2VixswIMgF+WNLbKCL1K+5YILfMfyFi92dwPHZXqO5P4pohq2xdbbJAnbAmuyEnbIWE+yOPbBH9uTde8/ei/f21TrmjWZW2Q95758SrqWz</latexit><latexit sha1_base64="KtGENw7nIhuVIVhX+/GTCoKrAWE=">AAACKXicbZDNSsNAEMc3flu/qh69LBZBQSQRUS9CwYtHBatCU8JkM9Glm03YnQgl9CV8DV/Aq76BN/Uq+Bxuaw9+/WHhx39mmJ1/XChpyfdfvbHxicmp6ZnZ2tz8wuJSfXnlwualEdgSucrNVQwWldTYIkkKrwqDkMUKL+Pu8aB+eYvGylyfU6/ATgbXWqZSADkrqm+HJFWCXESSb4YEJQ8p56HUKfW2+BEPE1QEUSW3/T6P6g1/xx+K/4VgBA020mlU/wiTXJQZahIKrG0HfkGdCgxJobBfC0uLBYguXGPboYYMbacaXtXnG85JeJob9zTxoft9ooLM2l4Wu84M6Mb+rg3M/2rtktLDTiV1URJq8bUoLRV3hw8i4ok0KEj1HIAw0v2VixswIMgF+WNLbKCL1K+5YILfMfyFi92dwPHZXqO5P4pohq2xdbbJAnbAmuyEnbIWE+yOPbBH9uTde8/ei/f21TrmjWZW2Q95758SrqWz</latexit><latexit sha1_base64="KtGENw7nIhuVIVhX+/GTCoKrAWE=">AAACKXicbZDNSsNAEMc3flu/qh69LBZBQSQRUS9CwYtHBatCU8JkM9Glm03YnQgl9CV8DV/Aq76BN/Uq+Bxuaw9+/WHhx39mmJ1/XChpyfdfvbHxicmp6ZnZ2tz8wuJSfXnlwualEdgSucrNVQwWldTYIkkKrwqDkMUKL+Pu8aB+eYvGylyfU6/ATgbXWqZSADkrqm+HJFWCXESSb4YEJQ8p56HUKfW2+BEPE1QEUSW3/T6P6g1/xx+K/4VgBA020mlU/wiTXJQZahIKrG0HfkGdCgxJobBfC0uLBYguXGPboYYMbacaXtXnG85JeJob9zTxoft9ooLM2l4Wu84M6Mb+rg3M/2rtktLDTiV1URJq8bUoLRV3hw8i4ok0KEj1HIAw0v2VixswIMgF+WNLbKCL1K+5YILfMfyFi92dwPHZXqO5P4pohq2xdbbJAnbAmuyEnbIWE+yOPbBH9uTde8/ei/f21TrmjWZW2Q95758SrqWz</latexit>

Ĥ =

X

n

En |ψni hψn|
<latexit sha1_base64="LEaCKdfqjQfz92JECp76p8ahGiY=">AAACKXicbZDLSsNAFIYnXmu9RV26GSyCCymJiLoRCiJ0WcFeoAlhMp22QyeTMHMilJCX8DV8Abf6Bu7UreBzOL0ItvWHAx//OYcz84eJ4Boc58NaWl5ZXVsvbBQ3t7Z3du29/YaOU0VZncYiVq2QaCa4ZHXgIFgrUYxEoWDNcHAz6jcfmNI8lvcwTJgfkZ7kXU4JGCuwT70+AVzF19jTaRRIfGvKGzDIvETzQOZeqMgvB3bJKTtj4UVwp1BCU9UC+9vrxDSNmAQqiNZt10nAz4gCTgXLi16qWULogPRY26AkEdN+Nv5Vjo+N08HdWJmSgMfu342MRFoPo9BMRgT6er43Mv/rtVPoXvkZl0kKTNLJoW4qMMR4FBHucMUoiKEBQhU3b8W0TxShYIKcuWKyMVHlRROMOx/DIjTOyq7hu/NS5WIaUQEdoiN0glx0iSqoimqojih6RM/oBb1aT9ab9W59TkaXrOnOAZqR9fUDStunGA==</latexit><latexit sha1_base64="LEaCKdfqjQfz92JECp76p8ahGiY=">AAACKXicbZDLSsNAFIYnXmu9RV26GSyCCymJiLoRCiJ0WcFeoAlhMp22QyeTMHMilJCX8DV8Abf6Bu7UreBzOL0ItvWHAx//OYcz84eJ4Boc58NaWl5ZXVsvbBQ3t7Z3du29/YaOU0VZncYiVq2QaCa4ZHXgIFgrUYxEoWDNcHAz6jcfmNI8lvcwTJgfkZ7kXU4JGCuwT70+AVzF19jTaRRIfGvKGzDIvETzQOZeqMgvB3bJKTtj4UVwp1BCU9UC+9vrxDSNmAQqiNZt10nAz4gCTgXLi16qWULogPRY26AkEdN+Nv5Vjo+N08HdWJmSgMfu342MRFoPo9BMRgT6er43Mv/rtVPoXvkZl0kKTNLJoW4qMMR4FBHucMUoiKEBQhU3b8W0TxShYIKcuWKyMVHlRROMOx/DIjTOyq7hu/NS5WIaUQEdoiN0glx0iSqoimqojih6RM/oBb1aT9ab9W59TkaXrOnOAZqR9fUDStunGA==</latexit><latexit sha1_base64="LEaCKdfqjQfz92JECp76p8ahGiY=">AAACKXicbZDLSsNAFIYnXmu9RV26GSyCCymJiLoRCiJ0WcFeoAlhMp22QyeTMHMilJCX8DV8Abf6Bu7UreBzOL0ItvWHAx//OYcz84eJ4Boc58NaWl5ZXVsvbBQ3t7Z3du29/YaOU0VZncYiVq2QaCa4ZHXgIFgrUYxEoWDNcHAz6jcfmNI8lvcwTJgfkZ7kXU4JGCuwT70+AVzF19jTaRRIfGvKGzDIvETzQOZeqMgvB3bJKTtj4UVwp1BCU9UC+9vrxDSNmAQqiNZt10nAz4gCTgXLi16qWULogPRY26AkEdN+Nv5Vjo+N08HdWJmSgMfu342MRFoPo9BMRgT6er43Mv/rtVPoXvkZl0kKTNLJoW4qMMR4FBHucMUoiKEBQhU3b8W0TxShYIKcuWKyMVHlRROMOx/DIjTOyq7hu/NS5WIaUQEdoiN0glx0iSqoimqojih6RM/oBb1aT9ab9W59TkaXrOnOAZqR9fUDStunGA==</latexit><latexit sha1_base64="LEaCKdfqjQfz92JECp76p8ahGiY=">AAACKXicbZDLSsNAFIYnXmu9RV26GSyCCymJiLoRCiJ0WcFeoAlhMp22QyeTMHMilJCX8DV8Abf6Bu7UreBzOL0ItvWHAx//OYcz84eJ4Boc58NaWl5ZXVsvbBQ3t7Z3du29/YaOU0VZncYiVq2QaCa4ZHXgIFgrUYxEoWDNcHAz6jcfmNI8lvcwTJgfkZ7kXU4JGCuwT70+AVzF19jTaRRIfGvKGzDIvETzQOZeqMgvB3bJKTtj4UVwp1BCU9UC+9vrxDSNmAQqiNZt10nAz4gCTgXLi16qWULogPRY26AkEdN+Nv5Vjo+N08HdWJmSgMfu342MRFoPo9BMRgT6er43Mv/rtVPoXvkZl0kKTNLJoW4qMMR4FBHucMUoiKEBQhU3b8W0TxShYIKcuWKyMVHlRROMOx/DIjTOyq7hu/NS5WIaUQEdoiN0glx0iSqoimqojih6RM/oBb1aT9ab9W59TkaXrOnOAZqR9fUDStunGA==</latexit>

|ψ(τ)i = e−τĤ |ψ(t = 0)i =
X

n

e−τEn |ψni hψn|ψ(t = 0)i =
X

n

cn(τ) |ψni
<latexit sha1_base64="jxx0GIePBk2DGyYrPzKIFZ6RL3Q="></latexit><latexit sha1_base64="jxx0GIePBk2DGyYrPzKIFZ6RL3Q="></latexit><latexit sha1_base64="jxx0GIePBk2DGyYrPzKIFZ6RL3Q="></latexit><latexit sha1_base64="jxx0GIePBk2DGyYrPzKIFZ6RL3Q="></latexit>

E0 < E1 < E2 < . . .
<latexit sha1_base64="CdsnM9IHz1OMRoKarXt9fw55MEo=">AAACFHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdSFi4IUXFawD2hDmEwn7dDJg5kboYT8hj/gVv/Anbh17w/4HU7TLGzrgbkczr2He+d4seAKLOvbKK2tb2xulbcrO7t7+wfm4VFHRYmkrE0jEcmeRxQTPGRt4CBYL5aMBJ5gXW9yN+t3n5hUPAofYRozJyCjkPucEtCSa540XQvf4qZr57Wu62AYgXLNqlWzcuBVYhekigq0XPNH+2gSsBCoIEr1bSsGJyUSOBUsqwwSxWJCJ2TE+pqGJGDKSfMPZPhcK0PsR1K/EHCu/nWkJFBqGnh6MiAwVsu9mfhfr5+Af+OkPIwTYCGdL/ITgSHCszTwkEtGQUw1IVRyfSumYyIJBZ3ZwhZPkgmDrKKDsZdjWCWdes3W/OGy2rgqIiqjU3SGLpCNrlED3aMWaiOKMvSCXtGb8Wy8Gx/G53y0ZBSeY7QA4+sXvn2b9g==</latexit><latexit sha1_base64="CdsnM9IHz1OMRoKarXt9fw55MEo=">AAACFHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdSFi4IUXFawD2hDmEwn7dDJg5kboYT8hj/gVv/Anbh17w/4HU7TLGzrgbkczr2He+d4seAKLOvbKK2tb2xulbcrO7t7+wfm4VFHRYmkrE0jEcmeRxQTPGRt4CBYL5aMBJ5gXW9yN+t3n5hUPAofYRozJyCjkPucEtCSa540XQvf4qZr57Wu62AYgXLNqlWzcuBVYhekigq0XPNH+2gSsBCoIEr1bSsGJyUSOBUsqwwSxWJCJ2TE+pqGJGDKSfMPZPhcK0PsR1K/EHCu/nWkJFBqGnh6MiAwVsu9mfhfr5+Af+OkPIwTYCGdL/ITgSHCszTwkEtGQUw1IVRyfSumYyIJBZ3ZwhZPkgmDrKKDsZdjWCWdes3W/OGy2rgqIiqjU3SGLpCNrlED3aMWaiOKMvSCXtGb8Wy8Gx/G53y0ZBSeY7QA4+sXvn2b9g==</latexit><latexit sha1_base64="CdsnM9IHz1OMRoKarXt9fw55MEo=">AAACFHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdSFi4IUXFawD2hDmEwn7dDJg5kboYT8hj/gVv/Anbh17w/4HU7TLGzrgbkczr2He+d4seAKLOvbKK2tb2xulbcrO7t7+wfm4VFHRYmkrE0jEcmeRxQTPGRt4CBYL5aMBJ5gXW9yN+t3n5hUPAofYRozJyCjkPucEtCSa540XQvf4qZr57Wu62AYgXLNqlWzcuBVYhekigq0XPNH+2gSsBCoIEr1bSsGJyUSOBUsqwwSxWJCJ2TE+pqGJGDKSfMPZPhcK0PsR1K/EHCu/nWkJFBqGnh6MiAwVsu9mfhfr5+Af+OkPIwTYCGdL/ITgSHCszTwkEtGQUw1IVRyfSumYyIJBZ3ZwhZPkgmDrKKDsZdjWCWdes3W/OGy2rgqIiqjU3SGLpCNrlED3aMWaiOKMvSCXtGb8Wy8Gx/G53y0ZBSeY7QA4+sXvn2b9g==</latexit><latexit sha1_base64="CdsnM9IHz1OMRoKarXt9fw55MEo=">AAACFHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdSFi4IUXFawD2hDmEwn7dDJg5kboYT8hj/gVv/Anbh17w/4HU7TLGzrgbkczr2He+d4seAKLOvbKK2tb2xulbcrO7t7+wfm4VFHRYmkrE0jEcmeRxQTPGRt4CBYL5aMBJ5gXW9yN+t3n5hUPAofYRozJyCjkPucEtCSa540XQvf4qZr57Wu62AYgXLNqlWzcuBVYhekigq0XPNH+2gSsBCoIEr1bSsGJyUSOBUsqwwSxWJCJ2TE+pqGJGDKSfMPZPhcK0PsR1K/EHCu/nWkJFBqGnh6MiAwVsu9mfhfr5+Af+OkPIwTYCGdL/ITgSHCszTwkEtGQUw1IVRyfSumYyIJBZ3ZwhZPkgmDrKKDsZdjWCWdes3W/OGy2rgqIiqjU3SGLpCNrlED3aMWaiOKMvSCXtGb8Wy8Gx/G53y0ZBSeY7QA4+sXvn2b9g==</latexit>

Only the GS survives!

c0(τ ! 1) # c1(τ ! 1) # c2(τ ! 1) . . .
<latexit sha1_base64="/3cfcEGTNZ6XsaspZxAF/x6QyGc=">AAACSXicdVC7SgNBFJ1NfMT4WrW0GQxCbMJuELUM2FhYRDAPyIZldjKbDJmdXWbuCmHJT/kb/oCWWtjbiZWTR2EeHhg4nHMPd+4JEsE1OM6blctvbG5tF3aKu3v7B4f20XFTx6mirEFjEat2QDQTXLIGcBCsnShGokCwVjC8nfitJ6Y0j+UjjBLWjUhf8pBTAkby7XvqO7jsAUk9iLHHZQijC+z1+5j67n9GdY3Ri0H7dsmpOFPgVeLOSQnNUfftT5OjacQkUEG07rhOAt2MKOBUsHHRSzVLCB2SPusYKknEdDebXj3G50bp4TBW5knAU/VvIiOR1qMoMJMRgYFe9ibiOq+TQnjTzbhMUmCSzhaFqcDm3EmFuMcVoyBGhhCquPkrpgOiCAVT9MKWQJEhg3HRFOMu17BKmtWKa/jDZal2Na+ogE7RGSojF12jGrpDddRAFD2jV/SOPqwX68v6tn5mozlrnjlBC8jlfwGOhLDX</latexit><latexit sha1_base64="/3cfcEGTNZ6XsaspZxAF/x6QyGc=">AAACSXicdVC7SgNBFJ1NfMT4WrW0GQxCbMJuELUM2FhYRDAPyIZldjKbDJmdXWbuCmHJT/kb/oCWWtjbiZWTR2EeHhg4nHMPd+4JEsE1OM6blctvbG5tF3aKu3v7B4f20XFTx6mirEFjEat2QDQTXLIGcBCsnShGokCwVjC8nfitJ6Y0j+UjjBLWjUhf8pBTAkby7XvqO7jsAUk9iLHHZQijC+z1+5j67n9GdY3Ri0H7dsmpOFPgVeLOSQnNUfftT5OjacQkUEG07rhOAt2MKOBUsHHRSzVLCB2SPusYKknEdDebXj3G50bp4TBW5knAU/VvIiOR1qMoMJMRgYFe9ibiOq+TQnjTzbhMUmCSzhaFqcDm3EmFuMcVoyBGhhCquPkrpgOiCAVT9MKWQJEhg3HRFOMu17BKmtWKa/jDZal2Na+ogE7RGSojF12jGrpDddRAFD2jV/SOPqwX68v6tn5mozlrnjlBC8jlfwGOhLDX</latexit><latexit sha1_base64="/3cfcEGTNZ6XsaspZxAF/x6QyGc=">AAACSXicdVC7SgNBFJ1NfMT4WrW0GQxCbMJuELUM2FhYRDAPyIZldjKbDJmdXWbuCmHJT/kb/oCWWtjbiZWTR2EeHhg4nHMPd+4JEsE1OM6blctvbG5tF3aKu3v7B4f20XFTx6mirEFjEat2QDQTXLIGcBCsnShGokCwVjC8nfitJ6Y0j+UjjBLWjUhf8pBTAkby7XvqO7jsAUk9iLHHZQijC+z1+5j67n9GdY3Ri0H7dsmpOFPgVeLOSQnNUfftT5OjacQkUEG07rhOAt2MKOBUsHHRSzVLCB2SPusYKknEdDebXj3G50bp4TBW5knAU/VvIiOR1qMoMJMRgYFe9ibiOq+TQnjTzbhMUmCSzhaFqcDm3EmFuMcVoyBGhhCquPkrpgOiCAVT9MKWQJEhg3HRFOMu17BKmtWKa/jDZal2Na+ogE7RGSojF12jGrpDddRAFD2jV/SOPqwX68v6tn5mozlrnjlBC8jlfwGOhLDX</latexit><latexit sha1_base64="/3cfcEGTNZ6XsaspZxAF/x6QyGc=">AAACSXicdVC7SgNBFJ1NfMT4WrW0GQxCbMJuELUM2FhYRDAPyIZldjKbDJmdXWbuCmHJT/kb/oCWWtjbiZWTR2EeHhg4nHMPd+4JEsE1OM6blctvbG5tF3aKu3v7B4f20XFTx6mirEFjEat2QDQTXLIGcBCsnShGokCwVjC8nfitJ6Y0j+UjjBLWjUhf8pBTAkby7XvqO7jsAUk9iLHHZQijC+z1+5j67n9GdY3Ri0H7dsmpOFPgVeLOSQnNUfftT5OjacQkUEG07rhOAt2MKOBUsHHRSzVLCB2SPusYKknEdDebXj3G50bp4TBW5knAU/VvIiOR1qMoMJMRgYFe9ibiOq+TQnjTzbhMUmCSzhaFqcDm3EmFuMcVoyBGhhCquPkrpgOiCAVT9MKWQJEhg3HRFOMu17BKmtWKa/jDZal2Na+ogE7RGSojF12jGrpDddRAFD2jV/SOPqwX68v6tn5mozlrnjlBC8jlfwGOhLDX</latexit>



Long range interactions: Matrix product operators (MPO) of Hamiltonians

Variational techniques  

(e.g. ground-state finding = DMRG)

Open systems: Density matrix as MPO

e.g. local updates to minimize energy

Ĥ =

Infinite systems (iTEBD) … exploiting translational symmetries:

Elegant formulations for higher dimensional models (PEPS)

Further reading: Review article with references:  

                            

Lecture 3 - Further reading … we were just scratching the surface

“density matrix renormalization group”

2D

“projected entangled pair states”

Multi-scale entanglement renormalization ansatz (MERA): “Tensor network trees”

<latexit sha1_base64="TiJSkuvIeUmz9Rw72zd1OCx7HTs=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVol6EohePFewHtEvJptk2NJuEJCuUpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMixRnxvr+t1dYW9/Y3Cpul3Z29/YPyodHLSNTTWiTSC51J8KGciZo0zLLaUdpipOI03Y0vpv57SeqDZPi0U4UDRM8FCxmBFsntXt6JNEN6pcrftWfA62SICcVyNHol796A0nShApLODamG/jKhhnWlhFOp6VeaqjCZIyHtOuowAk1YTY/d4rOnDJAsdSuhEVz9fdEhhNjJknkOhNsR2bZm4n/ed3UxtdhxoRKLRVksShOObISzX5HA6YpsXziCCaauVsRGWGNiXUJlVwIwfLLq6R1UQ0uq7WHWqV+m8dRhBM4hXMI4ArqcA8NaAKBMTzDK7x5ynvx3r2PRWvBy2eO4Q+8zx9UTY7r</latexit>

ρ =

      U. Schollwöck, Ann. Phys. 326, 96 (2011), arXiv:1008.3477

 A   B  A   B  A   B

S. White, 1992



Plan for today

A strategy to simulate dynamics in systems way beyond 30 qubits - Matrix Product States

๏ Boring preliminaries: Suzuki-Trotter decomposition

๏ Bipartite entanglement and singular value decompositions

๏ Matrix product states (MPS)

๏ The time-evolving block decimation algorithm (TEBD)

๏ Application example of Bose-Hubbard and Spin-model dynamics



Model: Bosonic atoms trapped in an optical lattice

J
U

<latexit sha1_base64="DOIBXEjeuOIaM4xnQt8Lihflchs="></latexit>

Ĥ = −J

X

i

(b̂ib̂
†
i+1

+ b̂
†
i
b̂i+1) +

U

2

X

i

n̂i(n̂i − 1)
<latexit sha1_base64="3fugAMnc809goXTnSySySMxPD8U=">AAACGnicbZBNS8MwGMfT+TbnW9Wjl+gQPI1WxvQiDLx4nOBeYK0lTdMtLE1Lkgqj7OyX8Ct41bs38erFq5/ErCviNv8Q+OX/PA9P8vcTRqWyrC+jtLK6tr5R3qxsbe/s7pn7Bx0ZpwKTNo5ZLHo+koRRTtqKKkZ6iSAo8hnp+qPrab37QISkMb9T44S4ERpwGlKMlLY889gZIgW5R+EVzNH36L0ToMHvzTOrVs3KBZfBLqAKCrU889sJYpxGhCvMkJR920qUmyGhKGZkUnFSSRKER2hA+ho5ioh0s/wrE3iqnQCGsdCHK5i7fycyFEk5jnzdGSE1lIu1qflfrZ+q8NLNKE9SRTieLQpTBlUMp7nAgAqCFRtrQFhQ/VaIh0ggrHR6c1v8aFLRodiLESxD57xmN2r123q12SjiKYMjcALOgA0uQBPcgBZoAwwewTN4Aa/Gk/FmvBsfs9aSUcwcgjkZnz/bxp/Q</latexit>

n̂i = b̂
†
i
b̂i

Lecture 3 - Ground state phase transition in Bose-Hubbard models:

Model: Exact MPS calculation of single-particle density matrix for N=48 bosons on M=48 sites:



Lecture 3 - Ground state phase transition in Bose-Hubbard models:

Model: Exact MPS calculation of single-particle density matrix for N=48 bosons on M=48 sites:

Observation: There is no off-diagonal long-range order. This is a peculiarity of one dimension!

However:

<latexit sha1_base64="DOIBXEjeuOIaM4xnQt8Lihflchs="></latexit>

Ĥ = −J

X

i

(b̂ib̂
†
i+1

+ b̂
†
i
b̂i+1) +

U

2

X

i

n̂i(n̂i − 1)

For strong interactions, the SPDM show exponential off-diagonal decay, for weak interactions it shows only a 

power-law decay. The latter is known as quasi off-diagonal long-range order!



Lecture 3 - Ground state phase transition in Bose-Hubbard models:

Model: Exact MPS calculation of single-particle density matrix for N=48 bosons on M=48 sites:

<latexit sha1_base64="DOIBXEjeuOIaM4xnQt8Lihflchs="></latexit>

Ĥ = −J

X

i

(b̂ib̂
†
i+1

+ b̂
†
i
b̂i+1) +

U

2

X

i

n̂i(n̂i − 1)

This is a manifestation of a quantum phase transition (at T=0), here between a Mott insulating phase (left, bosons 

pinned on sites) and a superfluid phase (bosons delocalized, quasi off-diagonal long range order)

In 1D MPS calculations are really necessary, transition point according to mean-field: 

<latexit sha1_base64="4+vXyXSg8M8O+Ou62gHsWmOT1+w="></latexit>

(U/J)C = 2(1 +
√
2)2 ≈ 11.66 Reality (MPS):

<latexit sha1_base64="zdkqAUkO10e8ZWGJcQ5pHkezGEU=">AAACJ3icbVDLSsNAFJ34rPUV7dLNYBHqJiZFq+4K3YirCqYttCFMppN26OTBzEQMod/i1n6NO9GlHyI4bbOwjwMXDufcy733eDGjQprmt7axubW9s1vYK+4fHB4d6yenLRElHBMbRyziHQ8JwmhIbEklI52YExR4jLS9UWPqt18IFzQKn2UaEydAg5D6FCOpJFcvVeyrx0u3AXsojnn0CqvGvauXTcOcAa4SKydlkKPp6r+9foSTgIQSMyRE1zJj6WSIS4oZGRd7iSAxwiM0IF1FQxQQ4WSz48fwQil96EdcVSjhTP0/kaFAiDTwVGeA5FAse1NxredxNCJyndVNpH/nZDSME0lCPL/BTxiUEZyGBPuUEyxZqgjCnKo3IB4ijrBUUS4uCcZFlZe1nM4qaVUNq2bcPF2X67U8uQI4A+egAixwC+rgATSBDTBIwRt4BxNton1on9rXvHVDy2dKYAHazx+PrqSR</latexit>

(U/J)C ≈ 2.9



Reminder - GP simulations with Runge-Kutta

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d

dt
ψ(x, t) = −i

✓

p̂2

2m
+ V (x) + g|ψ(x, t)|2

◆

ψ(x, t)

Solving it with RK4

1001 grid points

<latexit sha1_base64="NNoLkWJieGFvSXKrV8w+7jZbFY4=">AAACMHicbZDLSgMxFIYz9VbrrepSF8EiuCozRasboeBGXFWwF2hryaRn2tBkZkwyhTLMxqdxa59GV+LWdxBMLwt7ORD4+f9zODmfG3KmtG1/Wqm19Y3NrfR2Zmd3b/8ge3hUVUEkKVRowANZd4kCznyoaKY51EMJRLgcam7/bpzXBiAVC/wnPQyhJUjXZx6jRBurnT19wLe46UlCYyeJC4I8FxLchJeIDbDTzubsvD0pvCycmcihWZXb2d9mJ6CRAF9TTpRqOHaoWzGRmlEOSaYZKQgJ7ZMuNIz0iQDViidXJPjcOB3sBdI8X+OJ+38iJkKpoXBNpyC6pxazsbkycyXpg14VNSLt3bRi5oeRBp9O/+BFHOsAj2nhDpNANR8aQahk5gxMe8TQ0obp/BKRZAwvZ5HOsqgW8k4xf/V4mSsVZ+TS6ASdoQvkoGtUQveojCqIolf0ht7RyBpZH9aX9T1tTVmzmWM0V9bPH6JjqMI=</latexit>

J =
1

2ma2
≡ 1

๏ We kick it stronger

๏ … and kick the system! This can be done by applying a phase-gradient

<latexit sha1_base64="csIdQKxvnP+ou7Aou+wzYtmaf+Q=">AAACHHicdVDLSgMxFM34rPVVdekmWARXQ6Yd+9gV3LisYB/YjiWTZtrQTGZIMkJp+xdu7de4E7eCHyOYPgQr9cCFwzn3cu89fsyZ0gh9WhubW9s7u6m99P7B4dFx5uS0rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cDPzG09UKhaJez2MqRfinmABI1gb6WHcjhXrsPFjrpPJIrtUKueLeYhsx3WR6xqSQyVULkPHRnNkwRLVTuar3Y1IElKhCcdKtRwUa2+EpWaE00m6nSgaYzLAPdoyVOCQKm80v3gCL43ShUEkTQkN5+rviREOlRqGvukMse6rv95MXOv5Eg+oXme1Eh2UvBETcaKpIIsbgoRDHcFZMrDLJCWaDw3BRDLzBiR9LDHRJr/VJeEkbfL6CQX+T+o52ynY13dutlJYJpcC5+ACXAEHFEEF3IIqqAECBHgGL2BqTa1X6816X7RuWMuZM7AC6+MbfZyiwQ==</latexit>

|ψi|
2

<latexit sha1_base64="4NCWV9wu90aGSTAKaZsgc35MFVY=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNFqxuh4EZcVbAPaYeSSdM2NMkMyR2hDP0Kt/Zr3IlbF36MYNrOwj4OXO7hnHvJzQkiwQ247o+T2djc2t7J7ub29g8Oj/LHJ3UTxpqyGg1FqJsBMUxwxWrAQbBmpBmRgWCNYHg/9RuvTBseqmcYRcyXpK94j1MCVnoZPOI77BbdUidfsG0GvEq8lBRQimon/9vuhjSWTAEVxJiW50bgJ0QDp4KNc+3YsIjQIemzlqWKSGb8ZHbwGF9YpYt7obalAM/U/xsJkcaMZGAnJYGBWfam4lov0GTIYJ3ViqF36ydcRTEwRec39GKBIcTTYHCXa0ZBjCwhVHP7DUwHRBMKNr7FR+Q4Z/PyltNZJfVS0SsXr5+uCpVymlwWnaFzdIk8dIMq6AFVUQ1RJNEbekcTZ+J8OJ/O13w046Q7p2gBzvcfWnqgWw==</latexit>

hJ = 0.02

<latexit sha1_base64="ahiJbi3GaxuFQQKGAR/hXNuTgYg=">AAACP3icbZDLSsNAFIYn9VbrrerSzWARKkJJRKvLghuXFWwtNLVMpqft0JkkzEyEEvIQPo1b+xg+gTtx60JwmmZhLwcGPv7/HM6c3ws5U9q2P6zc2vrG5lZ+u7Czu7d/UDw8aqogkhQaNOCBbHlEAWc+NDTTHFqhBCI8Dk/e6G7qP72AVCzwH/U4hI4gA5/1GSXaSN3ihRsq1mXY1QHOMHalwJA8xymwBJdH5BwznHSLJbtip4WXwcmghLKqd4u/bi+gkQBfU06Uajt2qDsxkZpRDknBjRSEhI7IANoGfSJAdeL0qASfGaWH+4E0z9c4Vf9PxEQoNRae6RRED9WiNxVXep4kI9CrrHak+7edmPlhpMGnsz/0I45NONPwcI9JoJqPDRAqmTkD0yGRhGoT8fwSkRRMXs5iOsvQvKw41cr1w1WpVs2Sy6MTdIrKyEE3qIbuUR01EEWv6A29o4k1sT6tL+t71pqzspljNFfWzx9hRq8g</latexit>

ψi → ψie
i(ka)i

<latexit sha1_base64="EAbj9vLXsZand7M9yaeh80xZkmk=">AAACHXicbVDLSsNAFJ3UV62vqks3g0VwFRKp1Y1QcOOygn1AGspkOmmHziPMTIQS+hlu7de4E7fixwhO2yzs48CFwzn3cu89UcKoNp734xS2tnd294r7pYPDo+OT8ulZS8tUYdLEkknViZAmjArSNNQw0kkUQTxipB2NHmd++5UoTaV4MeOEhBwNBI0pRsZKwQjBB+i51W5Ce+WK53pzwHXi56QCcjR65d9uX+KUE2EwQ1oHvpeYMEPKUMzIpNRNNUkQHqEBCSwViBMdZvOTJ/DKKn0YS2VLGDhX/09kiGs95pHt5MgM9ao3Ezd6kUIjYjZZQWri+zCjIkkNEXhxQ5wyaCScRQP7VBFs2NgShBW1b0A8RAphYwNcXsInJZuXv5rOOmnduH7NvX2uVuq1PLkiuACX4Br44A7UwRNogCbAQII38A6mztT5cD6dr0VrwclnzsESnO8/kQKhkA==</latexit>

ka = 0.4π

periodic boundaries

<latexit sha1_base64="tmzcXiZ2qCBQLgWOkGIiMCnEL1E=">AAACGHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKiV6EgBfxFME8IFnC7KSTjJmZXWZmhbDkH7yar/EmXr35MYKTZA/mUdBQVHXT3RVEnGnjuj9OZmNza3snu5vb2z84PMofn9R1GCsKNRryUDUDooEzCTXDDIdmpICIgEMjGN5P/cYrKM1C+WxGEfiC9CXrMUqMlep9fIdLj518wS26M+BV4qWkgFJUO/nfdjeksQBpKCdatzw3Mn5ClGGUwzjXjjVEhA5JH1qWSiJA+8ns2jG+sEoX90JlSxo8U/9PJERoPRKB7RTEDPSyNxXXeoEiQzDrrFZserd+wmQUG5B0fkMv5tiEeJoK7jIF1PCRJYQqZt/AdEAUocZmt7hEjHM2L285nVVSvyp65WLp6bpQKafJZdEZOkeXyEM3qIIeUBXVEEUv6A29o4kzcT6cT+dr3ppx0plTtADn+w/6M5+x</latexit>

g = 5J

Our BEC get’s destroyed!

This is known as dynamical 

instability!



Lecture 3 - Dynamical instability of a superfluid

An experiment on stability of superfluid currents:

J. Mun, P. Medley, G. K. Campbell, L. G. Marcassa, D. E. Pritchard, and 

W. Ketterle, Phys. Rev. Lett. 99, 150604 (2007)

lattice starts suddenly moving

 … amount of kick “momentum kick”

<latexit sha1_base64="+YW6X/ThBov+Ck8hBj2pw9gW1ks=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgFe9Eo40QsBGrCF4SSI6wt9lLluzuHbt7QggB/4Kt9nZi61+x9Ze4Sa4wiQ8GHu/NMDMvTDjTxnW/ndzK6tr6Rn6zsLW9s7tX3D+o6zhVhPok5rFqhlhTziT1DTOcNhNFsQg5bYSD24nfeKJKs1g+mmFCA4F7kkWMYGOlRopukH923ymW3LI7BVomXkZKkKHWKf60uzFJBZWGcKx1y3MTE4ywMoxwOi60U00TTAa4R1uWSiyoDkbTc8foxCpdFMXKljRoqv6dGGGh9VCEtlNg09eL3kT8z2ulJroORkwmqaGSzBZFKUcmRpPfUZcpSgwfWoKJYvZWRPpYYWJsQnNbQjEu2FC8xQiWSf287FXKlw8XpWoliycPR3AMp+DBFVThDmrgA4EBvMArvDnPzrvz4XzOWnNONnMIc3C+fgH9V5Uk</latexit>

u = U/J

mean-field theory

3D

1D: mean-field failed badly

… no clear transition

Measure fraction of particle in the condensate



In 1D: We can use MPS simulations

Momentum distributions Condensate fraction

<latexit sha1_base64="+YW6X/ThBov+Ck8hBj2pw9gW1ks=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgFe9Eo40QsBGrCF4SSI6wt9lLluzuHbt7QggB/4Kt9nZi61+x9Ze4Sa4wiQ8GHu/NMDMvTDjTxnW/ndzK6tr6Rn6zsLW9s7tX3D+o6zhVhPok5rFqhlhTziT1DTOcNhNFsQg5bYSD24nfeKJKs1g+mmFCA4F7kkWMYGOlRopukH923ymW3LI7BVomXkZKkKHWKf60uzFJBZWGcKx1y3MTE4ywMoxwOi60U00TTAa4R1uWSiyoDkbTc8foxCpdFMXKljRoqv6dGGGh9VCEtlNg09eL3kT8z2ulJroORkwmqaGSzBZFKUcmRpPfUZcpSgwfWoKJYvZWRPpYYWJsQnNbQjEu2FC8xQiWSf287FXKlw8XpWoliycPR3AMp+DBFVThDmrgA4EBvMArvDnPzrvz4XzOWnNONnMIc3C+fgH9V5Uk</latexit>

u = U/J

Lecture 3 - Dynamical instability of a superfluid



New J. Phys. 12, 025014 (2010)

We can use MPS to simulate the loss in condensate function at a certain time:

mean-field does not work!

Lecture 3 - Dynamical instability of a superfluid

<latexit sha1_base64="3pHYxZ2mobL/+ky2EUZfhMu9sy0=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgFe8kaBohYCNWEbwkkBxhb7OXLNndO3b3hBAC/gVb7e3E1r9i6y9xk1xhEh8MPN6bYWZemHCmjet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqCPVJzGPVCrGmnEnqG2Y4bSWKYhFy2gyHt1O/+USVZrF8NKOEBgL3JYsYwcZKzRTdIP/ivlssuWV3BrRKvIyUIEO9W/zp9GKSCioN4VjrtucmJhhjZRjhdFLopJommAxxn7YtlVhQHYxn507QmVV6KIqVLWnQTP07McZC65EIbafAZqCXvan4n9dOTVQNxkwmqaGSzBdFKUcmRtPfUY8pSgwfWYKJYvZWRAZYYWJsQgtbQjEp2FC85QhWSeOy7F2VKw+VUq2axZOHEziFc/DgGmpwB3XwgcAQXuAV3pxn5935cD7nrTknmzmGBThfv/2flSU=</latexit>

u = U/J



Lecture 3 - Some recent results on entanglement dynamics in open spin-models

Density matrixState vector

Two strategies for matrix product decomposition of the density matrix:

Trajectory entanglement (TE)

<latexit sha1_base64="xC4g18/U1+O6u4tMmKM7t0Y7YB4="></latexit>

ρ̂(t) ⇡

NtX

η

pη |ψη(t)i hψη(t)|

Stochastic evolution of MPS trajectories
<latexit sha1_base64="+f1NhWJnegfo03W36kxK57xHICw=">AAACDnicbZBLSgNBEIZ7fMb4inHpZjAIcRNmJGiWATcuI5gHZIahp1OTNOl50F0jhiF38ARu9QTuxK1X8ADew54kC5P4Q8HPX1VU8fmJ4Aot69vY2Nza3tkt7BX3Dw6Pjksn5Y6KU8mgzWIRy55PFQgeQRs5CuglEmjoC+j649u8330EqXgcPeAkATekw4gHnFHUkVcqO2PAzEkU9xxAWsXLqVeqWDVrJnPd2AtTIQu1vNKPM4hZGkKETFCl+raVoJtRiZwJmBadVEFC2ZgOoa9tRENQbjb7fWpe6GRgBrHUFaE5S/9uZDRUahL6ejKkOFKrvTz8r9dPMWi4GY+SFCFi80NBKkyMzRyEOeASGIqJNpRJrn812YhKylDjWrriS6oh5VzsVQrrpnNVs69r9ft6pdlYECqQM3JOqsQmN6RJ7kiLtAkjT+SFvJI349l4Nz6Mz/nohrHYOSVLMr5+AfkTnLA=</latexit>

|ψη(t)i
<latexit sha1_base64="JZoisPVozZXOxw52uLFfprtjhw0=">AAACDnicbZBLSgNBEIZ7fMb4GuPSzWAQ4ibMSNAsA25cRjAPyITQ06kkTXp6hu4aMQy5gydwqydwJ269ggfwHnaSWZjEHwp+/qqiii+IBdfout/WxubW9s5ubi+/f3B4dGyfFJo6ShSDBotEpNoB1SC4hAZyFNCOFdAwENAKxrezfusRlOaRfMBJDN2QDiUfcEbRRD274I8BUz/WvOcD0pJ7Oe3ZRbfszuWsGy8zRZKp3rN//H7EkhAkMkG17nhujN2UKuRMwDTvJxpiysZ0CB1jJQ1Bd9P571PnwiR9ZxApUxKdefp3I6Wh1pMwMJMhxZFe7c3C/3qdBAfVbsplnCBItjg0SISDkTMD4fS5AoZiYgxliptfHTaiijI0uJauBIoaSDMu3iqFddO8KnvX5cp9pVirZoRy5IyckxLxyA2pkTtSJw3CyBN5Ia/kzXq23q0P63MxumFlO6dkSdbXL4xvnGw=</latexit>

|ψη(0)i

Averaged “entanglement” entropy in MPS

Operator Entanglement (OE)

Direct evolution of matrix product 

decomposition of density operator 

(MPDO):

“Entanglement” entropy in MPDO

<latexit sha1_base64="BHVEOqeGny8g47fyjStoQAiHlcg=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKexKUE8S8OIxgnlgdgmzk9lkyOzMMtMrhCVXv8CrfoE38ep/+AH+h5NkDyaxoKGo6qa7K0wEN+C6305hbX1jc6u4XdrZ3ds/KB8etYxKNWVNqoTSnZAYJrhkTeAgWCfRjMShYO1wdDv1209MG67kA4wTFsRkIHnEKQErPfpDAtjXQ4V75YpbdWfAq8TLSQXlaPTKP35f0TRmEqggxnQ9N4EgIxo4FWxS8lPDEkJHZMC6lkoSMxNks4sn+MwqfRwpbUsCnql/JzISGzOOQ9sZExiaZW8q/ud1U4iug4zLJAUm6XxRlAoMCk/fx32uGQUxtoRQze2tmA6JJhRsSAtbQk1GDCY2F285hVXSuqh6l9Xafa1Sv8kTKqITdIrOkYeuUB3doQZqIookekGv6M15dt6dD+dz3lpw8pljtADn6xegLZi5</latexit>

ρ̂
<latexit sha1_base64="uOu4fRwFiIs7eTPF2KhwUBLQ75M=">AAACBHicbVDLSsNAFL2pr1pfVZdugkVwVRIp6koKblxWsA9sQplMb9qhk0mYmQgldOsXuNUvcCdu/Q8/wP9w2mZhWw9cOJxzL/feEyScKe0431ZhbX1jc6u4XdrZ3ds/KB8etVScSopNGvNYdgKikDOBTc00x04ikUQBx3Ywup367SeUisXiQY8T9CMyECxklGgjPXoj1JmXKDbplStO1ZnBXiVuTiqQo9Er/3j9mKYRCk05UarrOon2MyI1oxwnJS9VmBA6IgPsGipIhMrPZhdP7DOj9O0wlqaEtmfq34mMREqNo8B0RkQP1bI3Ff/zuqkOr/2MiSTVKOh8UZhyW8f29H27zyRSzceGECqZudWmQyIJ1SakhS2BJCacaS7ucgqrpHVRdS+rtftapX6TJ1SEEziFc3DhCupwBw1oAgUBL/AKb9az9W59WJ/z1oKVzxzDAqyvX9avmXs=</latexit>

|ψi

Prosen, Pižorn, PRA 76, 032316 (2007)

Verstraete, Garcia-Ripoll, Cirac, PRL 93, 207204 (2004)

Zanardi, Phys. Rev. A, 63, 040304 (2001)

Review: Daley, Adv. Phys. 63, 77 (2014)

Bonnes, Läuchli, arXiv:1411.4831 

Nieuwenburg, Malo, Daley, Fischer, QST 01LT02 (2017) 

Wolff, Sheikjan, Kollath, SciPost Phys. Core 3, 010 (2020) 
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<latexit sha1_base64="SApG6+Hy9xLVW/Cr2ISZn/sEpJ8=">AAACEXicbVDLSsNAFJ34rPUVFVduBovgqiTio8uCG5cV7AOaUCbTSTt0khlmbsQS+hV+gVv9Anfi1i/wA/wPkzYL23rgwuGcezmXEyjBDTjOt7Wyura+sVnaKm/v7O7t2weHLSMTTVmTSiF1JyCGCR6zJnAQrKM0I1EgWDsY3eZ++5Fpw2X8AGPF/IgMYh5ySiCTevaxp4cSe0QpLZ9w6ukIg5707IpTdabAy8QtSAUVaPTsH68vaRKxGKggxnRdR4GfEg2cCjYpe4lhitARGbBuRmMSMeOn0/cn+CxT+jiUOpsY8FT9e5GSyJhxFGSbEYGhWfRy8T+vm0BY81MeqwRYTGdBYSIwSJx3gftcMwpinBFCNc9+xXRINKGQNTaXEmgyYpD34i62sExaF1X3unp1f1mp14qGSugEnaJz5KIbVEd3qIGaiKIUvaBX9GY9W+/Wh/U5W12xipsjNAfr6xc7Zp3p</latexit>

ρ ≈ tr

 ! !  !

.

.

.

.

.

.

.

.

.

. . .

<latexit sha1_base64="osEA7akLAGwkwzuhxgQqsm0hcUU=">AAAB/HicbVBNS8NAEJ34WetXtEcvi0XwICWRoh4LXjxWsB/QxrDZbtqlm03Y3Qgh1r/ixYMiXv0h3vw3btsctPXBwOO9GWbmBQlnSjvOt7Wyura+sVnaKm/v7O7t2weHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E4+up33mgUrFY3OksoV6Eh4KFjGBtJN+uPPYTxXz3PnfdSV9iMeTUt6tOzZkBLRO3IFUo0PTtr/4gJmlEhSYcK9VznUR7OZaaEU4n5X6qaILJGA9pz1CBI6q8fHb8BJ0YZYDCWJoSGs3U3xM5jpTKosB0RliP1KI3Ff/zeqkOr7yciSTVVJD5ojDlSMdomgQaMEmJ5pkhmEhmbkVkhCUm2uRVNiG4iy8vk/Z5zb2o1W/r1cZZEUcJjuAYTsGFS2jADTShBQQyeIZXeLOerBfr3fqYt65YxUwF/sD6/AF+xpSd</latexit>

|ψ11

1
i

<latexit sha1_base64="BEwvD8pzLr0nLFdS7YH06dDjEG8=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16CRbBg5SkFPVY8OKxgv2AJobNdtMu3WzC7kYIsf4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0gYlcq2v43S2vrG5lZ5u7Kzu7d/YB4edWWcCkw6OGax6AdIEkY56SiqGOkngqAoYKQXTK5nfu+BCEljfqeyhHgRGnEaUoyUlnyz+ugmkvrOfe40pq5AfMSIb9bsuj2HtUqcgtSgQNs3v9xhjNOIcIUZknLg2InyciQUxYxMK24qSYLwBI3IQFOOIiK9fH781DrVytAKY6GLK2uu/p7IUSRlFgW6M0JqLJe9mfifN0hVeOXllCepIhwvFoUps1RszZKwhlQQrFimCcKC6lstPEYCYaXzqugQnOWXV0m3UXcu6s3bZq11XsRRhmM4gTNw4BJacANt6ACGDJ7hFd6MJ+PFeDc+Fq0lo5ipwh8Ynz+AUpSe</latexit>

|ψ12

1
i

<latexit sha1_base64="nC5jYEgsV6Psa5xAKIzkC/uzb0U=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16CRbBg5SkFPVY8OKxgv2AJobNdtMu3WzC7kYIsf4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0gYlcq2v43S2vrG5lZ5u7Kzu7d/YB4edWWcCkw6OGax6AdIEkY56SiqGOkngqAoYKQXTK5nfu+BCEljfqeyhHgRGnEaUoyUlnyz+ugmkvrOfd5oTF2B+IgR36zZdXsOa5U4BalBgbZvfrnDGKcR4QozJOXAsRPl5UgoihmZVtxUkgThCRqRgaYcRUR6+fz4qXWqlaEVxkIXV9Zc/T2Ro0jKLAp0Z4TUWC57M/E/b5Cq8MrLKU9SRTheLApTZqnYmiVhDakgWLFME4QF1bdaeIwEwkrnVdEhOMsvr5Juo+5c1Ju3zVrrvIijDMdwAmfgwCW04Aba0AEMGTzDK7wZT8aL8W58LFpLRjFThT8wPn8Agd+Unw==</latexit>

|ψ22

1
i

<latexit sha1_base64="ExCQJVyNjvbKSD9BKt+mEYaG+uk=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16CRbBg5SkFPVY8OKxgv2AJobNdtMu3WzC7kYIsf4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0gYlcq2v43S2vrG5lZ5u7Kzu7d/YB4edWWcCkw6OGax6AdIEkY56SiqGOkngqAoYKQXTK5nfu+BCEljfqeyhHgRGnEaUoyUlnyz+ugmkvrOfd5wpq5AfMSIb9bsuj2HtUqcgtSgQNs3v9xhjNOIcIUZknLg2InyciQUxYxMK24qSYLwBI3IQFOOIiK9fH781DrVytAKY6GLK2uu/p7IUSRlFgW6M0JqLJe9mfifN0hVeOXllCepIhwvFoUps1RszZKwhlQQrFimCcKC6lstPEYCYaXzqugQnOWXV0m3UXcu6s3bZq11XsRRhmM4gTNw4BJacANt6ACGDJ7hFd6MJ+PFeDc+Fq0lo5ipwh8Ynz+AU5Se</latexit>

|ψ21

1
i

<latexit sha1_base64="oePQPgMADiEVoGlRrQaHFvCsgcM=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16CRbBg5SkFPVY8OKxgv2AJobNdtMu3WzC7kYIsf4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0gYlcq2v43S2vrG5lZ5u7Kzu7d/YB4edWWcCkw6OGax6AdIEkY56SiqGOkngqAoYKQXTK5nfu+BCEljfqeyhHgRGnEaUoyUlnyz+ugmkvqN+7zhTF2B+IgR36zZdXsOa5U4BalBgbZvfrnDGKcR4QozJOXAsRPl5UgoihmZVtxUkgThCRqRgaYcRUR6+fz4qXWqlaEVxkIXV9Zc/T2Ro0jKLAp0Z4TUWC57M/E/b5Cq8MrLKU9SRTheLApTZqnYmiVhDakgWLFME4QF1bdaeIwEwkrnVdEhOMsvr5Juo+5c1Ju3zVrrvIijDMdwAmfgwCW04Aba0AEMGTzDK7wZT8aL8W58LFpLRjFThT8wPn8AgeOUnw==</latexit>

|ψ21

2
i

<latexit sha1_base64="nkiARlVndXmUFAuIsn6n9f5oFK4=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16CRbBg5SkFPVY8OKxgv2AJobNdtMu3WzC7kYIsf4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0gYlcq2v43S2vrG5lZ5u7Kzu7d/YB4edWWcCkw6OGax6AdIEkY56SiqGOkngqAoYKQXTK5nfu+BCEljfqeyhHgRGnEaUoyUlnyz+ugmkvqN+7zRmLoC8REjvlmz6/Yc1ipxClKDAm3f/HKHMU4jwhVmSMqBYyfKy5FQFDMyrbipJAnCEzQiA005ioj08vnxU+tUK0MrjIUurqy5+nsiR5GUWRTozgipsVz2ZuJ/3iBV4ZWXU56kinC8WBSmzFKxNUvCGlJBsGKZJggLqm+18BgJhJXOq6JDcJZfXiXdRt25qDdvm7XWeRFHGY7hBM7AgUtowQ20oQMYMniGV3gznowX4934WLSWjGKmCn9gfP4Ag2+UoA==</latexit>

|ψ22

2
i

<latexit sha1_base64="+C8UCr1r5+2ueIxy9pHWYNK2ES0=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16CRbBg5SkFPVY8OKxgv2AJobNdtMu3WzC7kYIsf4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0gYlcq2v43S2vrG5lZ5u7Kzu7d/YB4edWWcCkw6OGax6AdIEkY56SiqGOkngqAoYKQXTK5nfu+BCEljfqeyhHgRGnEaUoyUlnyz+ugmkvqN+9xxpq5AfMSIb9bsuj2HtUqcgtSgQNs3v9xhjNOIcIUZknLg2InyciQUxYxMK24qSYLwBI3IQFOOIiK9fH781DrVytAKY6GLK2uu/p7IUSRlFgW6M0JqLJe9mfifN0hVeOXllCepIhwvFoUps1RszZKwhlQQrFimCcKC6lstPEYCYaXzqugQnOWXV0m3UXcu6s3bZq11XsRRhmM4gTNw4BJacANt6ACGDJ7hFd6MJ+PFeDc+Fq0lo5ipwh8Ynz+AVpSe</latexit>

|ψ11

2
i

<latexit sha1_base64="mgc2sCj3FAoX3OJBgv5QjQfW1ZY=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16CRbBg5SkFPVY8OKxgv2AJobNdtMu3WzC7kYIsf4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0gYlcq2v43S2vrG5lZ5u7Kzu7d/YB4edWWcCkw6OGax6AdIEkY56SiqGOkngqAoYKQXTK5nfu+BCEljfqeyhHgRGnEaUoyUlnyz+ugmkvqN+9xpTF2B+IgR36zZdXsOa5U4BalBgbZvfrnDGKcR4QozJOXAsRPl5UgoihmZVtxUkgThCRqRgaYcRUR6+fz4qXWqlaEVxkIXV9Zc/T2Ro0jKLAp0Z4TUWC57M/E/b5Cq8MrLKU9SRTheLApTZqnYmiVhDakgWLFME4QF1bdaeIwEwkrnVdEhOMsvr5Juo+5c1Ju3zVrrvIijDMdwAmfgwCW04Aba0AEMGTzDK7wZT8aL8W58LFpLRjFThT8wPn8AgeKUnw==</latexit>

|ψ12

2
i

<latexit sha1_base64="6jzdjkrZgpOTQY89lkVbF93DPtg=">AAAB/HicbVBNS8NAEJ34WetXtEcvwSJ4kJKUoh4LXjxJBfsBTQyb7aZdutmE3Y0QYv0rXjwo4tUf4s1/47bNQVsfDDzem2FmXpAwKpVtfxsrq2vrG5ulrfL2zu7evnlw2JFxKjBp45jFohcgSRjlpK2oYqSXCIKigJFuML6a+t0HIiSN+Z3KEuJFaMhpSDFSWvLNyqObSOrf3OdOfeIKxIeM+GbVrtkzWMvEKUgVCrR888sdxDiNCFeYISn7jp0oL0dCUczIpOymkiQIj9GQ9DXlKCLSy2fHT6wTrQysMBa6uLJm6u+JHEVSZlGgOyOkRnLRm4r/ef1UhZdeTnmSKsLxfFGYMkvF1jQJa0AFwYplmiAsqL7VwiMkEFY6r7IOwVl8eZl06jXnvNa4bVSbZ0UcJTiCYzgFBy6gCdfQgjZgyOAZXuHNeDJejHfjY966YhQzFfgD4/MHraKUuw==</latexit>

|ψ12

N
i

<latexit sha1_base64="ZCMLFwWshsw9ebtxTnveQ1GpyAM=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16CRbBg5REinosePEkFewHNDFstpt26WYTdjdCiPWvePGgiFd/iDf/jds2B219MPB4b4aZeUHCqFS2/W2UVlbX1jfKm5Wt7Z3dPXP/oCPjVGDSxjGLRS9AkjDKSVtRxUgvEQRFASPdYHw19bsPREga8zuVJcSL0JDTkGKktOSb1Uc3kdS/uc8dZ+IKxIeM+GbNrtszWMvEKUgNCrR888sdxDiNCFeYISn7jp0oL0dCUczIpOKmkiQIj9GQ9DXlKCLSy2fHT6xjrQysMBa6uLJm6u+JHEVSZlGgOyOkRnLRm4r/ef1UhZdeTnmSKsLxfFGYMkvF1jQJa0AFwYplmiAsqL7VwiMkEFY6r4oOwVl8eZl0zurOeb1x26g1T4s4ynAIR3ACDlxAE66hBW3AkMEzvMKb8WS8GO/Gx7y1ZBQzVfgD4/MHrBaUug==</latexit>

|ψ11

N
i

<latexit sha1_base64="9dOzdz4Km+zURX+K6f9paZNMvbk=">AAAB/HicbVBNS8NAEJ34WetXtEcvwSJ4kJKUoh4LXjxJBfsBTQyb7aZdutmE3Y0QYv0rXjwo4tUf4s1/47bNQVsfDDzem2FmXpAwKpVtfxsrq2vrG5ulrfL2zu7evnlw2JFxKjBp45jFohcgSRjlpK2oYqSXCIKigJFuML6a+t0HIiSN+Z3KEuJFaMhpSDFSWvLNyqObSOrf3Od1Z+IKxIeM+GbVrtkzWMvEKUgVCrR888sdxDiNCFeYISn7jp0oL0dCUczIpOymkiQIj9GQ9DXlKCLSy2fHT6wTrQysMBa6uLJm6u+JHEVSZlGgOyOkRnLRm4r/ef1UhZdeTnmSKsLxfFGYMkvF1jQJa0AFwYplmiAsqL7VwiMkEFY6r7IOwVl8eZl06jXnvNa4bVSbZ0UcJTiCYzgFBy6gCdfQgjZgyOAZXuHNeDJejHfjY966YhQzFfgD4/MHraOUuw==</latexit>

|ψ21

N
i

<latexit sha1_base64="aUy7h0FyGPblXoc09WKlrB86XgI=">AAAB/HicbVBNS8NAEN34WetXtEcvwSJ4kJKUoh4LXjxJBfsBTQyb7aRdutmE3Y0QYv0rXjwo4tUf4s1/47bNQVsfDDzem2FmXpAwKpVtfxsrq2vrG5ulrfL2zu7evnlw2JFxKgi0Scxi0QuwBEY5tBVVDHqJABwFDLrB+Grqdx9ASBrzO5Ul4EV4yGlICVZa8s3Ko5tI6t/c5/X6xBWYDxn4ZtWu2TNYy8QpSBUVaPnmlzuISRoBV4RhKfuOnSgvx0JRwmBSdlMJCSZjPIS+phxHIL18dvzEOtHKwApjoYsra6b+nshxJGUWBbozwmokF72p+J/XT1V46eWUJ6kCTuaLwpRZKramSVgDKoAolmmCiaD6VouMsMBE6bzKOgRn8eVl0qnXnPNa47ZRbZ4VcZTQETpGp8hBF6iJrlELtRFBGXpGr+jNeDJejHfjY966YhQzFfQHxucPry+UvA==</latexit>

|ψ22

N
i

<latexit sha1_base64="0eJ5WDly0agN24uLlsTT66IIz+E=">AAACHHicbZBLSgNBEIZ7fBtfUZduGoPgKsyIjywDblwqGBPIhFDTqWiTnpmmu0YMQ7YewxO41RO4E7eCB/AedmIWJvGHhp+/qqjqL9JKWvL9L29ufmFxaXlltbC2vrG5VdzeubFpZgTWRKpS04jAopIJ1kiSwoY2CHGksB71zof1+j0aK9PkmvoaWzHcJrIrBZCL2kUe9pDyUFvZDpFgwEPQ2qQPPA9NzMkM2sWSX/ZH4rMmGJsSG+uyXfwOO6nIYkxIKLC2GfiaWjkYkkLhoBBmFjWIHtxi09kEYrStfPSTAT9wSYd3U+NeQnyU/p3IIba2H0euMwa6s9O1YfhfrZlRt9LKZaIzwkT8LupmilPKh1h4RxoUpPrOgDDS3crFHRgQ5OBNbIkMOGRDLsE0hVlzc1QOTssnV8elamVMaIXtsX12yAJ2xqrsgl2yGhPskT2zF/bqPXlv3rv38ds6541ndtmEvM8fjTyi5w==</latexit>

|ψηi ⇡ tr

 ! !  !

.

.

.

.

.

.

.

.

.

. . .

<latexit sha1_base64="kuGzv+ez9hny93untA0Z4+/lM3E=">AAACUHicbVHLSgMxFL1TX7W+qi7dBIviqsyUoi4LblxWsA/o1JJJb9tgJjMkGbEM/UQ33fkdblwomr7Atl4IOZx7bnJyEsSCa+O6705mY3Nreye7m9vbPzg8yh+f1HWUKIY1FolINQOqUXCJNcONwGaskIaBwEbwfDfpN15QaR7JRzOMsR3SvuQ9zqixVCff9wPsc5mG1Cj+Osr5A2qIrwZRx3tKPW9ELskyVRr5/rKqtK4qzVQou4uDO/mCW3SnRdaBNwcFmFe1kx/73YglIUrDBNW65bmxaadUGc4EWqOJxpiyZ9rHloWShqjb6TSQEbmwTJf0ImWXNGTK/p1Iaaj1MAys0vob6NXehPyv10pM77adchknBiWbXdRLBDERmaRLulwhM2JoAWWKW6+EDaiizNg/yNkQvNUnr4N6qehdF8sP5ULFnceRhTM4hyvw4AYqcA9VqAGDN/iAL/h2xs6n85NxZtLFDqewVJncLzXusq4=</latexit>

ρ̂
11

1
ρ̂
12

1

ρ̂
21

1
ρ̂
22

1

<latexit sha1_base64="OnNX2X+jeb4t2mMhz3YoOi+c0jk=">AAACUHicbVHLSgMxFL1T3+Or6tJNsCiuyswg6lJw47KCfUCnlkx62wYzmSHJiGWYT3Tjzu9w40LR9CFY64WQw7nnJicnUSq4Np736pSWlldW19Y33M2t7Z3d8t5+QyeZYlhniUhUK6IaBZdYN9wIbKUKaRwJbEYP1+N+8xGV5om8M6MUOzEdSN7njBpLdcuDMMIBl3lMjeJPhRsOqSGhGibd4D73/YKckHkqKMJwXhUsqoKpCmXv5+BuueJVvUmRReDPQAVmVeuWX8JewrIYpWGCat32vdR0cqoMZwKt0UxjStkDHWDbQklj1J18EkhBji3TI/1E2SUNmbC/J3Iaaz2KI6u0/ob6b29M/tdrZ6Z/2cm5TDODkk0v6meCmISM0yU9rpAZMbKAMsWtV8KGVFFm7B+4NgT/75MXQSOo+ufVs9uzypU3i2MdDuEITsGHC7iCG6hBHRg8wxt8wKfz4rw7XyVnKv3Z4QDmquR+AzzAsrI=</latexit>

ρ̂
11

2
ρ̂
12

2

ρ̂
21

2
ρ̂
22

2

<latexit sha1_base64="PoQMS9NZPoevjNmdbb1CV3lT1vI=">AAACUHicbVHLSgMxFL1TX7W+qi7dBIviqsyUoi4FN66kgq1Cp5ZMemcazGSGJCOWoZ/oxp3f4caFoukLrPVCyOHcc5OTkyAVXBvXfXMKS8srq2vF9dLG5tb2Tnl3r6WTTDFsskQk6j6gGgWX2DTcCLxPFdI4EHgXPF6O+ndPqDRP5K0ZpNiJaSR5yBk1luqWIz/AiMs8pkbx52HJ71NDfNVPutcPuecNyTGZp2pD359X1RZVtYkKZW92cLdccavuuMgi8KagAtNqdMuvfi9hWYzSMEG1bntuajo5VYYzgdZopjGl7JFG2LZQ0hh1Jx8HMiRHlumRMFF2SUPG7O+JnMZaD+LAKq2/vv7bG5H/9dqZCc87OZdpZlCyyUVhJohJyChd0uMKmREDCyhT3HolrE8VZcb+QcmG4P198iJo1areabV+U69cuNM4inAAh3ACHpzBBVxBA5rA4AXe4RO+nFfnw/kuOBPpbId9mKtC6Qf7uLMi</latexit>

ρ̂
11

N
ρ̂
12

N

ρ̂
21

N
ρ̂
22

N



<latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit><latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

S
Q
T

<latexit sha1_base64="iCP2WTLzexXru2VXNNvnzoMoX1c=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkoiFV0WdOGyxb6gCWEynbRDJw9mbsQS4sZfceNCEbf+hTv/xkmbhbYeGDiccw937vFiziSY5rdWWlldW98ob1a2tnd29/T9g66MEkFoh0Q8En0PS8pZSDvAgNN+LCgOPE573uQ693v3VEgWhW2YxtQJ8ChkPiMYlOTqR3ak7Dyd3mVuagN9gLTVzjJXr5o1cwZjmVgFqaICTVf/socRSQIaAuFYyoFlxuCkWAAjnGYVO5E0xmSCR3SgaIgDKp10dkFmnCplaPiRUC8EY6b+TqQ4kHIaeGoywDCWi14u/ucNEvCvnJSFcQI0JPNFfsINiIy8DmPIBCXAp4pgIpj6q0HGWGACqrSKKsFaPHmZdM9rVr120apXGzdFHWV0jE7QGbLQJWqgW9REHUTQI3pGr+hNe9JetHftYz5a0orMIfoD7fMHzAOXxQ==</latexit>

<latexit sha1_base64="tt6Pdbw3U1y6JxFqBPDcnyi062M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD+Kpiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJWjzhOuB/RgRKhYBSt9IB3vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfOs6p1XL+7PK7WbPI4iHMExnIIHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AF46o1W</latexit>

0

<latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

0

<latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

S
O
P

<latexit sha1_base64="HPeC1aqm30mFo7d9nxmxiNorsEg=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRS0WNBD96saD+gDWWznbZLN5u4OymWkN/hxYMiXv0x3vw3btsctPXBwOO9GWbm+ZHgGh3n28qtrK6tb+Q3C1vbO7t7xf2Dhg5jxaDOQhGqlk81CC6hjhwFtCIFNPAFNP3R1dRvjkFpHsoHnETgBXQgeZ8zikby7rtJB+EJk9tamnaLJafszGAvEzcjJZKh1i1+dXohiwOQyATVuu06EXoJVciZgLTQiTVElI3oANqGShqA9pLZ0al9YpSe3Q+VKYn2TP09kdBA60ngm86A4lAvelPxP68dY//SS7iMYgTJ5ov6sbAxtKcJ2D2ugKGYGEKZ4uZWmw2pogxNTgUTgrv48jJpnJXdSvn8rlKqXmdx5MkROSanxCUXpEpuSI3UCSOP5Jm8kjdrbL1Y79bHvDVnZTOH5A+szx83TZJo</latexit>

tJ

<latexit sha1_base64="tt6Pdbw3U1y6JxFqBPDcnyi062M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD+Kpiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJWjzhOuB/RgRKhYBSt9IB3vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfOs6p1XL+7PK7WbPI4iHMExnIIHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AF46o1W</latexit>

(b)

<latexit sha1_base64="Pp13ScXuRuvw8z4+7IULLDcchMA=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BPXiMYB6YLGF20kmGzM4uM71iWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhw0SJ5lDnkYx0K2AGpFBQR4ESWrEGFgYSmsHoeuo3H0EbEal7HMfgh2ygRF9whlZ66CA8YVoKzibdQtEtuzPQZeJlpEgy1LqFr04v4kkICrlkxrQ9N0Y/ZRoFlzDJdxIDMeMjNoC2pYqFYPx0dvGEnlqlR/uRtqWQztTfEykLjRmHge0MGQ7NojcV//PaCfav/FSoOEFQfL6on0iKEZ2+T3tCA0c5toRxLeytlA+ZZhxtSHkbgrf48jJpnJe9SvnirlKs3mRx5MgxOSEl4pFLUiW3pEbqhBNFnskreXOM8+K8Ox/z1hUnmzkif+B8/gBTdJC0</latexit>

(a)

<latexit sha1_base64="j2zpxvF/clWP/Ka8Plnl2uSfUCQ=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BPXiMYB6YLGF20kmGzM4uM71iWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhw0SJ5lDnkYx0K2AGpFBQR4ESWrEGFgYSmsHoeuo3H0EbEal7HMfgh2ygRF9whlZ66CA8YVpiZ5NuoeiW3RnoMvEyUiQZat3CV6cX8SQEhVwyY9qeG6OfMo2CS5jkO4mBmPERG0DbUsVCMH46u3hCT63So/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPtXfipUnCAoPl/UTyTFiE7fpz2hgaMcW8K4FvZWyodMM442pLwNwVt8eZk0zstepXxxVylWb7I4cuSYnJAS8cglqZJbUiN1wokiz+SVvDnGeXHenY9564qTzRyRP3A+fwBR7pCz</latexit>

<latexit sha1_base64="19D5pi/bNJBZ/k1A6ImcsrHJ2rQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadnV+DgGvXiMaB6QLGF2MpsMmZldZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t75f2Dpo5TRWiDxDxW7RBrypmkDcMMp+1EUSxCTlvh6Hbqt56o0iyWj2ac0EDggWQRI9hY6eHcveiVK57rzYCWiZ+TCuSo98pf3X5MUkGlIRxr3fG9xAQZVoYRTielbqppgskID2jHUokF1UE2O3WCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNdF1kDGZpIZKMl8UpRyZGE3/Rn2mKDF8bAkmitlbERlihYmx6ZRsCP7iy8ukeeb6l271vlqp3eRxFOEIjuEUfLiCGtxBHRpAYADP8ApvDndenHfnY95acPKZQ/gD5/MHYQyNNw==</latexit>

3.5
<latexit sha1_base64="19D5pi/bNJBZ/k1A6ImcsrHJ2rQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadnV+DgGvXiMaB6QLGF2MpsMmZldZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t75f2Dpo5TRWiDxDxW7RBrypmkDcMMp+1EUSxCTlvh6Hbqt56o0iyWj2ac0EDggWQRI9hY6eHcveiVK57rzYCWiZ+TCuSo98pf3X5MUkGlIRxr3fG9xAQZVoYRTielbqppgskID2jHUokF1UE2O3WCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNdF1kDGZpIZKMl8UpRyZGE3/Rn2mKDF8bAkmitlbERlihYmx6ZRsCP7iy8ukeeb6l271vlqp3eRxFOEIjuEUfLiCGtxBHRpAYADP8ApvDndenHfnY95acPKZQ/gD5/MHYQyNNw==</latexit>

3.5

<latexit sha1_base64="IAIoPHQdKVMSkl0orYMffnQ3Uwk=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUS9C0Yt4qmA/YLuUbJptQ5PskswKZenP8OJBEa/+Gm/+G9N2D9r6YODx3gwz88JEcAOu++0UVlbX1jeKm6Wt7Z3dvfL+QcvEqaasSWMR605IDBNcsSZwEKyTaEZkKFg7HN1O/fYT04bH6hHGCQskGSgecUrASn53QKQkZ/f4GvfKFbfqzoCXiZeTCsrR6JW/uv2YppIpoIIY43tuAkFGNHAq2KTUTQ1LCB2RAfMtVUQyE2Szkyf4xCp9HMXalgI8U39PZEQaM5ah7ZQEhmbRm4r/eX4K0VWQcZWkwBSdL4pSgSHG0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnVe+iWnuoVeo3eRxFdISO0Sny0CWqozvUQE1EUYye0St6c8B5cd6dj3lrwclnDtEfOJ8/xXuQRg==</latexit>

γ/J =

<latexit sha1_base64="14KXdd/pIGYqEzJcuUBzzmh2Pb4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8/1e+WK53pzkFXi56QCOeq98le3n7As5gqZpMZ0fC/FYEI1Cib5tNTNDE8pG9EB71iqaMxNMJmfOiVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0XUwESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBWao0w</latexit>

0.1
<latexit sha1_base64="T9QksgC+Aa43sj/TdAAcWUtAQ+8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0i0qMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvTKUw6HlfTmFldW19o7hZ2tre2d0r7x80TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wjm5nfeuTaiEQ94DjlQUwHSkSCUbTSveee98oVz/XmIH+Jn5MK5Kj3yp/dfsKymCtkkhrT8b0UgwnVKJjk01I3MzylbEQHvGOpojE3wWR+6pScWKVPokTbUkjm6s+JCY2NGceh7YwpDs2yNxP/8zoZRlfBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlv6R55voXbvWuWqld53EU4QiO4RR8uIQa3EIdGsBgAE/wAq+OdJ6dN+d90Vpw8plD+AXn4xtZco0y</latexit>

0.3
<latexit sha1_base64="8zr4QMrJpWmocvWy3jgcr6lZP8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVX8egF48RzQOSJcxOepMhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrTAXXxvO+ncLK6tr6RnGztLW9s7tX3j9o6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4O/WbT6g0T+SjGaUYxLQvecQZNVZ68NyLbrniud4MZJn4OalAjlq3/NXpJSyLURomqNZt30tNMKbKcCZwUupkGlPKhrSPbUsljVEH49mpE3JilR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6DoYc5lmBiWbL4oyQUxCpn+THlfIjBhZQpni9lbCBlRRZmw6JRuCv/jyMmmcuf6le35/Xqne5HEU4QiO4RR8uIIq3EEN6sCgD8/wCm+OcF6cd+dj3lpw8plD+APn8wdceo00</latexit>

0.5
<latexit sha1_base64="9a0G4RLonw109qKPN0BgX8WIDiU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hErMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuP6Ve3l/Wand5HEU4QRO4Rx8qEIN7qAODWAwgGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNfgo02</latexit>

0.7

<latexit sha1_base64="RXQ1IheF3d9kuYyx+yQ7nacxxGI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx6r2FpoQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Xu1frniVt05yCrxclKBHM1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvmZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpF2rehfV+l290rjO4yjCCZzCOXhwCQ24hSa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+5ojPo=</latexit>

12
<latexit sha1_base64="RXQ1IheF3d9kuYyx+yQ7nacxxGI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx6r2FpoQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Xu1frniVt05yCrxclKBHM1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvmZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpF2rehfV+l290rjO4yjCCZzCOXhwCQ24hSa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+5ojPo=</latexit>

0

<latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

0

<latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

S
Q
T

<latexit sha1_base64="iCP2WTLzexXru2VXNNvnzoMoX1c=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkoiFV0WdOGyxb6gCWEynbRDJw9mbsQS4sZfceNCEbf+hTv/xkmbhbYeGDiccw937vFiziSY5rdWWlldW98ob1a2tnd29/T9g66MEkFoh0Q8En0PS8pZSDvAgNN+LCgOPE573uQ693v3VEgWhW2YxtQJ8ChkPiMYlOTqR3ak7Dyd3mVuagN9gLTVzjJXr5o1cwZjmVgFqaICTVf/socRSQIaAuFYyoFlxuCkWAAjnGYVO5E0xmSCR3SgaIgDKp10dkFmnCplaPiRUC8EY6b+TqQ4kHIaeGoywDCWi14u/ucNEvCvnJSFcQI0JPNFfsINiIy8DmPIBCXAp4pgIpj6q0HGWGACqrSKKsFaPHmZdM9rVr120apXGzdFHWV0jE7QGbLQJWqgW9REHUTQI3pGr+hNe9JetHftYz5a0orMIfoD7fMHzAOXxQ==</latexit>

tJ

<latexit sha1_base64="tt6Pdbw3U1y6JxFqBPDcnyi062M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD+Kpiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJWjzhOuB/RgRKhYBSt9IB3vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfOs6p1XL+7PK7WbPI4iHMExnIIHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AF46o1W</latexit><latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit><latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

<latexit sha1_base64="HPeC1aqm30mFo7d9nxmxiNorsEg=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRS0WNBD96saD+gDWWznbZLN5u4OymWkN/hxYMiXv0x3vw3btsctPXBwOO9GWbm+ZHgGh3n28qtrK6tb+Q3C1vbO7t7xf2Dhg5jxaDOQhGqlk81CC6hjhwFtCIFNPAFNP3R1dRvjkFpHsoHnETgBXQgeZ8zikby7rtJB+EJk9tamnaLJafszGAvEzcjJZKh1i1+dXohiwOQyATVuu06EXoJVciZgLTQiTVElI3oANqGShqA9pLZ0al9YpSe3Q+VKYn2TP09kdBA60ngm86A4lAvelPxP68dY//SS7iMYgTJ5ov6sbAxtKcJ2D2ugKGYGEKZ4uZWmw2pogxNTgUTgrv48jJpnJXdSvn8rlKqXmdx5MkROSanxCUXpEpuSI3UCSOP5Jm8kjdrbL1Y79bHvDVnZTOH5A+szx83TZJo</latexit>

<latexit sha1_base64="tt6Pdbw3U1y6JxFqBPDcnyi062M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD+Kpiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJWjzhOuB/RgRKhYBSt9IB3vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfOs6p1XL+7PK7WbPI4iHMExnIIHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AF46o1W</latexit>

(b)

<latexit sha1_base64="Pp13ScXuRuvw8z4+7IULLDcchMA=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BPXiMYB6YLGF20kmGzM4uM71iWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhw0SJ5lDnkYx0K2AGpFBQR4ESWrEGFgYSmsHoeuo3H0EbEal7HMfgh2ygRF9whlZ66CA8YVoKzibdQtEtuzPQZeJlpEgy1LqFr04v4kkICrlkxrQ9N0Y/ZRoFlzDJdxIDMeMjNoC2pYqFYPx0dvGEnlqlR/uRtqWQztTfEykLjRmHge0MGQ7NojcV//PaCfav/FSoOEFQfL6on0iKEZ2+T3tCA0c5toRxLeytlA+ZZhxtSHkbgrf48jJpnJe9SvnirlKs3mRx5MgxOSEl4pFLUiW3pEbqhBNFnskreXOM8+K8Ox/z1hUnmzkif+B8/gBTdJC0</latexit><latexit sha1_base64="j2zpxvF/clWP/Ka8Plnl2uSfUCQ=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BPXiMYB6YLGF20kmGzM4uM71iWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhw0SJ5lDnkYx0K2AGpFBQR4ESWrEGFgYSmsHoeuo3H0EbEal7HMfgh2ygRF9whlZ66CA8YVpiZ5NuoeiW3RnoMvEyUiQZat3CV6cX8SQEhVwyY9qeG6OfMo2CS5jkO4mBmPERG0DbUsVCMH46u3hCT63So/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPtXfipUnCAoPl/UTyTFiE7fpz2hgaMcW8K4FvZWyodMM442pLwNwVt8eZk0zstepXxxVylWb7I4cuSYnJAS8cglqZJbUiN1wokiz+SVvDnGeXHenY9564qTzRyRP3A+fwBR7pCz</latexit>

<latexit sha1_base64="19D5pi/bNJBZ/k1A6ImcsrHJ2rQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadnV+DgGvXiMaB6QLGF2MpsMmZldZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t75f2Dpo5TRWiDxDxW7RBrypmkDcMMp+1EUSxCTlvh6Hbqt56o0iyWj2ac0EDggWQRI9hY6eHcveiVK57rzYCWiZ+TCuSo98pf3X5MUkGlIRxr3fG9xAQZVoYRTielbqppgskID2jHUokF1UE2O3WCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNdF1kDGZpIZKMl8UpRyZGE3/Rn2mKDF8bAkmitlbERlihYmx6ZRsCP7iy8ukeeb6l271vlqp3eRxFOEIjuEUfLiCGtxBHRpAYADP8ApvDndenHfnY95acPKZQ/gD5/MHYQyNNw==</latexit>

<latexit sha1_base64="19D5pi/bNJBZ/k1A6ImcsrHJ2rQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadnV+DgGvXiMaB6QLGF2MpsMmZldZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t75f2Dpo5TRWiDxDxW7RBrypmkDcMMp+1EUSxCTlvh6Hbqt56o0iyWj2ac0EDggWQRI9hY6eHcveiVK57rzYCWiZ+TCuSo98pf3X5MUkGlIRxr3fG9xAQZVoYRTielbqppgskID2jHUokF1UE2O3WCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNdF1kDGZpIZKMl8UpRyZGE3/Rn2mKDF8bAkmitlbERlihYmx6ZRsCP7iy8ukeeb6l271vlqp3eRxFOEIjuEUfLiCGtxBHRpAYADP8ApvDndenHfnY95acPKZQ/gD5/MHYQyNNw==</latexit>

3.5

<latexit sha1_base64="IAIoPHQdKVMSkl0orYMffnQ3Uwk=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUS9C0Yt4qmA/YLuUbJptQ5PskswKZenP8OJBEa/+Gm/+G9N2D9r6YODx3gwz88JEcAOu++0UVlbX1jeKm6Wt7Z3dvfL+QcvEqaasSWMR605IDBNcsSZwEKyTaEZkKFg7HN1O/fYT04bH6hHGCQskGSgecUrASn53QKQkZ/f4GvfKFbfqzoCXiZeTCsrR6JW/uv2YppIpoIIY43tuAkFGNHAq2KTUTQ1LCB2RAfMtVUQyE2Szkyf4xCp9HMXalgI8U39PZEQaM5ah7ZQEhmbRm4r/eX4K0VWQcZWkwBSdL4pSgSHG0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnVe+iWnuoVeo3eRxFdISO0Sny0CWqozvUQE1EUYye0St6c8B5cd6dj3lrwclnDtEfOJ8/xXuQRg==</latexit>

<latexit sha1_base64="14KXdd/pIGYqEzJcuUBzzmh2Pb4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8/1e+WK53pzkFXi56QCOeq98le3n7As5gqZpMZ0fC/FYEI1Cib5tNTNDE8pG9EB71iqaMxNMJmfOiVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0XUwESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBWao0w</latexit>

<latexit sha1_base64="T9QksgC+Aa43sj/TdAAcWUtAQ+8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0i0qMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvTKUw6HlfTmFldW19o7hZ2tre2d0r7x80TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wjm5nfeuTaiEQ94DjlQUwHSkSCUbTSveee98oVz/XmIH+Jn5MK5Kj3yp/dfsKymCtkkhrT8b0UgwnVKJjk01I3MzylbEQHvGOpojE3wWR+6pScWKVPokTbUkjm6s+JCY2NGceh7YwpDs2yNxP/8zoZRlfBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlv6R55voXbvWuWqld53EU4QiO4RR8uIQa3EIdGsBgAE/wAq+OdJ6dN+d90Vpw8plD+AXn4xtZco0y</latexit>

<latexit sha1_base64="8zr4QMrJpWmocvWy3jgcr6lZP8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVX8egF48RzQOSJcxOepMhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrTAXXxvO+ncLK6tr6RnGztLW9s7tX3j9o6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4O/WbT6g0T+SjGaUYxLQvecQZNVZ68NyLbrniud4MZJn4OalAjlq3/NXpJSyLURomqNZt30tNMKbKcCZwUupkGlPKhrSPbUsljVEH49mpE3JilR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6DoYc5lmBiWbL4oyQUxCpn+THlfIjBhZQpni9lbCBlRRZmw6JRuCv/jyMmmcuf6le35/Xqne5HEU4QiO4RR8uIIq3EEN6sCgD8/wCm+OcF6cd+dj3lpw8plD+APn8wdceo00</latexit>

<latexit sha1_base64="9a0G4RLonw109qKPN0BgX8WIDiU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hErMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuP6Ve3l/Wand5HEU4QRO4Rx8qEIN7qAODWAwgGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNfgo02</latexit>

<latexit sha1_base64="RXQ1IheF3d9kuYyx+yQ7nacxxGI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx6r2FpoQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Xu1frniVt05yCrxclKBHM1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvmZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpF2rehfV+l290rjO4yjCCZzCOXhwCQ24hSa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+5ojPo=</latexit>

12
<latexit sha1_base64="RXQ1IheF3d9kuYyx+yQ7nacxxGI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx6r2FpoQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Xu1frniVt05yCrxclKBHM1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvmZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpF2rehfV+l290rjO4yjCCZzCOXhwCQ24hSa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+5ojPo=</latexit>

12

Trajectory entanglement (TE)Operator Entanglement (OE)

<latexit sha1_base64="MPDOsl3Vt7RfgwDyqrR0O2Vhq+o="></latexit>

χ = 1

๏ For dephasing: OE scales logarithmic, TE scales clearly super-logarithmic!

fundamentally inefficient decomposition

G. Preisser, D. Wellnitz, T. Botzung, and JS, Phys. Rev. A 108, 012616 (2023)

<latexit sha1_base64="3sD0yPNNHjLMV+mRLNj8RFD1TH8=">AAACGXicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCF48V7Ac0oWw2m3bpZhN2J0II+RtePOhf8SZePflPPLptc7CtDwYe780wM89PBNdg299WZWNza3unulvb2z84PKofn/R0nCrKujQWsRr4RDPBJesCB8EGiWIk8gXr+9O7md9/YkrzWD5CljAvImPJQ04JGMkF7EKMXS5DyEb1ht2058DrxClJA5XojOo/bhDTNGISqCBaDx07AS8nCjgVrKi5qWYJoVMyZkNDJYmY9vL5zQW+MEqAw1iZkoDn6t+JnERaZ5FvOiMCE73qzcT/vGEK4a2Xc5mkwCRdLApTgc2fswBwwBWjIDJDCFXc3IrphChCwcS0tMVXZMqgWNb8WASFicpZDWad9K6aTqt5/XDdaLfK0KroDJ2jS+SgG9RG96iDuoiiBD2jV/RmvVjv1of1uWitWOXMKVqC9fULsqihrA==</latexit>

t → ∞
<latexit sha1_base64="E/EVSFjNDub5g93Y2VZ2uACxWFw="></latexit>

χ ! 1

<latexit sha1_base64="p2aLE5dYs0JWdoExRJVkrsm1MGI=">AAACNHicbVDLSsNAFJ3UV62vqks3g6XgqiQi2mXBjcsK9gFJLJPJtB06yYSZG6GEfIFf48aFfongTty6dun0gdjWAxcO59zLvfcEieAabPvNKqytb2xuFbdLO7t7+wflw6O2lqmirEWlkKobEM0Ej1kLOAjWTRQjUSBYJxhdT/zOA1Oay/gOxgnzIzKIeZ9TAkbqlavekAD21FBiD0wlSoY9jn/V+8zlft4rV+yaPQVeJc6cVNAczV752wslTSMWAxVEa9exE/AzooBTwfKSl2qWEDoiA+YaGpOIaT+bvpPjqlFC3JfKVAx4qv6dyEik9TgKTGdEYKiXvYn4n+em0K/7GY+TFFhMZ4v6qcDm8Uk2OOSKURBjQwhV3NyK6ZAoQsEkuLAlUGTEIF/UAinCSVTOcjCrpH1ecy5rF7cXlUZ9HloRnaBTdIYcdIUa6AY1UQtR9Iie0At6tZ6td+vD+py1Fqz5zDFagPX1A/xSrAs=</latexit>

ρ̂ →

Y

i

ρ̂
[i]

<latexit sha1_base64="Z2P3uDoBqEHdzN8B9Uh5H9eN1L4="></latexit>

ρ̂ ⇡

NtX

η

pη |ψη(t)i hψη(t)|

<latexit sha1_base64="jA+rWa4z1xdPLEcz/FT2BApciiw="></latexit>

L̂+

i
=

√

γ+σ̂
+

i

L̂−

i
=

√

γ
−
σ̂−

i
.

<latexit sha1_base64="CKsFBC8OHI5KzEALMwGM2OyuJls=">AAACK3icbZDLSgMxFIYz9VbrbdSlLoJFEMQyI0W7EQpuXFawF2jHciZN29BkZkgyQhm68WncuNBXcaW49R1cmrYD2tYfAh//OYdz8vsRZ0o7zruVWVpeWV3Lruc2Nre2d+zdvZoKY0lolYQ8lA0fFOUsoFXNNKeNSFIQPqd1f3A9rtcfqFQsDO70MKKegF7AuoyANlbbPmz1QAjAV3gK96e/eNa2807BmQgvgptCHqWqtO3vVicksaCBJhyUarpOpL0EpGaE01GuFSsaARlAjzYNBiCo8pLJL0b42Dgd3A2leYHGE/fvRAJCqaHwTacA3VfztbH5X60Z627JS1gQxZoGZLqoG3OsQzyOBHeYpETzoQEgkplbMemDBKJNcDNbfAkDqkeznh/yzshE5c4Hswi184J7USjeFvPlUhpaFh2gI3SCXHSJyugGVVAVEfSIntALerWerTfrw/qctmasdGYfzcj6+gG8C6cx</latexit>

γ = γ
+
= γ

−

๏ Model: XXZ spin-model, highly excited initial Néel state

<latexit sha1_base64="6wQe8W7Dj60psA4MEix24QvPSn4="></latexit>

d

dt
ρ̂ = −i[ĤXXZ , ρ̂] +

X

i

L
[i]ρ̂

<latexit sha1_base64="EUHJCQmn6kdCKztDhYoHq1oFEN4="></latexit>

L[i]ρ̂ = L̂iρ̂L̂
†
i
−

1

2
{L̂†

i
L̂i, ρ̂},
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Universal logarithmic long-time growths!

<latexit sha1_base64="LWOpmNtZDdM+6uXp8lLuIjd+V2M="></latexit>

η →

1

4

๏ Explanation: Consequence of magnetization conservation 

<latexit sha1_base64="tuegBXpSa77fZMe1PvvM2L0+NbA="></latexit>

SOP(t) = S0 + η log(tJ)

OE & dephasing: rise and fall, and slow rise again

๏ In terms of numerical complexity:

D. Wellnitz, G. Preisser, V. Alba, J. Dubail, and JS, Phys. Rev. Lett. 129, 170401 (2022)

In large dissipation limit:  

Symmetry blocks in reduced density matrices follow classical (sub-)diffusion processes.

<latexit sha1_base64="1+yEBcHcKqX3eGzDEPJ7fb+UpMI="></latexit>

SOP ∝ log(t)
<latexit sha1_base64="MqjPvb0QYSni77r2juqDMmaQzgk="></latexit>

max[Sop] ∝ log(χ)
<latexit sha1_base64="OQwWzHRVK858Sjft7O7W9Wr5/6s="></latexit>

χ ∝ t

Not necessarily hard to simulate classically.

๏ Model: XXZ spin-model, highly excited initial Néel state

Noise: Dephasing

<latexit sha1_base64="jVMnp0YTRFwzLgh2ImX2dK1dSEo="></latexit>

ĤXXZ =
1

4

X

i

(

Jσ̂
x
i σ̂

x
i+1 + Jσ̂

y

i σ̂
y

i+1−Jσ̂
z
i σ̂

z
i+1

)

<latexit sha1_base64="6wQe8W7Dj60psA4MEix24QvPSn4="></latexit>

d

dt
ρ̂ = −i[ĤXXZ , ρ̂] +

X

i

L
[i]ρ̂

<latexit sha1_base64="+3q6bHerY2UHaJiqLh6pVLypmC8="></latexit>

L̂z

i
=

√

γzσ̂
z

i

<latexit sha1_base64="RzKl4W4vdk3M/7Mn9CS+E9NrOmY="></latexit>

γz = J/4, J/2, J, 2J, 4J

<latexit sha1_base64="EUHJCQmn6kdCKztDhYoHq1oFEN4="></latexit>

L[i]ρ̂ = L̂iρ̂L̂
†
i
−

1

2
{L̂†

i
L̂i, ρ̂},



Full recap

๏ We discussed several numerical methods for the simulation of quantum 

dynamics (both in close and open systems): Runge-Kutta, Krylov space

A tour through some numerical methods for simulating large quantum many-body 

non-equilibrium dynamics, with examples. Learning physics by simulating it.

<latexit sha1_base64="Tse1OSF2IZpocSaJfc6bpOYDcE0=">AAAB83icbVDLSsNAFL2pr1pfVZdugkWom5KIVpcFNy4r2Ae0oUymk3boZBJnboQS+h0u3Ki49WNc+jdO2iy09cDA4Zx7uWeOHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YlmgkvWQo6CdWPFSOgL1vEnt5nfeWJK80g+4DRmXkhGkgecEjSS1w8Jjv0gnc6qeD4oV5yaM4e9StycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1K/USzmNAJGbGeoZKETHvpPPTMPjPK0A4iZZ5Ee67+3khJqPU09M1kFlIve5n4n9dLMLjxUi7jBJmki0NBImyM7KwBe8gVoyimhhCquMlq0zFRhKLpyXTgLv94lbQvam69dnV/WWnU8zaKcAKnUAUXrqEBd9CEFlB4hGd4hTcrsV6sd+tjMVqw8p1j+APr8wceD5Hu</latexit>

y(t)

<latexit sha1_base64="tbI5ZOCwuQ8INvVOSaf5golOwZE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjrZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVq4bV+VaNY+jAKdwBhfgwQ3U4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A382M9g==</latexit>

t
<latexit sha1_base64="M97AT9mAc5Ahq7g9bXCN0GzrAMo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9WrVq/vLSr2Wx1GEEziFc/DgGupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2Gwjdc=</latexit>

tn

<latexit sha1_base64="XyAY32EoEQpONGwOZGXTsS48L7s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiWj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtbGfqQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw1s/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq16tev1wVanX8jiKcAKncA4e3EAd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wf/049T</latexit>

tn+1

<latexit sha1_base64="A4jEVcmO/KgG351Z6UNgE/3tMXM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSbdR95r164erWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxetkbI=</latexit>

k2
<latexit sha1_base64="tUY3yzRhek6xsZjKpAoC0on+MBI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi1WXBjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy0emDgcM693DMnSATXxnW/nNLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBIcRHQsecgZNVby/YiaSRBm0/nQG1Zrbt1dgPwlXkFqUKA1rH76o5ilEUrDBNW677mJGWRUGc4Ezit+qjGhbErH2LdU0gj1IFtknpMzq4xIGCv7pCEL9edGRiOtZ1FgJ/OMetXLxf+8fmrCm0HGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uW/pHNR9xr1q/vLWrNR1FGGEziFc/DgGppwBy1oA4MEnuAFXp3UeXbenPflaMkpdo7hF5yPbxYpkbE=</latexit>

k1

<latexit sha1_base64="Qn4TDIFafCi7ZAmEhCpKKWr1oG0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4qC4LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3OV+94kqzWL5aKYJDQQeSRYxgo2VfF9gMw6jbDIbXA6qNbfuzoFWiVeQGhRoDapf/jAmqaDSEI617ntuYoIMK8MIp7OKn2qaYDLBI9q3VGJBdZDNM8/QmVWGKIqVfdKgufp7I8NC66kI7WSeUS97ufif109NdBtkTCapoZIsDkUpRyZGeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6jfv1wVWs2ijrKcAKncA4e3EAT7qEFbSCQwDO8wpuTOi/Ou/OxGC05xc4x/IHz+QMZMZGz</latexit>

k3

<latexit sha1_base64="YVHC38EaCNY54DAsRAIzG1kjBFE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSfeq7jXr1w+NWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxq1kbQ=</latexit>

k4

๏ In the first two lectures, we kept the quantum state-representation exact! 

Then going to systems with more than 30 qubits/spins is hard.

๏ For open systems we discussed full density matrix representations vs. 

quantum trajectory approaches. We introduced ways to construct sparse 

Hamiltonian and Liouvillian matrices (with kron)

๏ We discussed numbers and linear algebra on classical computers.

๏ However, often information of the full state vector is overkill: Today we 

introduced matrix product states, a way to compress information! The crucial 

quantity that makes classical simulations hard is not system size, but 

entanglement entropy!

๏ Especially in open system: entanglement growth is therefore an interesting 

topic to look at, and far from understood … 

๏ A mean-field approximation (e.g. GP) can drastically reduce the state-

space but makes the problem non-linear (and it’s a strong approximation). 

Mean-field relies on non-entangled product states. It’s an the limit of a matrix 

product state with bond dimension zero.


